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SU(3) lattice gauge fields

Gauge transformations

ψ(x) → Λ(x)ψ(x), Λ(x) ∈ SU(3)

Covariant derivative (continuum theory)

Dµψ = (∂µ +Aµ)ψ

Aµ → ΛAµΛ−1 + Λ∂µΛ−1

The gauge potential provides a connection between the colour

spaces at infinitesimally separated points
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On the lattice

∂µψ(x) =
1
a
{ψ(x+ aµ̂)− ψ(x)}

→ 1
a
{Λ(x+ aµ̂)ψ(x+ aµ̂)− Λ(x)ψ(x)}

The colour connection is here provided by

U(x, µ) ∈ SU(3), U(x, µ) → Λ(x)U(x, µ)Λ(x+ aµ̂)−1

⇒ covariant difference operator

∇µψ(x) =
1
a
{U(x, µ)ψ(x+ aµ̂)− ψ(x)}

∇µψ(x) → Λ(x)∇µψ(x)
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Similarly

∇∗µ ψ(x) =
1
a

{
ψ(x)− U(x− aµ̂, µ)−1ψ(x− aµ̂)

}
⇒ gauge-covariant Wilson–Dirac operator

Dw =
3∑

µ=0

1
2 {γµ(∇∗µ +∇µ )− a∇∗µ∇µ}

An SU(3) lattice gauge field is an assignment of a matrix

U(x, µ) ∈ SU(3)

to every link (x, x+ aµ̂) on the lattice

µ̂x x+a
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Wilson lines

May build gauge-covariant products

U(x, µ)U(x+ aµ̂, ν)

U(x, µ)U(x+ aµ̂− aν̂, ν)−1

U(x, µ)U(x+ aµ̂, ν)U(x+ aν̂, µ)−1U(x, ν)−1

“plaquette loop”

µ̂

µ̂ ν̂

x x+a

x+a +a

µ̂

ν̂µ̂

x x+a

x+a −a

µ̂

µ̂ ν̂ν̂x+a

x x+a

x+a +a
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More generally, for any lattice curve C

U(x, y; C) = ordered product of U ’s

U(x, y; C) → Λ(x)U(x, y; C)Λ(y)−1

y

x

In particular, for any closed curve, the Wilson loop

W (C) = tr{U(x, x; C)}

is gauge-invariant and independent of x
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Classical continuum limit

In which way can a continuum gauge field be approximated
by a lattice gauge field?
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First attempt

U(x, µ) = exp{aAµ(x)} = 1 + aAµ(x) + O(a2)

⇒ ∇µψ(x) =
1
a
{(1 + aAµ(x))ψ(x+ aµ̂)− ψ(x)}+ O(a)

= (∂µ +Aµ(x))ψ(x) + O(a)

However, this choice of U is not gauge-covariant
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A more educated choice is

U(x, µ) = T exp
{
a

∫ 1

0
dt Aµ(x+ (1− t)aµ̂)

}
In this case

? U(x, µ) = 1 + aAµ(x) + O(a2) as before

? the mapping A→ U is gauge-covariant

? U(x, y; C) = continuum Wilson line, for all lattice curves C

⇔ lattice gauge field = set of Wilson-line elements
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Gauge-invariant local lattice fields

Examples of quark bilinear fields

ψψ, ψγ5τ
aψ, ψQγµψ,

ψγµ∇νψ, ψ∇µ∇νψ, . . .

“Plaquette” and ”rectangle” fields

Pµν(x) = Re tr{1− U(x, x; )},

Rµν(x) = Re tr{1− U(x, x; )}

x

x

xµ

xν
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In the classical continuum limit

O(x) ∼
a→0

∑
n≥0

anOn(x)

On(x) : gauge-invariant polynomial in ψ(x), ψ(x), Aµ(x)

and their derivatives of dimension n

For example

Pµν(x) = −1
2a

4tr{Fµν(x)Fµν(x)}

− 1
2a

5tr{Fµν(x)(Dµ +Dν)Fµν(x)}+ . . .

Rµν(x) = −2a4tr{Fµν(x)Fµν(x)}+ . . .
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Remarks

? Lattice fields can be classified by their leading
behaviour in the classical continuum limit

? Any gauge-invariant, local continuum field can be
represented on the lattice

? However, the representation is not unique
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Lattice QCD action

Wilson action (1974)

S = SG + SF

SG =
1
g2
0

∑
x

∑
µ,ν

Pµν(x), Pµν : plaquette field

SF = a4
∑

x

ψ(x)(Dw +M)ψ(x), Dw: Wilson–Dirac operator

M : quark mass matrix
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However, there are alternative lattice actions, e.g.

SG =
1
g2
0

∑
x

∑
µ,ν

{c0Pµν(x) + c1Rµν(x)} , c0 + 4c1 = 1

Symanzik 1980, Weisz 1983, M.L. & Weisz 1985, Iwasaki 1985, . . .

• The differences are of order ap in the classical
continuum limit

• Additional terms may be tuned so as to accelerate
the convergence to the continuum limit

⇒ “Symanzik improvement programme”
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QCD in finite volume

Consider T × L3 box with periodic b.c.

Aµ(x)xk=L = Aµ(x)xk=0 (k = 1, 2, 3)

Aµ(x)x0=T = Ω(x)Aµ(x)x0=0Ω(x)−1 + Ω(x)∂µΩ(x)−1

where Ω(x) is a periodic gauge function

The mapping

Ω : T3 7→ SU(3)

may have a non-zero winding number Q ⇒ cannot be “gauged away”

L

T
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Q is a gauge-invariant property of the gauge field

Q = − 1
16π2

∫ T

0
dx0

∫ L

0
d3x εµνρσtr{Fµν(x)Fρσ(x)}

= 0,±1,±2, . . .

“Topological charge” or “instanton number”

⇒ in finite volume, the field space divides into disconnected sectors
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Lattice gauge fields in finite volume

The independent field variables are

U(x, µ), 0 ≤ x0 ≤ T − a

0 ≤ xk ≤ L− a

Elsewhere the field is determined through

U(x+ Lk̂, µ) = U(x, µ)

U(x+ T 0̂, µ) = Ω(x)U(x, µ)Ω(x + aµ̂)−1

⇒ classical continuum limit works out as before

T

L

On the lattice, the b.c. are not a property of the field space
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Moreover, by applying the gauge transformation

U(x, µ) → Λ(x)U(x, µ)Λ(x+ aµ̂)−1

Λ(x) = Ω(x)−bx0/T c

we may “gauge away” Ω(x)

⇒ no need to consider b.c. “up to gauge transformations”

⇒ We may impose ordinary periodic b.c. from the beginning and
nevertheless have all topological sectors included in the theory
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Somewhat puzzling may be the fact that the space of lattice fields

F ∼= SU(3)4N , N = # of lattice points

is connected!

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

Q = −1

Q = 0

Q = 1Q = 2

action ∼ 1/a4
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