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BUT!!!

WHAT ABOUT THE FIRST QUANTUM-FIELD-THEORY LOG?

THE LAMB SHIFT

δE ∼ mα4 + mα5 ln α + (???)mα6 ln2 α + · · ·
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Renormalization group in NRQCD (LL) (Soft running)

Aim: to obtain the running of the NRQCD matching coefficients:
(
αs ln m

ν

)n

Relevant for:

• pNRQCD in the perturbative regime

• pNRQCD in the nonperturbative regime

• ”Standard” NRQCD

LNRQCD = Ψ̄iγ0D0Ψ + Ψ̄
{D2

2m
+ cF g
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νp À |p|: quark-antiquark relative three-momentum.
νs À |k|: gluon three-momentum, transfer momentum between the quark
and antiquark.
m À νp ∼ νs

Matching coefficients: c(νs), d(νs, νp)
LL → c(νs), d(νs)

Running νs LL: HQET; 1/m expansion,
i
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Bauer-Manohar; Pineda



One equation for the soft running.



Renormalization group in pNRQCD (LL) (Ultrasoft running)

Aim: to obtain the running of the pNRQCD matching coefficients: (αs ln)n,
αs (αs ln)n

Relevant for:

• Spectrum: heavy quarkonium and QED.

• Currents: electromagnetic decays.

• Currents: Normalization of bottomonium sum rules.

• Currents: Normalization of t-t̄ production near threshold.



LpNRQCD = L′NRQCD +
∫ ∫

d3x1d
3x2ψ(x1)χc(x2)V (x1 − x2)ψ

†(x1)χ
†
c(x2)

L′NRQCD, gluons multipole expanded (only ultrasoft gluons).
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where S12(r̂) ≡ 3r̂ · σ1 r̂ · σ2 − σ1 · σ2 and S = σ1/2 + σ2/2.



νp À |p|: quark-antiquark relative three-momentum.
νus À |k|: gluon three-momentum.
|p| À νus À p2/m
Matching coefficients: Ṽ (d(νp, νs,m), c(νs,m), νs, νus, r) = Ṽ (νp,m, νus, r) ≡ Ṽ (νp, νus) .
νs

d
dνs

Ṽ = 0; νs = 1/r

LL: νp
d

dνp
Ṽ = 0

νus. The computation can be formally organized through the multipole
expansion.

δV

︸ ︷︷ ︸
1/(E − V (0)
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VAr · gE ∼

 a)  b) 

+ 

singlet–octet vertex

dabcVBr · gEc ∼

 a)  b) 

+ 

octet–octet vertex



Corrections to the Green Function

Gs(E) = Ps
1

H −HI − E
Ps = G(0)

s + δGs

From the potential:

δGs ∼ 1
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and zero for the other matching coefficients (in particular for the spin-
dependent potentials).
Soto-Pineda; Pineda



RG equations within an strict expansion in α
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Initial conditions (νus = 1/r):
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The RG improved potentials for the singlet read:
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Soto, Pineda; Pineda



One equation for the ultrasoft running.



OBSERVABLE: NNLL heavy quarkonium mass O(mα4+n lnn α) (Pineda;
Hoang-Stewart)

δEpot
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2
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Check with O(mα5 ln α) known logs: Brambilla, Vairo, Soto, Pineda; Kniehl,
Penin; Hoang, Manohar and Stewart.
Muonic Hydrogen mass at NNLL. Check with known logs by Pachucki.



Renormalization group in pNRQCD (NLL) (potential running)

νp enters into the game.
The running on νp can be obtained from pNRQCD (there is no running of
νp from NRQCD to pNRQCD). It can be obtained by Quantum mechanics
computations. Example: iteration of the potentials. Divergent integrals
in |p| and r.

hs = ck
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3CfD
(2)
LS,s

2m2

1

r3
L · S +

CfD
(2)
S12,s

4m2

1

r3
S12(r̂) ,

where Cf = (N 2
c − 1)/(2Nc) and ck = c4 = 1 (we only use c4 for tracking of the

contribution due to this term). The propagator of the singlet is (formally)

1

E − hs
.

At leading order (within an strict expansion in αs) the propagator of the
singlet reads

������������������������������������������������������ = Gc(E) =
1

E − h(0)
s

=
1

E − p2/m− Cfαs/r
.

If we were interested in computing the spectrum at O(mα6
s), one should

consider the iteration of subleading potentials (δhs) in the propagator as



follows:
Gc(E)δhsGc(E) · · · δhsGc(E) .

In general, these contributions
will produce logarithmic diver-
gences due to potential loops.
These divergences can be ab-
sorbed in the matching coeffi-

cients, D
(2)
d,s and D

(2)
S2,s, of the lo-

cal potentials (proportional to
the δ(3)(r)) providing with the
renormalization group equations
of these matching coefficients in
terms of νp. Let us explain how it
works in detail. Since the singu-
lar behavior of the potential loops
appears for p2/m À αs/r, a per-
turbative expansion in αs is licit
in Gc(E), which can be approxi-
mated by
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(2) (2)αVs

Vs

(0)

= G(0)
c (E) =

1

E − p2/m
.



〈r = 0| 1

E − p2/m
Cf

αVs

r

1

E − p2/m
|r = 0〉

∼ ∫ ddp′

(2π)d
∫ ddp

(2π)d
m

p′2 −mE
Cf

4παVs

q2

m

p2 −mE
∼ −Cf

m2αVs

16π

1

ε
,

where D = 4 + 2ε and q = p − p′. This divergence is absorbed in D
(2)
d,s

contributing to its running at NLL order as follows

νp
d

dνp
D

(2)
d,s(νp) ∼ αVs(νp)D

(2)2
d,s (νp) + · · · .

O(mα8 ln3 α) correction to the Hydrogen atom spectrum. Manohar-Stewart;
Pineda



and one equation for the potential running



|p| À νus À p2/m → νus = νp
2/m (Luke, Manohar, Rothstein)

We can not lower νus further. Fight between two terms.

1

p2/m + k

Ṽ (c(1/r), d(νp, 1/r), 1/r, ν2
p/m, r) ' Ṽ (c(νp), d(νp, νp), νp, ν

2
p/m, νp)

+ ln(νpr)r
d

dr
Ṽ |1/r=νp

+ · · · .



One equation for the soft running,
one equation for the ultrasoft running,

and one equation for the potential running,
which rules them all and at the hard scale binds them.



Nonrelativistic Sum rules (b-b̄, c-c̄), t-t̄ production near threshold

Determination of mb, mt, αs, Higgs-top yukawa coupling, . . .

Jµ = Q̄γµQ = B1ψ
†σχ + · · · ,

B1 = 1 + a1αs + a2α
2
s + · · ·

B1 at NNLO: Hoang(QED); Beneke, Signer, Smirnov; Czarnecki, Melnikov
B1, B0 at NLL: Pineda; Hoang, Stewart
B1/B0 at NNLL: Penin, Pineda, Smirnov, Steinhauser
B1, B0 at NNLL (partial): Pineda, Signer

(qµqν − gµν)Π(q2) = i
∫
d4xeiqx〈vac|Jµ(x)Jν(0)|vac〉

Π(q2) ∼ B2
1〈r = 0| 1

E −H
|r = 0〉

G(0, 0, E) =
∞∑

m=0

|φ0m(0)|2
E0m − E + iε− iΓt

+
1

π

∫ ∞
0 dE ′ |φ0E′(0)|2

E0E′ − E + iε− iΓt

A NNLL renormalization group improved expression of M(VQ(nS)) is also
needed in order to obtain expressions for the t-t̄ production near threshold
with NNLL accuracy:
M(VQ(nS)) at NNLL: Pineda; Hoang, Stewart
M(VQ(nS))−M(PQ(nS)) at NNNLL: Kniehl, Penin, Pineda, Smirnov, Stein-
hauser



Relation of the vacuum polarization with σtt̄, non-relativistic sum rules
and Γ(VQ(nS) → e+e−)

Γ(V → e+e−) ∼ 1

m2
B2

1|φ(0)|2

σt−t̄ ∼ B1(ν)2ImG(0, 0,
√

s) + · · ·

Mn ≡ 12π2e2
b

n!




d

dq2




n

Π(q2)|q2=0 =
∫ ∞
0

ds

sn+1
Rbb̄(s),

Mn = 48πe2
bNc

∫ ∞
−∞

dE

(E + 2mb)2n+3


B2

1 −B1d1
E

3mb


 Im G(0, 0, E)



Matching coefficient of the electromagnetic current at NLL

(1)

s
D

αVs
αVs

B
s

D (2)αVs
B

s 1,s

D (2)αVs
B

s S ,s

B
s

D
d,s

(2)αVs
B

s

2

c 4

νp
d

dνp
Bs = −CACf

2
D(1)

s − C2
f

4
αs



αs − 4

3
s(s + 1)D

(2)
S2,s −D

(2)
d,s + 4D

(2)
1,s



 ,

b1(m) = 1− 2Cf
αs(m)

π
, b0(m) = 1 +



π2

4
− 5



Cf

2

αs(m)

π
.



The solution reads (Pineda; Hoang-Stewart)

Bs(νp) = bs(m) + A1
αs(m)

wβ0
ln(wβ0) + A2αs(m)[zβ0 − 1] + A3αs(m)[zβ0−2CA − 1]

+A4αs(m)[zβ0−13CA/6 − 1] + A5αs(m) ln(zβ0) ,

where β0 = 11
3 CA− 4

3TFnf , z =
[
αs(νp)
αs(m)

] 1
β0 and w =


αs(ν

2
p/m)

αs(νp)




1
β0 . The coefficients Ai

read

A1 =
8πCf

3β2
0

(
C2

A + 2C2
f + 3CfCA

)
,

A2 =
πCf [3β0(26C2

A + 19CACf − 32C2
f)− CA(208C2

A + 651CACf + 116C2
f)]

78 β2
0 CA

,

A3 = −πC2
f [β0(4s(s + 1)− 3) + CA(15− 14s(s + 1))]

6(β0 − 2CA)2
,

A4 =
24πC2

f(3β0 − 11CA)(5CA + 8Cf)

13 CA(6β0 − 13CA)2
,

A5 =
−πC2

f

β2
0 (6β0 − 13CA)(β0 − 2CA)

{
C2

A(−9CA + 100Cf)

+β0CA(−74Cf + CA(42− 13s(s + 1))) + 6β2
0(2Cf + CA(−3 + s(s + 1)))

}
.

Leading (Czarnecki-Melnikov; Beneke-Signer-Smirnov) and subleading
(Kniehl-Penin) logs correct.



Inclusive decays to leptons and photons at NLL (Pineda)

By setting νp ∼ mαs, Bs(νp) includes all the large logs at NLL order in
any (inclusive enough) S-wave heavy-quarkonium production observable
we can think of. For instance, the decays to e+e− and to two photons at
NLL O(α1+n lnn α) order read

Γ(VQ(nS) → e+e−) = 2




αemQ

MVQ(nS)




2 

mQCfαs

n



3

{B1(νp)(1 + δφn)}2

' 2




αemQ

MVQ(nS)




2 

mQCfαs

n



3

{1 + 2(B1(νp)− 1) + 2δφn} ,

Γ(PQ(nS) → γγ) = 6




αemQ2

MPQ(nS)




2 

mQCfαs

n



3

{B0(νp)(1 + δφn)}2

' 6




αemQ2

MPQ(nS)




2 

mQCfαs

n



3

{1 + 2(B0(νp)− 1) + 2δφn} ,

where V and P stand for the vector and pseudoscalar heavy quarkonium,
we have fixed νp = mQCfαs/n, αs = αs(νp), and (Ψn(z) = dn ln Γ(z)

dzn and Γ(z) is the
Euler Γ-function)

δφn =
αs

π


−CA +

β0

4


Ψ1(n + 1)− 2nΨ2(n) +

3

2
+ γE +

2

n





 .



NONRELATIVISTIC EFFECTIVE FIELD THEORIES

AND

RENORMALONS



Question

MΥ(1S) = mOS(1 + A2α
2
s + A3α

3
s + · · ·)

What if An ∼ n!? Bad convergence
Should we expect that?



Renormalons

They are a potential problem in effective field theories of QCD (OPE)
where the matching coefficients can be computed in perturbation theory.
Examples:
OPE
NRQCD
HQET
pNRQCD
SCET
Renormalons appear as soon as we have factorization between different

scales: They can deteriorate the convergence of the perturbative series in
QCD.

Can one understand the renormalon within an effective field theory/factorization
formalism?

Problems:
1) Fix the parameters of the Standard Model. Search for weakly sensitive
to long distance physics observables. One wants to avoid spurious depen-
dence on the renormalon.
2) Meaningful determination of non-perturbative parameters.



L =
∑

n

1

mn
cnOn

Matching coefficients suffer from renormalon ambiguities that cancel with
the ones of the matrix elements in effective field theory calculations.

c(ν) = c̄ +
∞∑

n=0
cnα

n+1
s .

Its Borel transform would be

B[c](t) ≡ ∞∑
n=0

cn
tn

n!
,

and c is written in terms of its Borel transform as

c = c̄ +
∞∫

0
dt e−t/αs B[c](t).

The ambiguities in the matching coefficient (cn ∼ n!) reflects in poles in
the Borel transform. If we take the one closest to the origin,

δB[c](t) ∼ 1

a− t
,

where a is a positive number, it sets up the maximal accuracy with which
one can obtain the matching coefficients from a perturbative calculation,
which is (roughly) of the order of

δc ∼ rn∗α
n∗
s ,



where n∗ ∼ a
αs

. Moreover, the fact that a is positive means that, even after
Borel resummation, c suffers from a non-perturbative ambiguity of order

δc ∼ (ΛQCD)
aβ0
2π .

Effective Field Theory (c´s)

Observable 1 Observable 2

Figure 1: Symbolic relation between observables through the determination of the matching coefficients of the effective field theory.



Examples
MB = mOS + Λ̄ +O(1/mOS)

MB is renormalon free. Problem. Therefore mOS suffers from renormalon
ambiguities:

mOS = mMS(1 + B1αs + B2α
2
s + · · ·)

with Bn ∼ n!. In other words

δ(pert.)
np mOS = δ(pert.)

np mMS(1 + B1αs + B2α
2
s + · · ·) ∼ ΛQCD!

On the other hand

MΥ(1S) = mOS(1 + A2α
2
s + A3α

3
s + · · ·) +O




Λ3
QCD

(mOSαs)2


 .

MΥ(1S) is renormalon free. Therefore, the perturbative series suffers from
renormalon ambiguities: An ∼ n!

δ(pert.)
np MΥ(1S) = δ(pert.)

np mOS(1 + A2α
2
s + A3α

3
s + · · ·) ∼ ΛQCD.

Physics. Computations to n-loops produce small scales: me−n. From the
effective field theory point of view these scales should be in the effective
field theory instead that in the matching coefficients.
Proposal: to subtract the renormalon from the matching coefficients.



OS mass

mOS = mMS +
∞∑

n=0
rnα

n+1
s ,

The behavior of the perturbative expansion at large orders is dictated by
the closest singularity to the origin of its Borel transform (u = β0t

4π ).

B[mOS](t(u)) = Nmν
1

(1− 2u)1+b

(
1 + c1(1− 2u) + c2(1− 2u)2 + · · ·) + (analytic term),

Next renormalon at u = 1.

rn
n→∞= Nm ν



β0

2π



n Γ(n + 1 + b)

Γ(1 + b)


1 +

b

(n + b)
c1 +

b(b− 1)

(n + b)(n + b− 1)
c2 + · · ·


 .

b =
β1

2β2
0

, c1 =
1

4 bβ3
0



β2

1

β0
− β2


 , · · ·

Determination of Nm

Dm(u) =
∞∑

n=0
D(n)

m un = (1− 2u)1+bB[mOS](t(u))

= Nmν
(
1 + c1(1− 2u) + c2(1− 2u)2 + · · ·) + (1− 2u)1+b(analytic term) .

Nmν = Dm(u = 1/2).

Nm = 0.4244 + 0.1379 + 0.0127 = 0.5750 (nf = 3)

= 0.4244 + 0.1275 + 0.0004 = 0.5523 (nf = 4)

= 0.4244 + 0.1199− 0.0208 = 0.5235 (nf = 5)
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Figure 2: Plots of the exact (rex
n ) and asymptotic (ras

n ) value of rn(ν) at different orders in perturbation theory as a function of ν/mMS. The scale
dependence of rex

3 is known exactly. The constant term has been fixed using renormalon dominance.

rn
n→∞∼ mMS



β0

2π



n

n!Nm

n∑

s=0

lns[ν/mMS]

s!
,

rn
n→∞= Nm ν



β0

2π



n Γ(n + 1 + b)

Γ(1 + b)


1 +

b

(n + b)
c1 +

b(b− 1)

(n + b)(n + b− 1)
c2 + · · ·


 .



Renormalon subtracted matching and power counting

Effective field theory with renormalon free parameters but preserving
the power counting rules.

The renormalon is associated to the non-analytic behavior in 1−2u. These
terms also exist in the effective theory. Procedure: to explicitly subtract
them from the matching coefficients (the mass).

B[mRS] ≡ B[mOS]−Nmνf
1

(1− 2u)1+b

(
1 + c1(1− 2u) + c2(1− 2u)2 + · · ·) ,

mRS(νf) = mOS −
∞∑

n=0
Nm νf



β0

2π



n

αn+1
s (νf)

∞∑
k=0

ck
Γ(n + 1 + b− k)

Γ(1 + b− k)
.

Expansion in αs(ν)

mRS(νf) = mMS +
∞∑

n=0
rRS
n αn+1

s ,

where rRS
n = rRS

n (mMS, ν, νf). They are the ones expected to be of natural
size. We now do not loose accuracy if we first obtain mRS and later on mMS.

Different scheme

B[mRS′] ≡ B[mRS] + Nmνf (1 + c1 + c2 + · · ·) .



Check of convergence improvement

Masses O(αs) O(α2
s) O(α3

s) O(α4
s) total

mOS 401 199 144 147 5 102

mRS 111 50 17 7 4 395
mRS′ 401 114 38 15 4.778
mPS 210 80 42 −−− 4 542

m
(static)
1S 102 50 19 8 4 389

mRS 256 95 40 21 4 622
mRS′ 401 157 74 41 4.882
mPS 306 120 67 −−− 4.703

m
(static)
1S 251 94 41 22 4 619

Table 1: Contributions at various orders in αs for different mass definitions for the bottom quark case, either with νf = 1/r = 2 GeV (middle
panel) or with νf = 1/r = 1 GeV (lower panel). The results are displayed in MeV. For the O(α4

s) results, the estimate from Table ?? has been used.
The other parameters have been fixed to the values mMS(mMS) = 4.21 GeV, ν = mMS(mMS) and nf = 4.

m
(static)
1S ≡ mOS +

V (r)

2
= mMS +


r0 − Cf

2r


 αs + · · · .

HQET

L = h̄ (iD0 − δmRS) h + O



1

mRS


 ,

where δmRS = mOS −mRS and similarly for the NRQCD Lagrangian.
Weakly sensitive to long distance physics observable

〈MB〉 − 〈MD〉 = mb,RS −mc,RS + λ1




1

2mb,RS
− 1

2mc,RS


 + O(1/m2

RS) .



pNRQCD. If ΛQCD ¿ mαs

V
(0)
s,RS(RS′)(νf) = V (0)

s + 2δmRS(RS′) ,

Check of convergence improvement

Potentials O(αs) O(α2
s) O(α3

s) O(α4
s) total

V (0)
s −910 −306 −302 −383 −1 902

V
(0)
s,RS −205 3 −2 −3 −208

V
(0)
s,RS′ −910 −54 −14 −6 −984

V
(0)
s,PS −446 −42 −25 −−− −513

V
(0)
s,RS −558 −63 −41 −26 −687

V
(0)
s,RS′ −910 −180 −95 −54 −1 239

V
(0)
s,PS −678 −116 −75 −−− −869

Table 2: Contributions at various orders in αs for different singlet static potential definitions for some typical scales in the Υ system, either with
νf = 2 GeV (middle panel) or with νf = 1 GeV (lower panel). The results are displayed in MeV. For the O(α4

s) results, the estimate from Table
?? has been used. The other parameters have been fixed to the values ν = 1/r = 2.5 GeV and nf = 4.

pNRQCD Lagrangian

L(0) = Tr
{
S†


i∂0 − p2

mRS
+

∑

n

V
(n)
s,RS(x)

mn
RS


 S + O†


iD0 − p2

mRS
+

∑

n

V
(n)
o,RS(x)

mn
RS


 O

}

+ gVA(x)Tr
{
O†x · ES + S†x · EO

}
+ g

VB(x)

2
Tr

{
O†x · EO + O†Ox · E

}
,

Weakly sensitive to long distance physics observable

Mnlj = 2mRS +
∞∑

m=2
Am,RS

nlj (νus)α
m
s + δMUS

nlj (νus) .



The static potential

V (0)
s (r; νus) =

∞∑
n=0

V (0)
s,n αn+1

s ,

2mOS + V (0)
s (not 2mOS + V (0)

o ) can be understood as an observable up to
O(r2Λ3

QCD, Λ2
QCD/m) renormalon (and/or non-perturbative) contributions.

We can use our knowledge of the asymptotic behavior of mOS.

V (0)
s,n

n→∞= NV ν


β0

2π



n Γ(n + 1 + b)

Γ(1 + b)


1 +

b

(n + b)
c1 +

b(b− 1)

(n + b)(n + b− 1)
c2 + · · ·




2Nm + NV = 0

DV (u) =
∞∑

n=0
D

(n)
V un = (1− 2u)1+bB[V (0)

s ](t(u))

= NV ν
(
1 + c1(1− 2u) + c2(1− 2u)2 + · · ·) + (1− 2u)1+b(analytic term).

Next (IR) renormalon at u = 3/2.

NV = −1.333 + 0.572− 0.345 = −1.107 (nf = 3)

= −1.333 + 0.585− 0.329 = −1.077 (nf = 4)

= −1.333 + 0.587− 0.295 = −1.042 (nf = 5) .

2
2Nm + NV

2Nm −NV
=





0.038 , nf = 3
0.025 , nf = 4
0.005 , nf = 5.



Bottom MS quark mass determination

NNLO evaluation

1.5 2 2.5 3 3.5 4
8.8

8.9

9

9.1

9.2

9.3

9.4

9.5

Dependence on the parameters for the RS scheme: ν = 2.5+1.5
−1 GeV,

νf = 2± 1 GeV, αs(Mz) = 0.118± 0.003 and Nm = 0.552± 0.0552

mb,RS(2 GeV) = 4 387+2
+28(ν)−5

+7(νf)
−16
+16(αs)

−68
+68(Nm) MeV;

mb,MS(mb,MS) = 4 203+2
+25(ν)−5

+6(νf)
−28
+27(αs)

−10
+10(Nm) MeV.

Convergence. In the RS scheme

MΥ(1S) = 8 774 + 559 + 120 + 7 MeV.

NNLO(st. pot.) ∼ +62 MeV. NNLO(rel.) ∼ −55 MeV.



1.5 2 2.5 3 3.5 4
9.3

9.35

9.4

9.45

9.5

9.55

For the RS’ scheme, we obtain the result

mb,RS′(2 GeV) = 4 782−08
+31(ν)−7

+3(νf)
+15
−12(αs)

−28
+28(Nm) MeV;

mb,MS(mb,MS) = 4 214−08
+28(ν)−6

+3(νf)
−25
+25(αs)

−9
+9(Nm) MeV.

Convergence. In the RS’ scheme

MΥ(1S) = 9 564− 158 + 56− 2 MeV .

NNLO(st. pot.) ∼ +45 MeV. NNLO(rel.) ∼ −47 MeV.



The static singlet potential

The introduction of renormalons allows to obtain agreement between lat-
tice simulations and perturbation theory.

Es = 2mOS + Vs,OS +O(r2)

Es = 2mRS(νf) + Vs,RS(νf) +O(r2)
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Figure 3: Plot of VOS(r) at tree (dashed line), one-loop (dash-dotted line), two-loops (dotted line) and three loops (estimate) plus the leading single
ultrasoft log (solid line). For the scale of αs(ν) ν = constant. νus = 2.5 r−1

0 .
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Figure 4: Plot of VOS(r) at tree (dashed line), one-loop (dash-dotted line), two-loops (dotted line) and three loops (estimate) plus the RG expression
for the ultrasoft logs (solid line). For the scale of αs(ν), we set ν = 1/r. νus = 2.5 r−1
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VOS(r)− VOS(r
′) + Elatt.(r

′)
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Figure 5: Plot of VOS(r) − VOS(r
′) + Elatt.(r

′) versus r at tree (dashed line), one-loop (dash-dotted line), two-loops (dotted line) and three loops
(estimate) plus the RG expression for the ultrasoft logs (solid line) compared with the lattice simulations of Necco and Sommer. For the scale of
αs(ν), we set ν = 1/r. νus = 2.5 r−1
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VRS(r)− VRS(r
′) + Elatt.(r

′)
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Figure 6: Plot of VRS(r) − VRS(r
′) + Elatt.(r

′) versus r at tree (dashed line), one-loop (dash-dotted line), two-loops (dotted line) and three loops
(estimate) plus the leading single ultrasoft log (solid line) compared with the lattice simulations of Necco and Sommer. For the scale of αs(ν)
ν = constant. νus = 2.5 r−1

0 .



VRS(r)− VRS(r
′) + Elatt.(r

′)
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Figure 7: Plot of VRS(r) − VRS(r
′) + Elatt.(r

′) versus r at tree (dashed line), one-loop (dash-dotted line), two-loops (dotted line) and three loops
(estimate) plus the RG expression for the ultrasoft logs (solid line) compared with the lattice simulations of Necco and Sommer. For the scale of
αs(ν), we set ν = 1/r. νf = νus = 2.5 r−1

0 .



VRS(r)− VRS(r
′) + Elatt.(r

′)

0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

-1.5

-1.25

-1

-0.75

-0.5

-0.25

0

0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

-1.5

-1.25

-1

-0.75

-0.5

-0.25

0

r/r0

Figure 8: Plot of VRS(r) − VRS(r
′) + Elatt.(r

′) versus r at tree (dashed line), one-loop (dash-dotted line), two-loops (dotted line) and three loops
(estimate) plus the leading single ultrasoft log (solid line) compared with the lattice simulations of Necco and Sommer. For the scale of αs(ν)
ν = constant. νus = 2.5 r−1

0 .



VOS(r)− VOS(r
′) + Elatt.(r

′) + σ(r − r′)

0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

-1.5

-1

-0.5

0

0.5

0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

-1.5

-1

-0.5

0

0.5

r/r0

Figure 9: Plot of VOS(r) − VOS(r
′) + Elatt.(r

′) + σ(r − r′) versus r at three loops (estimate) with the leading ultrasoft log compared with the lattice
simulations of Necco and Sommer. For the scale of αs(ν), we set ν = constant. σ = 1.35 r−2

0 and νus = 2.5 r−1
0 .

Constraint on the size of nonperturbative effecs for heavy quarkonium.
No linear non-perturbative potential at short distances.


