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Main que st ions:

1) Is the re any interest ing r elat ion with c omplex g eometr y in Þv e 
dimensional minimal de Si t t er ÒsupergravityÓ?

2) Can we use the r esult ing str uctu re t o Þnd interest ing solut ions?



Outl ine:

1) Supersymmetr y and Complex Geometr y

2) Supersymmetr y and Black Holes

3) D=5 Minimal Ungauged Supergravity

4) D=5 Minimal Gauged Supergravity

5) D=5 Minimal de Si t t er Supergravity 
(fake supersymmetr y)

6) Null c ase 

7) Final Remarks



1) Supersymmetr y and Complex Geometr y

D=10

D=4, N=1 Supersymmetr y

Calabi-Yau 3- fold
Candelas, Horowitz , Str ominger, Wit t en Ô85 

Superstr ing compact iÞcat ions



Two dimensional n on-l inear sigma models:

an N=4 susy
ext ension r equires the t arget 

space metr ic t o be hyper -Kahler
Alvarez-Gaume, Freedmann Ô81 

an N=2 susy
ext ension r equires the t arget 

space metr ic t o be Kahler
Zumino Ô79 

L = ! gij (! i )" µ ! i " µ ! j

L = ! gij (! i )" µ ! i " µ ! j

+ #µ ! eij " µ ! i " ! ! j

Wess-Zu mino-Wit t en 
couplings are int erepreted 

as t orsion potent ials l eading 
t o Kahler an d Hyper Kahler 

t orsion (HKT) geometr ies
Braaten, Curtr ight, Zachos Õ84,Õ85 

HKT geometr y a lso ar ises in the c ontext of mo duli space metr ics of Þv e dimensional 
electr ically charged black holes Gibbons, Papadopoulos, Stelle, Ô97; Gut owski, Papadopoulos Ô99



2) Supersymmetr y and Black Holes   

Supersymmetr ic Black Holes are int erest ing gravitat ional obje cts:

¥ They are classically and semi-c lassically stable;      
¥ In many cases the re is a n o- force condit ion, 

which allows f or a m ult i-obje ct sol ut ion;

Ear ly example: Take D=4, N=2 supergravity

L =
1

16! G4

!
d4x

!
" g

"
R "

F 2

4

#

and consider the Ma ju mdar -Papapetr ou solut ions 
Maju mdar Ô47; Papapetr ou Ô47; Hartl e and Hawking Ô72

ds2 = !
dt2

H (x)2 + H (x)2ds2
E3 , A =

dt
H (x)

, ! E3 H (x) = 0 .



Balance between el ectr ostat ic r epulsion and gravitat ional at tr act ion

Mult i centr e solut ion

H (x) = 1 +
N!

n =1

M n

|x ! xn |

Easily ext ended t o D>4; but smoothness of hor izon becomes worse: 
the re is a m etr ic ext ension which is 

analyt ic (D=4),
    b ut n ot    (D=5),
   b ut n ot    (D   6).  

Welch Ô95; Candlish and Reall Ô07 

C2 C3

!C1 C2



D! !
1
4

Fab! ab! ! = 0

More gener ically Tod Õ83 analysed the Kil ling spinor equat ion and 
showed tha t a ll susy solut ions with a t imelike Kil ling vect or Þeld f all  

int o the c lass of I srael- Wilson-PerjŽs m etr ics I srael and Wilson Õ72, PerjŽs Ô71 

Complexifyin g H(x) in di f f erent wa ys leads t o mult i (charged) Taub-
NUT or mult i Ker r -Newman with Q=M; 

ds2 = ! |H |2(dt + ! idxi)2 + |H |2ds2
E3 , " # "! = i (H " H ! ! H ! " H )

Note 2: Susy black holes with an gular momentu m in the n on-minimal theo ry have been f ound as dimensional r educt ion of 

black r ings Elvang, Emparan, Mateos and Reall Õ05. These solut ions require mult i obje cts.

This exact  l inear isat ion is most simpl y r ealised by consider ing the 
bosonic sect or of N=2, D=4 su pergravity . The Maju mdar -Papapetr ou 
are the mo st g eneral stat ic solut ions admit t ing Kil ling spinors and a 

t imelike Kil ling vect or Þeld: Gibbons and Hull Õ82 

Note 1: Force balance f or the IWP m etr ics is more involved, since the re are magnet ic ef f ects f or both g ravity an d 

electr omagnet ism Kast or an d Traschen Õ98.



3) D=5 Minimal Ungauged Supergravity

In Þv e dimensions the re are asympt ot ically ßa t, r egular, susy, 
rotat ing black holes, w ith a c onnected even hor izon: the BMPV 

black hole:  Breckenridge, Myers, Peet an d Vafa Õ96 

S =
1

16! G5

∫
d5x

(√
−g(R − F 2) − 2

3
√

3
A ∧ F ∧ F

)

ds2 = !
(dt + ! )2

H (x)2 + H (x)ds2
E4 , A =

"
3

2
dt + !
H (x)

where Gauntl et t, Myers and Townsend Õ98 ! E4 H (x) = 0 , d! = ! " (4 ) d! .

Mult i centr e solut ion

H (x) = 1 +
N∑

n =1

M n

|x ! xn |2

! = dxj J i
j " i

!
N"

n =1

Jn

|x ! xn |2

#

Not smooth! Candlish Õ09 



More gener ically Gauntl et t, Gut owski, Hull, Pakis and Reall Õ03 analysed the Kil ling 
spinor equat ion and showed tha t a ll susy solut ions with a 

t imelike Kil ling vect or Þeld a re of the f or m

ds2 = f 2(dt + ! )2 + f ! 1ds2
M , F =

!
3

2
d (f (dt + ! )) "

G+
!

3

Metho d:

Solut ions with           inc lude (mult i-BMPV), 
maximally supersymmetr ic Godel typ e universes 

and black holes in Godel universes Herdeiro Ô03 ;

G+ = 0

G+ != 0Solut ions with           inc lude supersymmetr ic black r ings.

1) Choose    t o be hyper -KahlerM

f d! = G+ + G!2) Decompose: 

dG+ = 0 , ! f ! 1 =
2
9

(G+ )23) Solve:     



4) D=5 Minimal Gauged Supergravity

Gener ical analysis of the Kil ling spinor equat ion Gauntl et t an d Gut owski Õ04 
showed tha t a ll susy solut ions with a t imelike Kil ling vect or Þeld 

are of the f or m

ds2 = f 2(dt + ! )2 + f ! 1ds2
M , F =

!
3

2
d (f (dt + ! )) "

G+
!

3
+

!
3gJ
f

1) Choose    t o be KahlerM

Metho d:

! f ! 1 =
2
9

(G+ )2 !
g
f

(G! )mn Jmn ! 8
g2

f 2

G+ = !
1
2g

!
R +

R
4

J
"

f = !
24g2

R
2) Compute

f d! = G+ + G!3) Solve constr aint: 



In Ant i- de-Sit t er space supersymmetr ic black holes must  r otate:

In D=3 only the e xtr eme BTZ black hole preser ves susy (half ) which
 is enhanced in the z ero mass limit. Coussaert an d Hanneaux Õ93

In D=4 the K er r -Newman-AdS family was f ound by Carter Õ68 and the 
extr emal l imity ana lysed by Kostelecky and Per r y Õ95. The zero angular 

momentu m limit of th is f amily is empty AdS4.

In D=5 (most in t erest ing fr om the viewp oint of AdS/ CFT), the se 
black holes were f ound by Gut owski and Reall Õ04 (one angular momentu m) 

and Chong, Cvet ic, Lu and Pope Õ04 (tw o angular momenta).

Note 2: No solut ions with m ult i (regular) black holes are known. Do the y exist?

Note 1: Not e very Kahler b ase space or iginates a Þve dimensional solut ion Figueras, Herdeiro and Paccet t i Õ06

Note 3: The CFT descr ipt ion of the se black holes has not been c ompletely c lar iÞed.



5) D=5 Minimal de Si t t er Supergravity 
(fake supersymmetr y)

de Sit t er superalgebras have only non-tr ivial r epresentat ions in a 
posit ive- deÞnit e Hilber t spa ce in tw o dimensions 

Pilch, van Bieuwenhuizen and Sohnius; Lukierski and Bowicki Ô85

We t ake perspect ive of f ake supesymmetr y 
(analogy t o Domain Wall/ Cosmology cor respondence Skender is and Townsend Ô06) 

There is a special c lass of solut ions in a g ravitat ional theo ry w ith a 
posit ive cosmological c onstant a dmit t ing Òpseudo-Kil ling spinorsÓ;
fake supersymmetr y becomes a solut ion generat ing t echnique. 

Relat ion t o typ e IIB * theo ry  Hull Ô98; Liu, Sabra and Wen Ô03 



Act ion and (pseudo) Kil ling spinor equat ion:

If a n on-tr ivial solut ion of the (pseu do) Kil ling spinor equat ion exists 
and the g auge Þeld equat ions are sat isÞed, the in tegrability 

condit ions of the f or mer pl ace constr aints o n the Ri cci t ensor.

For the sol ut ions we consider he re, in w hich the Kil ling spinor 
generates a t imelike vect or Þeld the se constr aints a re equivalent t o 

the Einstein equat ions. This would not be so f or the n ull c ase. 



Computat ion: assume the e xist ence of a t l east o ne non-tr ivial 
(pseudo) Kil ling spinor; place constr aints o n the spin c onnect ions 

and gauge Þeld.

Use spinor ial g eometr y t echniques: 
one t akes the space of Dir ac spinors t o be the spa ce of c omplexiÞed 

for ms on     , w hich is spanned over     b yR2 C
{ 1, e1, e2, e12} , e12 = e1 ! e2

Act ion of c omplexiÞed gamma matr ices on the se spinors is given by

! ! =
!

2e! " , ! ø! =
!

2i e! , ! = 1, 2

Spacet ime metr ic:



Killing spinor

Canonical f or m
using Spin(4,1)

or iginates a
t imelike vect or

or iginates a
null v ect or

! = f 1 ! = 1 + e1

DeÞne the 1- for m: V = e0

Intr oduce t c o-ordinate such tha t the dua l v ect or Þeld is

V = !
!
! t

Then, computat ion leads t o:

e0 = dt +
2
!

3
!

P + e
!!

3
t Q , e! = e! !

2
!

3
t öe!

L V öe! = 0 , L V Q = 0 , L V P = 0 .



We r efer t o the 4 -manifold with t -in dependent m etr ic

  a s the Òbase spaceÓ B.

Part of the g eometr ical c onstr aints imposed by the Kil ling spinor 
equat ion are equivalent t o:

where:

deÞnes a tr iplet of an t i-self- dual a lmost c omplex str uctu res on 
B which sat isfy the a lgebra of the ima ginary unit qua ternions.

Thus, B is h yper -Kahler w ith t orsion, HKT:

Note: Without l oss of g enerality we c an 
take B t o be str ong HKT, i.e. dH=0



Metho d:

1) Take the b ase space B t o be a f our dimensional HKT geometr y
with t orsion t ensor H.

2) The one f or m    is g iven byP P = ! ! 4 H

3) Choose a 1-for m    obe ying the c onstr aints:Q

4) The solut ion is g iven by:

Note: The t - dependence is explicit ; f or the s calar cu r vatu re:

Regular ity a t           r equires:                     an d B is confor mally hyper -Kahlert = ± ! Q = 0 , dP = 0 ,



Examples 1: solut ions with c onfor mally hyper -Kahler b ase

In th is case: dP = 0

Af ter some coordinate tr ansfor mat ions the solut ion can be cast in 
the f or m:

where:

and the c onstr aints be come:

exactl y the f or m of the sol ut ions of minimal u ngauged SUGRA with
       , e xcept f or the l inear t - dependent t er m. G+ = 0

Note: de Sit t er space is obt ained by t aking H K = R4 , V = const. , a = 0 .



Theorem: Any solut ion of D=5 minimal de Si t t er SUGRA with 
a supercovar iantl y constant spin or an d a base space which is 
confor mal t o a hyper -Kahler manifold can be obt ained fr om a
 ÒseedÓ solut ion of the m inimal u ngauged SUGRA theory simply
by a dding a l inear t ime dependence in the ha r monic fu nct ion. 

 Generalises ear lier r esult b y Behrnt an d Cvet ic Ô03

 Makes clear w hy we c an super impose cer tain solut ions (like 
the BMPV bl ack hole Klemm and Sabra Ô01 or Godel typ e universes 

Behrnt an d Klemm Ô04) w ith a p osit ive cosmological c onstant

 Suggests tha t sol ut ions with         do n ot g eneralise easily 
t o de Sit t er space; most n otably the bl ack r ing

G+ != 0



In c ontr ast w ith the AdS theory i t a dmits mult i- black hole 
solut ions:

Mult i BMPV:

f ! 1 = 1 +
N!

n =1

µn

|x ! xn |2
!

!
"

3
t

a = dxj J i
j ! i

!
N"

n =1

Jn

|x ! xn |2

# Five dimensional, r otat ing, 
generalisat ion of the 

Kast or -Traschen Õ93 solut ions;



Examples 2 : solut ions with a tr i-holomorphic Kil ling vect or

 HKT manifolds with a tr i-holomorphic Kil ling vect or Þeld ha ve 
been classiÞed Chave, Tod, Valent Õ96; Gauduchon and Tod Ô98

 Their str uctu re is speciÞed in t er ms of a c onstr ained 3-
dimensional Einstein-Weyl g eometr y: 

(! ij , ui , u0)

 Basic example: r ound 3-sphere

Simplest sol ut ions of c onstr aints l eads t o singular u niverses.



Killing spinor

Canonical f or m
using Spin(4,1)

or iginates a
t imelike vect or

or iginates a
null v ect or

! = f 1 ! = 1 + e1

6) Null c ase:



Metho d:

General f or m of the sol ut ion:

1) Choose a Gaudochon-Tod space as base 

2) Choose a 1-for m on the b ase obeying

3) Choose a fu nct ion H obeying

None of the se quant it ies depends on v 



Gener ically a Kundt g eometr y, as in the Mink owski and AdS cases;
But, unlike the se cases, the n ull v ect or Þeld is n ot Kil ling.

For         the re are nice propert ies:

- The null v ect or Þeld be comes recur rent:

This implies tha t the hol onomy is c ontained in Sim(3)

- All scalar in var iants c onstr ucted fr om the cu r vatu re are constant 
and all in var iants w ith c ovar iant de r ivat ives of the cu r vatu re are 
zero.



7) Final r emarks:
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 Nice geometr ical pi ctu re!

If B is c onfor mally hyper -Kahler, nice connect ion with the 
minimal u ngauged theo ry

If B is n ot c onfor mally hyper -Kahler, can one Þnd more 
interest ing solut ions? In pa r t icular r ings?

Mult i bl ack hole 
solut ions

Mult i bl ack hole 
solut ions


