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Why lattice QCD?

Would like to

• verify or falsify QCD at low energies

• understand quark confinement

• be able to compute the basic hadron
properties

• study exotic forms of matter
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J. Smit, Introduction to quantum fields on a lattice,
Cambridge University Press 2002
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T. DeGrand & C. DeTar, Lattice methods for Quantum Chromodynamics,
World Scientific 2006
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Euclidean correlation functions

In Minkowski space

〈0|φ(x)φ(0)|0〉 = 〈0|φ(0,x)e−iHx0φ(0)|0〉

Extends to an analytic function for Imx0 < 0 since H ≥ 0

⇒ for x0 > 0 we may define

〈φ(x)φ(0)〉 = 〈0|φ(x)φ(0)|0〉|x0→−ix0

= 〈0|φ(0,x)e−Hx0φ(0)|0〉
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Similarly, for ordered times we set

〈φ(x1) . . . φ(xn)〉 =

〈0|φ(0,x1)e−H(x1−x2)0φ(0,x2) . . . e−H(xn−1−xn)0φ(0,xn)|0〉

Theorem

The euclidean n-point functions are real-analytic functions in
x1, . . . , xn with power-singularities at coinciding points.

Pauli, Jost, Streater & Wightman, . . .

⇒ take these to be the primary objects in LQCD
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Example: pion 2-point function

G(x0) =
∫

d3x 〈(ūγ5d)(x)(d̄γ5u)(0)〉

On the lattice, G(x0) is obtained at x0 = a, 2a, 3a, . . .

0 5 10 15 20 25 30
x0 /a
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Large-time behaviour∫
d3x 〈(ūγ5d)(x)(d̄γ5u)(0)〉 = −e−Mπx0 |〈0|ūγ5d|π〉|2 + O(e−3Mπx0)

⇒ the computation of

? hadron masses

? simple hadronic matrix elements

? . . .

does not require an analytic continuation back to Minkowski space!
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Lattice quark fields

Euclidean free-quark two-point function

〈ψ(x)ψ(0)〉 =
∫

d4p

(2π)4
eipx

iγp+m

px = p0x0 + px, γp = γ0p0 + γp

γ†µ = γµ, {γµ, γν} = 2δµν

This is also the Green function of the Dirac operator

(γ∂ +m)〈ψ(x)ψ(0)〉 = δ(x)
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Now replace space-time by a 4–dimensional hypercubic lattice

a

Dirac field

ψ(x), x = a (n0, n1, n3, n4) , nµ ∈ Z

ψ̃(p) = a4
∑
x

e−ipxψ(x) ⇔ ψ(x) =
∫ π/a

−π/a

d4p

(2π)4
eipx ψ̃(p)

⇒ the lattice implies a momentum cutoff |pµ| ≤ π/a
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Forward & backward lattice “derivatives”

x
xµ

xν∂µψ(x) = {ψ(x+ aµ̂)− ψ(x)} /a

∂∗µ ψ(x) = {ψ(x)− ψ(x− aµ̂)} /a

In momentum space

∂µ →
1
a

{
eiapµ − 1

}
= ipµ {1 + O(ap)}

1
2(∂∗µ + ∂µ)→ i

a
sin(apµ) ≡ ip̊µ

∂∗µ ∂µ → −p̂µp̂µ, p̂µ ≡
2
a

sin
(apµ

2

)
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Wilson–Dirac operator

Dw =
3∑

µ=0

1
2 {γµ(∂∗µ + ∂µ)− a∂∗µ ∂µ}

→ iγp̊+ 1
2ap̂

2

⇒ free-quark two-point function on the lattice

(Dw +m)〈ψ(x)ψ(0)〉 = a−4δx0

〈ψ(x)ψ(0)〉 =
∫ π/a

−π/a

d4p

(2π)4
eipx

iγp̊+ 1
2ap̂

2 +m
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Källén–Lehmann representation

In the complex p0–plane, the integrand

1
iγp̊+ 1

2ap̂
2 +m

=
−iγp̊+ 1

2ap̂
2 +m

p̊2 +
(

1
2ap̂

2 +m
)2

has simple poles at p0 = ±iεp, where

εp =
2
a

asinh

{
a

2

√
p̊2 +m2

p

1 + amp

}

mp ≡ m+ 1
2ap̂

2
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p0Re

p0Im

−π π0/a /a

For x0 > 0

〈ψ(x)ψ(0)〉

=
∫ π/a

−π/a

d4p

(2π)4
eipx

iγp̊+ 1
2ap̂

2 +m

=
∫ π/a

−π/a

d3p

(2π)3
e−εpx0+ipx%p

⇒ εp = energy of a lattice quark with 3-momentum p

%p = associated spectral density
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Continuum limit

The lattice spacing only sets the scale since

F (a,m, p, . . .) = adFF (1, am, ap, . . .)

⇒ the continuum limit amounts to taking

m� 1/a, p� 1/a, |x| � a, . . .

Examples

εp =
√
m2 + p2 + O(am, ap)

%p =
iγp−m

2ip0

∣∣∣∣
p0=i
√
m2+p2

+ O(am, ap)
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At fixed x, the two-point function 〈ψ(x)ψ(0)〉 converges too

⇒ the lattice theory has the expected continuum limit

Remarks

• The size of the lattice effects also depends
on the dynamical scales

• In presence of interactions, the couplings, etc.,
must be renormalized as a→ 0
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Why do we need the Wilson term?

Recall

Dw =
3∑

µ=0

1
2 {γµ(∂∗µ + ∂µ)−a∂∗µ ∂µ}

The Wilson term

• is “irrelevant” in the continuum limit

• but breaks chiral symmetry at O(a)

• which, in practice, complicates the situation
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However

0

p = (p1,0 ,0)

εp

π/a−π/a

Wilson

w/o Wilson

⇒ w/o Wilson term there are additional states with energy � π/a

⇒ wrong continuum limit!
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