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Primordial non-Gaussianity and the Large-Scale Structure

We expect effects

• on the matter higher-order correlation functions

�φφφ� ⇒ �δδδ�

• on the cluster abundance

�φφφ� ⇒ s3 ∼ �δ3� ⇒ n(M)

• on the halo and galaxy bias relation

�φφφ� ⇒ [...] ⇒ beff (k, fNL), for local NG

The galaxy bispectrum is affected by all these effects (this is good and bad)

The problem is to separate these effects from other sources of non-Gaussianity ...
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The matter bispectrum: Perturbation Theory

A solution for the matter density in Fourier space

Continutity eq.
Euler eq.
Poisson eq.




 ⇒ δ(k)
PT� δ(1)(k) + δ(2)(k) + δ(3)(k) + ...

with
δ(1)(k) = δL(k) linear matter density

δ(2)(k) =

�
dq3F2(k− q, q)δL(k− q)δL(q)

+ the initial conditions, i.e. the initial correlators

�δ(1)
k1

δ(1)
k2

� ≡ δD(k1 + k2)PL(k1)

�δ(1)
k1

δ(1)
k2

δ(1)
k3

� ≡ δD(k1 + k2 + k3)BI (k1, k2, k3) ⇐ N.G . I .C .

�δ(1)
k1

δ(1)
k2

δ(1)
k3

δ(1)
k4

�c ≡ δD(k1 + k2 + k3 + k4)TI (k1, k2, k3, k4) ⇐ N.G . I .C .

⇒ a perturbative expression for the 3-point function

�δδδ� PT� �δ(1)δ(1)δ(1)� + �δ(1)δ(1)δ(2)� + �δ(1)δ(2)δ(2)�+ �δ(1)δ(1)δ(3)�+ ...

B(k1, k2, k3) � BI (k1, k2, k3) + Btree
G (k1, k2, k3) + loop corrections
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The matter bispectrum: Gaussian initial conditions
The scale dependence of gravity-induced non-Gaussianity

The component induced by gravity,

B
tree
G (k1, k2, k3) = 2F2(k1, k2)PL(k1)PL(k2) + perm.

is present even at large scales

... with a well defined
dependence on scale ⇒
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[ES, Crocce, Desjacques (2010)]
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The matter bispectrum: Gaussian initial conditions
The shape dependence of gravity-induced non-Gaussianity

The component induced by gravity,

B
tree
G (k1, k2, k3) = 2F2(k1, k2)PL(k1)PL(k2) + perm.

is present even at large scales

... and with a well defined
dependence on shape ⇒

Reduced bispectrum:

Q ≡
B(k1, k2, k3)

P(k1)P(k2) + P(k1)P(k3) + P(k2)P(k3)
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[ES, Crocce, Desjacques (2010)]
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The matter bispectrum: Cumulative Signal-to-Noise

[ES & Scoccimarro (2005)]

Ideal Geometry
V = 0.3 h−3 Gpc3

n̄ = 0.003( h−1 Mpc)−3

�
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Sums over all configurations
up to kmax
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The matter bispectrum: Cumulative Signal-to-Noise

[ES & Scoccimarro (2005)]

Ideal Geometry vs. SDSS
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The matter bispectrum and primordial non-Gaussianity

The scale-dependence of primordial non-Gaussianities

At large scales: Gravity + PNG ⇒ B � BI + B
tree
G
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FIG. 15 Effect of the primordial component for different non-Gaussian models on the equilateral configurations of matter bispec-
trum, B(k, k, k), at redshift z = 1, as a function of scale, at tree-level in PT. In the upper left panel the continuous line shows the
initial component B0(dotted line), the gravity-induced component, Btree

G (dashed line) and their sum (continuous line). For equilat-
eral configurations the initial component coincides for the local, equilateral and orthogonal models while it vanishes in the folded
model. In the other panels, continuous lines show the gravity component alone while dashed lines show the tree-level bispectrum
including the primordial component for the local (upper right panel), equilateral (lower left panel) and orthogonal (lower right
panel) models assuming the values of fNL corresponding to the 95% C.L. limits as determined by Smith et al. (2009) and Senatore
et al. (2009) from WMAP observations. The shaded area indicates the currently allowed region.

models, for values of the respective parameters fNL corresponding to the current 95% C.L. limits (Senatore et al.,
2009; Smith et al., 2009), with the shaded area indicating the allowed region.

In addition, Btree
G presents a specific dependence on triangle shapes, determined by gravitational instability and

described by (IV.167) at tree-level. The shape dependence of B0, determined by the specific non-Gaussian model under
consideration, is generically different. Such differences can be explicitly shown in plots of the reduced bispectrum,
defined as

Q(k1, k2, k3) =
B(k1, k2, k3)

P(k1)P(k2) + 2 perm.
, (IV.170)

which removes the redshift and scale dependencies of the gravity contribution. fig. 16 shows the reduced bispectrum

⇐ Equilateral triangles

B(k, k, k) vs. k

BI

BG

k→0∼
fNL

D(z)k2

for a broad range of models
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The matter bispectrum and primordial non-Gaussianity

The scale-dependence of primordial non-Gaussianities
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FIG. 15 Effect of the primordial component for different non-Gaussian models on the equilateral configurations of matter bispec-
trum, B(k, k, k), at redshift z = 1, as a function of scale, at tree-level in PT. In the upper left panel the continuous line shows the
initial component B0(dotted line), the gravity-induced component, Btree

G (dashed line) and their sum (continuous line). For equilat-
eral configurations the initial component coincides for the local, equilateral and orthogonal models while it vanishes in the folded
model. In the other panels, continuous lines show the gravity component alone while dashed lines show the tree-level bispectrum
including the primordial component for the local (upper right panel), equilateral (lower left panel) and orthogonal (lower right
panel) models assuming the values of fNL corresponding to the 95% C.L. limits as determined by Smith et al. (2009) and Senatore
et al. (2009) from WMAP observations. The shaded area indicates the currently allowed region.

models, for values of the respective parameters fNL corresponding to the current 95% C.L. limits (Senatore et al.,
2009; Smith et al., 2009), with the shaded area indicating the allowed region.

In addition, Btree
G presents a specific dependence on triangle shapes, determined by gravitational instability and

described by (IV.167) at tree-level. The shape dependence of B0, determined by the specific non-Gaussian model under
consideration, is generically different. Such differences can be explicitly shown in plots of the reduced bispectrum,
defined as

Q(k1, k2, k3) =
B(k1, k2, k3)

P(k1)P(k2) + 2 perm.
, (IV.170)

which removes the redshift and scale dependencies of the gravity contribution. fig. 16 shows the reduced bispectrum

[Liguori, ES, Fergusson & Shellard (review, 2010)]
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The matter bispectrum and primordial non-Gaussianity

The shape-dependence of primordial non-Gaussianities
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FIG. 16 Effect of the primordial component for different non-Gaussian models on the matter reduced bispectrum, as a function of
the triangle shape. The continuous line shows the reduced bispectrum Q(k1, k2, k3) at tree-level in PT for Gaussian initial conditions
at redshift z = 1 assuming k1 = 0.01 h Mpc−1, k2 = 1.5k1 as a function of the angle θ between k1 and k2. Dashed lines show the
reduced bispectrum including the primordial component for the local (upper left panel), equilateral (upper right panel), orthogonal
(lower left panel) and folded (upper left panel) models. For the local, equilateral and orthogonal models we assume the values of
fNL corresponding to the 95% C.L. limits as determined by Smith et al. (2009) and Senatore et al. (2009) from WMAP observations.
The shaded area indicates the currently allowed region. For the folded model, for which no observational constraints are available,
the values fNL = ±300 are considered.

Q(k1, k2, k3) at tree-level in perturbation theory, at z = 1 for k1 = 0.01 h Mpc−1, k2 = 1.5k1 as a function of the angle
θ between k1 and k2. In all panels, the continuous line represents the gravity-induced term which assumes larger
values for nearly collapsed triangles, i.e. for θ � 0 or π. This indicates that the probability of finding larger values
for the matter density in triplets of points forming a squeezed or folded triangle is larger than for nearly equilateral
triangles. This prediction is confirmed by the typical filamentary nature of the large-scale structure, evident from
snapshots of N-body simulations or images of redshift surveys, since along these filaments it is easier to form collapsed
triangles than equilateral ones. It should be stressed that the bispectrum is, in fact, the lowest order statistic sensitive
to the three-dimensionality of structures and that these features are not captured by the information contained in
the power spectrum alone. The effects of the primordial component on the matter bispectrum are shown by the

[Liguori, ES, Fergusson & Shellard (review, 2010)]
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The matter bispectrum and primordial non-Gaussianity

Small scales: one-loop corrections in PT

Bm(k1, k2, k3)
PT
= BI (k1, k2, k3) + B

tree
G (k1, k2, k3) + B

1−loop
m (k1, k2, k3) + ...

The 1-loop corrections are several

B
1−loop
m = B

II
112 + B

I
122 + B

II
122 + B

I
113 + B

II
113 + B

I
222 + B

I
123 + B

II
123 + B

I
114,

for instance

BII
112

=

�
d3q F2(q, k3 − q) T0(k1, k2, q, k3 − q),

BI
122

= 2 P0(k1) F2(k1, k3)

�
d3q F2(q, k3 − q) B0(k3, q, |k3 − q|) + perm.

...

BI
222

= 8

�
d3qF2(−q, q + k1)F2(−q − k1, q − k2)F2(k2 − q, q)P0(q)P0(|k1 + q|)P0(|k2 − q|),

...

⇒ Extra sensitivity to B0 (and a mild one to T0)

[Scoccimarro (1997); ES (2009)]
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The matter bispectrum and primordial non-Gaussianity

Small scales: N-body simulations vs. PT
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[ES, Crocce & Desjacques (2010)]

⇐ Gaussian I.C.

Equilateral configurations:
B(k, k, k) vs. k
z = 0

⇐ Local non-Gaussian I.C.

relative effect
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The matter bispectrum and primordial non-Gaussianity

Small scales: N-body simulations vs. PT
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[ES, Crocce & Desjacques (2010)]

⇐ Gaussian I.C.

Equilateral configurations:
B(k, k, k) vs. k
z = 1

⇐ Local non-Gaussian I.C.

relative effect

Emiliano Sefusatti Primordial non-Gaussianity from Higher-order Correlations



The matter bispectrum and primordial non-Gaussianity

Small scales: N-body simulations vs. PT
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[ES, Crocce & Desjacques (2010)]

⇐ Gaussian I.C.

Generic configurations:
Q(k1, k2, θ) vs. k
w/ k1 = 0.14 hMpc−1

and k2 = 0.15 hMpc−1

z = 0

⇐ Local non-Gaussian I.C.

relative effect
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The matter bispectrum and primordial non-Gaussianity

Small scales: N-body simulations vs. PT
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⇐ Gaussian I.C.

Generic configurations:
Q(k1, k2, θ) vs. k
w/ k1 = 0.14 hMpc−1

and k2 = 0.15 hMpc−1

z = 1

⇐ Local non-Gaussian I.C.

relative effect
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The matter bispectrum and primordial non-Gaussianity

Small scales: N-body simulations vs. PT
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[ES, Crocce & Desjacques (2010)]

⇐ Gaussian I.C.

Squeezed configurations:
B(∆k, k, k) vs. k
w/ ∆k = 0.01 hMpc−1

z = 0

⇐ Local non-Gaussian I.C.

relative effect
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The matter bispectrum and primordial non-Gaussianity

Small scales: N-body simulations vs. PT
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⇐ Gaussian I.C.

Squeezed configurations:
B(∆k, k, k) vs. k
w/ ∆k = 0.01 hMpc−1

z = 1

⇐ Local non-Gaussian I.C.

relative effect
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The matter bispectrum and primordial non-Gaussianity

Small scales: N-body simulations vs. PT
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⇐ Gaussian I.C.

• The tree-level approximation
breaks-down at relatively large
scales

• There is a 5 - 15% effect of
non-Gaussian Initial Conditions
for all triangles, at small scales
and at any redshift, for fNL = 100

⇐ Local non-Gaussian I.C.

relative effect
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The matter bispectrum and primordial non-Gaussianity

Small scales: beyond PT

We can do better:

• The resummation of infinite sub-sets of perturbative contributions in RPT, can
be extended to non-Gaussian initial conditions, for arbitrary non-Gaussian
models

• Renormalized, “non-linear” kernels can be obtained as a function of the initial correlators, so that

B(k1, k2, k3) = Γ
(1)

(k1)Γ
(1)

(k2)Γ
(1)

(k3)B0(k1, k2, k3))

+2Γ
(2)

(k1, k2)Γ
(1)

(k1)Γ
(1)

(k2)P0(k1)P0(k2) + perm.

and they can be computed in the high-k limit

Γ
(n)

(k1, ..., kn) → f (k)Fn(k1, ..., kn), k =

�

i

ki

with a damping function

log f (k) =
∞�

p=2

�(d · k)p�
p!

(D+ − 1)
p , d =

�
d3

q
q

q2
δ0(q)

that does not depende on B0, very close to the Gaussian case,

�(d · k)2� = −k2σ2

d , �(d · k)3� = 0, �(d · k)4� ∼
�

T0

[Bernardeau, Crocce & ES (2010), see also Bartolo et al. (2010)]
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The matter bispectrum and primordial non-Gaussianity

Cumulative, “non-Gaussian”, signal-to-noise
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[ES, Crocce & Desjacques (in preparation)]

�
S

N

�2
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kmax�

k

(PNG − PG )
2

∆P2

�
S

N

�2

B

=
kmax�
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2

∆B2

(1)

Sums over all configurations
up to kmax
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The galaxy bispectrum

Non-linear bias is a source of additional non-Gaussianity

If we assume local bias:

δg (x) = f [δ(x)] � b1δ(x) +
b2

2
δ2(x)

And the tree-level prediction for the galaxy 3-point function

�δg (x1)δg (x2)δg (x3)� = b
3

1�δ(x1)δ(x2)δ(x3)�+ b
2

1b2�δ(x1)δ(x2)δ2(x3)�+ perm.

corresponding to the reduced galaxy bispectrum

Q
(g)
B =

1
b1

[QG (k1, k2, k3) + QI (k1, k2, k3)] +
b2

b2
1

Then we can expect very good constraints on fNL, after marginalizing over bias,
from the initial component alone

∆f
loc.
NL ∆f

eq.
NL

Euclid, 0 < z < 2 1.5 7
Planck (CMB) 6 30

[ES & Komatsu (2007); ES, Yadav, Liguori, Pajer & Jackson (2009)]
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Galaxy bias and primordial non-Gaussianity

Dalal et al., (2008): the bias of halos
receives a large correction (at large
scales!) for local primordial
non-Gaussianity

P!! and the halo-matter cross spectrum Ph! ¼ h!"
h!i. We

have used the cross spectrum rather than the halo auto
spectrum because the former should be less sensitive to
shot noise from the small number of halos compared to
dark matter particles. We have checked, however, that

using the halo auto spectra to compute bias gives consistent
results as the cross spectra; i.e. we find no evidence for
stochasticity. Examples of the various power spectra and
resulting bias factors are plotted in Fig. 7.
As can be seen, we numerically confirm the form of the

predicted scale dependence. Because we focus on the
statistics of rare objects, the errors on bias from individual
simulations plotted in Fig. 8 are large. We therefore at-
tempt to improve the statistics on the comparison by com-
bining the bias measurements from multiple simulations.
Figure 8 plots the average ratio between the bias measured
in our simulations and our analytic prediction, Eq. (9),
using !c ¼ 1:686 as predicted from the spherical collapse
model [78]. In computing the average plotted in this figure,
we used a uniform weighting across the different simula-
tions, redshifts, and mass bins. Alternative weightings can
shift the results by #10%, so we conservatively estimate
the systematic error in our comparison to be 20%. The
agreement between our numerical simulation results and
our predicted bias scale dependence, Eq. (9), is excellent
and perhaps surprising. Naively, we might expect a some-
what larger collapse threshold !c to apply, considering the
ellipsoidal rather than spherical nature of the collapse of
halos in this mass range [70].

VI. COSMOLOGICAL CONSEQUENCES

Having derived fitting formulas for the abundance and
clustering of halos in NG models, we now investigate how
well upcoming surveys may constrain fNL, and whether
NG could possibly affect the constraints derived on other
cosmological parameters. We focus on galaxy cluster sur-
veys and redshift surveys. Cluster surveys aim to constrain
cosmological parameters, in particular dark energy pa-
rameters, by exploiting the exponential sensitivity of the
galaxy cluster abundance on cosmology. Similarly, a major
goal for upcoming redshift surveys is to constrain dark
energy by localizing baryonic acoustic oscillation (BAO)
features in the galaxy power spectrum at multiple redshifts.
Examples of upcoming surveys include the Atacama
Cosmology Telescope,4 South Pole Telescope,5 Dark
Energy Survey,6 WiggleZ,7 Planck,8 SuperNova/
Acceleration Probe,9 and the Large Synoptic Survey
Telescope.10

Because primordial non-Gaussianity affects both the
abundance and power spectra of massive halos, both of
these types of surveys will be well suited for constraining
NG. On the other hand, potential NG could, in principle,

FIG. 8 (color online). Ratio of the bias shift !b measured
from our simulations to that predicted by Eq. (9), using !c ¼
1:686. Biases were computed from cross spectra measured on 28
simulations with 5 various fNL ð%500;%100; 100; 500Þ, 3
various redshifts (z ¼ 0, 0.5, 1), and 5 halo mass bins. Note
that at higher k, nonlinear evolution also generates scale
dependence in the bias [80].

FIG. 7 (color online). Cross-power spectra for various fNL.
The upper panel displays Ph!ðkÞ, measured in our simulations at
z ¼ 1 for halos of mass 1:6' 1013M( <M< 3:2' 1013M(.
The solid line corresponds to the theoretical prediction for P!!

with a fitted bias b0 ¼ 3:25. We see a strongly scale-dependent
correction to the bias for fNL ! 0, increasing towards small k
(large scales). The bottom panel displays the ratio
bðk; fNLÞ=bðk; fNL ¼ 0Þ. The errors are computed from the
scatter amongst our simulations and within the bins. Triangles
correspond to our large (10243 particle) simulations whereas
diamonds correspond to our smaller (5123 particle) simulations.
The dotted lines correspond to our expression for the bias
dependence on fNL defined in Eq. (9).

4http://wwwphy.princeton.edu/act/
5http://spt.uchicago.edu
6http://www.darkenergysurvey.org
7http://astronomy.swin.edu.au/wigglez/WiggleZ/

Welcome.html
8http://www.rssd.esa.int/Planck
9http://snap.lbl.gov

10http://www.lsst.org
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⇒ a non-local bias relation (cf. Porciani’s talk, Giannantonio & Porciani, 2010):

δg (x) = f [δ(x),φ(x)] = b1δ(x) + c1(fNL)φ(x) +
b2

2
δ2(x) + c2(fNL)δ(x)φ(x) + ...

with

b1 =
1

nNG

∂nNG
∂δ

= b1,G +∆b1,NG (fNL), c1 = 2fNLδc (b1 − 1), ...
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The galaxy bispectrum and primordial non-Gaussianity

The simplest model for the galaxy bispectrum is then

Bg (k1, k2, k3) = b
3

1B(k1, k2, k3) + b
2

1c1Bδδφ(k1, k2, k3)

+b
2

1b2P(k1)P(k2) + perm.+ b
2

1c2P(k1)Pδφ(k2) + perm.

a “tree-level”expression
(but we keep the matter and matter-potential correlators at 1-loop)

We study its validity (at large scales) with two halo populations:

Low mass: 8.8× 1012 h−1 M⊙ < M < 1.6× 1013 h−1 M⊙
High mass: M > 1.6× 1013 h−1 M⊙

So far we considered only the matter-matter-halo bispectrum, Bδδh
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The galaxy bispectrum and primordial non-Gaussianity

First we determine the Gaussian bias parameters b1,G and b2,G

from all configurations, up to kmax = 0.07 hMpc−1
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The galaxy bispectrum and primordial non-Gaussianity

Then we (try to) predict the non-Gaussian correction:

Isosceles triangles
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The galaxy bispectrum and primordial non-Gaussianity

Then we (try to) predict the non-Gaussian correction:

Isosceles triangles
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The galaxy bispectrum and primordial non-Gaussianity

Cumulative, “non-Gaussian”, signal-to-noise (but see Scoccimarro’s talk next week)
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[ES, Crocce & Desjacques (in preparation)]

�
S

N

�2

P

=
kmax�

k

(PNG − PG )
2

∆P2

�
S

N

�2

B

=
kmax�

triangles

(BNG − BG )
2

∆B2

(2)

Sums over all configurations
up to kmax
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Current results, forecasts & Conclusions

∆f loc.NL ∆f eq.NL
CMB Bispectrum
WMAP7 (current) 21 140 Komatsu et al. (2009)

Planck 6 30

CMBPol 3 18

LSS Power Spectrum
SDSS QSOs (current) 25 — Slosar et al. (2008)

NVSS AGNs (current) 27 — Xia et al. (2010)

Euclid 3 ∼ 9 — Carbone et al. (2010)

LSST 2 ∼ 5 — Carbone et al. (2010)

LSS Bispectrum
Euclid < 2 < 7 ES & Komatsu (2007)

work in progress!
LSS Cluster abundance (w/self-calibration)

WFXT 12 — Sartoris et al. (2010)

DES 6 — Cunha et al. (2010)

In principle, the constraints on primordial non-Gaussianity from the galaxy
bispectrum are expected to be quantitatively (smaller errors on fNL’s) and
qualitatively (larger sensitivity to the shape of non-Gaussianities) better than those
from other LSS probes. In practice, more work is needed ...
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