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Main que stions:.

1) Isthere any interesting relation with c omplex geometr y in bv e
dimensional minimal de Sitter GupergravityO?

2) Can we use the r esulting str ucture to bPnd interest ing solut ions?
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1) Syoersymmetr y and Complex Geometr y

Superstr ing compeact ibcat ions

Cdabi-Yau 3-fold

Cardelas, Horowitz , Str ominger, Witten 085

D=4 N=1 Sipersymmetr y




Two dimensianal n on-linear sigma models:

=gy (1" Hn

L="1g; (1) A

an N=2 susy
ext ension requires the t arget

space metr ic t o be Kahler
Zumino 079

an N=4 susy
ext ension requires the t arget
space metr ic t o be hyper-Kahler

Alvarez-Gaume, Freedmann 081

WessZu mino-Witten
couplings are interepreted
as torsion potentials leading
to Kahler an d Hyper Kahler

torsion (HKT) geometr ies
Braaten, Curtr ight, Zachos 084085

HKT geometr y also arises in the ¢ ontext of mo duli space metr ics of bve dimensional
electr icaIIy C harged black holes Gibhons, Papadopoulos, Stelle, 097:Gut owski, Papadopoulos 099




2) Supersymmetr y and Black Holes

Supersymmetr ic Black Holes are interesting gravitat ional obje cts:

¥ They are classically and semi-c lassically stable;
¥ In many cases there is a n o-force condition,
which allows for a m ulti-obje ct sol ution;

Ealy example: Take D=4, N=2 supergravity
1

L = 4x
66, 9%

and consider the Ma ju mdar -Papapetr ou solut ions
Maju mdar O4; Papapetr ou OZ; Hartl e and Hawking 072

ds® = | dt” + H (x)?ds?
" H(x)2 e




Multi centr e solution

M
IX ! Xn]

n=1

Balance between el ectr ostat ic r epulsion and gravitat ional attr action

Easily extended t o D>4; but smoothness of horizon becomes wor se:
there is a metr ic ext ension which is
analytic (D=4),
Cb ut n ot C(D=5),
Co utnot CD ).

Welch 095:Candlish and Reall O07




This exact linearisation is most simply r ealised by considering the
bosonic sector of N=2, D=4 su pergravity. The Maju mda -Papapetr ou
are the most g eneral static solutions admitting Killing spinors and a

timelike Killing vector Peld: cisons and Hull 682

1
DIl ZFp! 11 =0
A ab
More generically dossanalysed the Kil ling spinor equat ion and
showed that a |l susy solutions with at imelike Killing vector peld f all

into the c lass of | srael- Wilson-PerjZs metr iCS iswel and wison 672, eijzs 671

ds® = | |H|?(dt + ! ;dx")* + [H|°dsgs , " #! =i(H"H'! H'" H)

Camplexifying H(x) in different wa ys leads to multi (charged) Taub-
NUT or multi Kerr-Newman with Q=M;

Note 1: Force balance for the IWP m etr ics is more involved, since the re are magnetic effects f or both g ravity an d

electr omagnetism Kastor and Traschen O98.

Note 2: Susy black holes with an gular momentu m in the n on-minimal theo ry have been found as dimensianal r educt ion of

black rings Elvang, Emparan, Mateos and Reall O05.These solut ions require multi obje cts.



3) D=5 Minimal Ungauged Supergravity

1

2
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In bv e dimensions there are asymgoaotically 3at, regular, susy,
rotating black holes, with a ¢ onnected even horizon: the BMPV

black hole: Breckenridge, Myers, Peet an d Vafa 096
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ds® =1 2 H(X)

+H(x)dsz, , A=

Where cautett, Myers and Townsend 998 ' esH(X) = 0O, d =1 "®d .

Multi centr e solution Not smooth! cardiish 609¢
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More generically cautett, cuowski, Hull, Pakis and reall 0z @Nalysed the Kil ling
spinor equat ion and showed that a Il susy solut ions with a
timelike Killing vector Peld are of thef orm

ds? = f2(dt+ 1 )2+ ' 1ds? | | d(f(dt+1))" P—é

Method:
1) Chapse Mt o be hyper-Kahler

2) Decompose: fdl = G" +G
3) Solve: L fh = £_29(G+)2

Solutions with G =it lude (multi-BMPV),
maximally supersymmetr ic Godel typ e universes
and black holes in Godel universes Herdeiro 603;

Solutions with G* Eific  lude supersymmetr ic black r ings.



4) D=5 Minimal Gauged Supergravity

Gererical analysis of the Kil ling spinor equat ion cautiett an d Guowski 604
showed that a |l susy solutions with at imelike Killing vector peld
are ofthef orm

ds? = f2(dt + ! )2+ f' tdsg |, F:;d(f(dt+!))" %+ ‘:’9‘]

Method:
1) Chase Mt o be Kahler

2
f:!249
R

2) Compue

3) Solve congr aint: fd =G + G




In Anti- de-Sitter space supersymmetr ic black holes must rotate:

In D=3 only the e xtr eme BTZ black hole preserves susy (half ) which
iS enhanCEd in the Z ero mass I|m|t Caussaert an d Hanneaux O8

In D=4 the K err-Newman-AdS family was found by caterssand the
extr emd | imity ana lysed by «oselecky and perry 595 The zero angular
momentu m limit of th is family is empty AdS4.

In D=5 (most in teresting fr om the viewp oint of AdS CFI), the se
black holes were found DY cuowski and reall 304 (ONE @ngular momentu m)
and cnaog, ceetic, Lu and Pope 604 (tW O @angular momenta).

Note 1: Not e very Kahler b ase space originates a Pve dimensioal solution Figueras, Herdeiro and Paccetti O06

Note 2: No solutions with multi (regular) black holes are known. Do they exist?

Note 3: The CFT description of the se black holes has not been ¢ ompletely claribed.




5) D=5 Minimal de Sitter Supergravity
(fake supersymmetr y)

de Sitter superalgebras have only non-tr ivial r epreserntations in a
positive-debPnite Hilbert space in tw o dimensions

Pilch, van Bieuwenhuizn and Sohnius; Lukierski and Bowicki 085

We take perspective of f ake supesymmetr y
(analogy t o Domain Wall/ Caesmobgy correspondence skenderis and Townserd 609

There is a special class of solutions in a gravitational theo ry with a
positive cosmobgical congant a dmitting Opseudo-Kil ling spinor sO;
fake supersymmetr y be comes a solution generat ing t echnigue.

Relationtotyp e lIB *theo ry uioos:Liu, sabra and wen 603




Action and (pseudo) Killing spinor equat ion:
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If a n on-tr ivial solution of the (pseu do) Killing spinor equat ion exists
and the g auge Peld equations are satisbed, the in tegrability
conditions of the f or mer pl ace condr aints on the Ricci t ensa.

For the sol utions we consider he re, in w hich the Kil ling spinor
generates a t imelike vector Peld the se condr aints are equivalentt o
the Einstein equations This would not be so f or the n ull case.




Campuat ion: assume the e xistence of at | east o ne non-tr ivial
(pseudo) Killing spinor; place condr aints o n the spin ¢ onnections
and gauge Peld.

Use spinorial g eometr y t echniques:
one t akes the space of Dir ac spinors to be the spa ce of c omplexibed
forms on R% w hich is spanned over Cb vy

{l,e1,e,€12}, ep=¢€e! &

Action of c omplexiPed gamma matr ices on the se spinors is given by

Spacetime metric:  ds? = —(e%)? + 20,5e%€” .




Killing spinor

originates a originates a
timelike vector null vector

Camonical f orm
using Spin(4,1)

Debne the 1- form: V = e

Intr oduce t ¢ o-ordina e such that the dua | vector beld is

V =

|
't

Then, compuat ion leads to:

I | | _I!_t..|

2 3 !
eO:dt+|—P+e'§tQ, e =e 238

Lvé!:O, LvQ:O, va:O.



We refer t o the 4 -manifold with t -independent m etr ic

ds = 20,56°8"

a s the Olase spaceOB.

Part of the g eometr ical c ongr aints imp osed by the Kil ling spinor
equaion are equivalent t o:

dJ' = 2P A J", i=1,23,

gl né? et ne?

iél A el + i A é?

3
—iet Ae? +iel A et

debPnes a tr iplet of an ti-self- dual almost c omplex str uctures on
B which sat isfy the a Igebra of the ima ginary unit quaternions

Thus, B is hyper-Kahler w ith t orsion, HKT V*J' =0,

(+)i 1 i . Note: Without | oss of g enerality we ¢ an
I ) jk — {jk} +H 7k H = *4,’0 . take B t 0 be str ong HKT, i.e. dH=0




Metho d:

1) Take the b ase space B to be a f our dimensional HKT geometr y
with t orsion tensa H.

2) TheoneformPisgivenby P=1 1, H

3) Choose a 1-form Qobe ying the ¢ ondr aints:

(dQ—2PAQ)" =0,  dxQ +\/_l—id73f\d73—0

4) The solution is given by:

2v/3 2 1 1, V3
ds® = — (dt + —P + eﬁtQ) + eﬁﬁtds%; , A= —=dt+ ;P + TB%tQ

2v/3

X

Note: The t- dependence is explicit; for the s calar curvature:

BTAP? % o, ., 32 ,
+E 7 [{ S X g4 3B 40— 9p A Q)2
3 | x2 2 1

Reguarityat t = ¢ equires: Q= 0,dP=a®, dBisconformalyhyper-Kahler




Examples 1: solutions with ¢ onfor mally hyper-Kahler b ase
In th Is case:

After some coordinat e tr ansfor ma ions the solution can be cast in
the f orm:

ds* = —f*(dt +a)* + f~'dsy, , F = gd(f{dt—l—a}) :

where: f = V

and the ¢ ondr aints be come:

ﬂ._{“{V:U, (G,’TEL)-I_:D

exactl y the f orm of the sol utions of minimal u ngauged SUGRA with
G" = Qe xceptf orthel ineart-dependertt erm.

Note: de Sitter space is obtained by taking HK = R*,V = const. ,a= 0.



Theorem: Any solution of D=5 minimal de Sitter SUGRA with
a supercovariantl y congant spinor and a base space which is
conformal t o a hyper-Kahler manifold can be obtained fr om a
GeedOsolut ion of the m inimal u ngauged SUGRA theory simply
by adding a |l inear t ime dependence in the ha rmonic fu nction.

Generalises earlier r esult b y senmtan d ceetic 03

Makes clear w hy we c an superimpose certain solutions (like
the BMPV black hole «iemm and sanra 60:0r Godel typ e univer ses

sehrt an d klemm 60) WIth @ p 0SIt Ive cosmobgical c ong ant

Suggests tha t solutions with G* £db n ot g eneralise easily
to de Sitter space; most n atably the bl ack ring




In c ontr ast w ith the AdS theory it a dmits mult i- black hole

solut ions

Multi BMPV:

IN
Fll- gy Mn

) X! Xnl?

n=1

nN Jn

a=dx J;'l;

X xal?

Five dimensianal, r otat ing,
generalisat ion of the
Kastor-Traschen ©9 Solut ions




Examples 2: solutions with a tr i-holomarphic Killing vector
Lxhg =0, LxJ =0, i=1,23,

HKT manfolds with a tr 1-holomar phic Killing vector Peld ha ve

been CIaSS”Ded Chave, Tod, Valent ©96:; Gauduchon and Tod 098

Their str ucture is specibPed in t erms of a condr ained 3-
dimensional Einstein-Weyl g eometr vy:

('i , ui, Up)

*pdi = —dig — Ul |
- 1
I«.L.II . —_— 2 . f- J.:
Rf:ﬁ T ?.:1- Uj) + Uil = Ff_?'£§“'[i T Ukl j' :

d*_lr_._"l'_.!.:[] .

Basic example: round 3-sphere
2

dsp = b (d6” +sin® 0(dg” + sin” pdy”)) , w=0, w=-7,

Simplest sol utions of condr aints | eads to singular u niver ses.



6) Null case:

Killing spinor

originates a originates a
timelike vector null vector

Camonical f orm
using Spin(4,1)




Gereral f orm of the sol ution:
ds* = Edu(ﬂ.’v | (H %UE) du + xvi {ﬂ) dsir F = %du M dv + dB

Metho d:

1) Chase a Gaudochon-Tod space as base dsg = 6;; E'E’

y 3 . .
dEﬂ:_*/;X*BEwXBAE*,

2) Choose a 1-form on the b ase obeying

X . — .
- —B——* do+vBANd—E'AEY) =0
4¢‘ Wi 3 (dp+xBA¢ )

3) Choose a fu nction H obeying

L H + yB-dH = Vid; + (B, + xo - B — 45“—£vﬁwq(4¢: E) '

None of the se quartities depends on v



Gererically a Kundt g eometr y, as in the Mink owski and AdS cases,
Bu, unlike the se cases, the n ull vector Peld is n ot Kil ling.

For B =1the re are nice properties:

- The null vector bPeld be comes recurrent:

V,N" = —lxszﬁN”

4

This implies that the hol onomy is contained in Sim(3)

- All scalar in variants c ondr ucted fr om the curvature are congdant
and all invariants w ith ¢ ovariant de rivat ives of the cu rvature are
Zero.




7) Final r emarks:

Nice geometr ical picture!

Multi black hole

- $&+! . 7:%& _
solut ions

I"HB06& ()& " H&*+,

P e Multi bl ack hole

solut ions

If B iIs ¢ onformally hyper-Kahler, nice connection with the
minimal u ngauged theory

If B is n ot c onformally hyper-Kahler, can one Pnd more
Interesting solutions? In particular r ings?




