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Correlation functions in multi-integral forms

The spin-1
2 XXZ model

* VO: Jimbo, Miki, Miwa, Nakayashiki (1992)
* qKZ equations: Jimbo, Miwa (1996)
* ABA: Kitanine, Maillet, Terras (1999)

The spin-1
2 XXZ model with boundary

* VO: Jimbo, Kedem, Kojima, Konno, Miwa (1995)
* ABA: Kitanine, Kozlowski, Maillet, Niccoli, Slavnov, Terras

(2007)

The XXZ model at finite temperature

* ABA: Göhmann, Klümper, Seel (2004)

The spin-1 XXZ (XXX) model

* VO: Idzumi (1994)
* ABA: Kitanine (2001)

The spin-s XXZ model

* ABA: Deguchi, C. M. (2009)



Outline Introduction ABA Higher spin QISM Correlation functions Conclusion

Correlation functions in multi-integral forms

Algebraic Bethe ansatz
* The eigenstates are described by the “string

solutions” of the Bethe equations in the infinite
chains for the spin- 1

2 case

* The ground state of the integrable higher spin
chain is described by the string solutions for the
infinite system but this is proved only numerically

Vertex operator
* Multi-integral expressions are obtained by

bosonization of the vertex operators

* For higher spin case, unphysical integral remains
in the final expression

qKZ equations
* General solutions for the qKZ equations can be

constructed

* It is unknown which solutions correspond to
correlation functions
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Correlation functions in multi-integral forms

Why Multi-Integral Expression?

We know the solutions of the Bethe equations for the ground
state only in the infinite system (both in the spin- 1

2 case and
arbitrary spin case)

Correlation functions in the infinite chains are written in terms
of multi-integral expressions

Useful for analysis of asymptotic behavior [Kitanine et al.
(02), Korepin et al. (03), Kozlowski (08), Kitanine et al. (09)]

lim
m→∞

〈σz
1σ

z
m〉 lim

m→∞
〈
∏m

j=1
1
2(1 − σz

j )〉
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Algebraic Bethe ansatz

The R-matrix to the spin- 1
2 representation of Uq(sl2)

R0j(λ; ξj) =







1 0 0 0
0 b0j c0j 0
0 c0j b0j 0
0 0 0 1







[0j]

b0j :=
sinh(λ−ξj)

sinh(λ−ξj+η)

c0j := sinh η
sinh(λ−ξj+η) ,

satisfies the Yang-Baxter equation

R12(λ12)R13(λ13)R23(λ23)
= R13(λ13)R23(λ13)R12(λ12)

λij := λi − λj ,

λ̄ij := λi + λj .
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Algebraic Bethe ansatz

The boundary K-matrix

K(λ; ξ) =

[
sinh(λ + ξ) 0

0 sinh(ξ − λ)

]

K±(λ; ξ±) := K(λ ± η
2 ; ξ±) ,

satisfies the reflection relation

R12(λ12)K1(λ1)R
t1t2
12 (λ̄12)K2(λ2)

= K2(λ2)R12(λ̄12)K1(λ1)R
t1t2
12 (λ12)
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Algebraic Bethe ansatz

The monodromy matrices

T0(λ) := R0N (λ − ξN ) · · ·R01(λ − ξ1) =

[
A(λ) B(λ)
C(λ) D(λ)

]

[0]

T̂0(λ) := R10(λ + ξ1 − η) · · ·RN0(λ − ξN − η)

= (−1)N

[
D(−λ) −B(−λ)
−C(−λ) A(−λ)

]

[0]
X ∈ End(

N
︷ ︸︸ ︷

C
2 ⊗ · · · ⊗ C

2)
(X = A, B, C, D)

satisfy the following relation

R12(λ12)T1(λ1)T2(λ2)
= T2(λ2)T1(λ1)R12(λ12)

⇒
* [t(λ), t(µ)] = 0 (t(λ) := trjTj(λ))

* comm. rel. among A, B, C, D
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Algebraic Bethe ansatz

The double-row monodromy matrices

U−(λ) := T (λ)K−(λ)T̂ (λ) :=

[
A−(λ) B−(λ)
C−(λ) D−(λ)

]

U+(λ) := T̂ (λ)K+(λ)T (λ) :=

[
A+(λ) B+(λ)
C+(λ) D+(λ)

]

satisfy the following relations

R12(λ12)(U−)1(λ1)R
t1t2
12 (λ̄12 − η)(U−)2(λ2)

= (U−)2(λ2)R12(λ̄12 − η)(U−)1(λ1)R
t1t2
12 (λ12)

R12(−λ12)(U+)t1
1 (λ1)R

t1t2
12 (−λ̄12 − η)(U+)t2

2 (λ2)

= (U+)t2
2 (λ2)R12(−λ̄12 − η)(U+)t1

1 (λ1)R
t1t2
12 (−λ12) .
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Integrable higher spin XXZ models

The higher spin XXZ model is described by the following
Hamiltonian

H(s) :=
d

dλ
T (s,s)(λ)

∣
∣
∣
∣
λ=sη

+ const.

T (s,s)(λ) := tr0[K
(s)
+ (λ)T (s,s)(λ)K

(s)
− (λ)T̂ (s,s)(λ)]

T (s,s)(λ) := R
(s,s)
0N (λ − ξN ) · · ·R

(s,s)
01 (λ − ξ1) .

K(s) ∈ End(C2s+1) and R(s,s) ∈ End(C2s+1 ⊗ C
2s+1) are

constructed by the fusion procedure.
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Integrable higher spin XXZ models

Fusion Procedure

* Quantum spaces

R
( 1

2
,s)

01s
(λ) = Y sym

1...2sR02s(λ
2s) · · ·R02(λ

2)R01(λ
1)Y sym

1...2s ,

where λk := λ − (s − k + 1
2)η .

* Auxiliary spaces

R
(s, 1

2
)

1s0 (λ) = Y sym
1...2sR02s(λ

2s) · · ·R02(λ
2)R01(λ

1)Y sym
1...2s ,

where λk := λ + (s − k + 1
2)η .

* Boundary matrix (s = 1)

K
(1)
11

(λ) = Y sym
12 K1(λ + η)Rt1t2

12 (2λ + η)K2(λ)Y sym
12



Outline Introduction ABA Higher spin QISM Correlation functions Conclusion

Integrable higher spin XXZ models

Due to the following commutativity

[T (j,s)(λ), T (k,s)(µ)] = 0 ,

the eigenstates of T (s,s)(λ) are constructed by

|Ψ±〉 :=
∏n

j=1 B
(s)
± (λj)|0〉

|0〉 :=
N
⊗|s, s〉 (B

(s)
± ∈ End(

N
⊗C

2s+1))

with {λ} as the solutions of the Bethe equations
[
sinh(λj + sη) sinh(−λj − sη)

sinh(−λj + sη) sinh(λj − sη)

]N

= −
sinh(−λj + ξ+ − η

2 ) sinh(−λj + ξ− − η
2 )

sinh(λj + ξ+ − η
2 ) sinh(λj + ξ− − η

2 )

×
∏n

k=1

sinh(−λ̄jk − η) sinh(−λjk − η)

sinh(λ̄jk − η) sinh(λjk − η)
·

sinh(2λj − η)

sinh(−2λj − η)
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Integrable higher spin XXZ models

There exist the boundary string solutions

λB = · · · , −ξ− − η
2 , −ξ− + η

2 , −ξ− + 3η
2 , · · ·

in the regime 0 < ξ̃− < ζ
2 and ζ < π

2s
, where







ζ := iη > 0 , ξ̃− := iξ− > 0 | cosh η| ≤ 1

ζ := −η > 0 , ξ̃− := −ξ− > 0

ξ̃− := −ξ− + πi
2 > 0 | cosh η| > 1 .

The boundary bound states reduce the free energy.

Strings longer than 2s do not contribute to the free energy.

⇒ Assume the boundary bound 2s-string solutions
{

λB
r = −ξ− + (−s − 1

2 + r)η for s ∈ Z≥0

λB
r = −ξ− + (−s + r)η for s ∈ Z

1
2
≥0 (r = 1, . . . , 2s)
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Integrable higher spin XXZ models

Assume the 2s-string solutions for the ground state

λ2s(j−1)+r = µj + (−s − 1
2 + r)η (r = 1, . . . , 2s) .

* Taking the logarithmic derivative of BE

* In the thermodynamic limit N → ∞ by fixing n
N

⇒ 2
2s∑

r=1

sinh(2r−1)η

sinh(µ+(r− 1
2
)η) sinh(µ−(r− 1

2
)η)

(

ρ(λj) := lim
N→∞

1
N(λj+1−λj)

)

= ρ(µ) +

∫ Λ

−Λ

[
sinh(4sη)

sinh(µ−µ′+2sη) sinh(µ−µ′−2sη)

+ 2
2s−1∑

r=1

sinh(2rη)
sinh(µ−µ′+rη) sinh(µ−µ′−rη)

]

ρ(µ′)dµ′

Λ := ∞ (| cosh η| ≤ 1) , Λ := iπ
2 (| cosh η| > 1)
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Integrable higher spin XXZ models

⇒ ρ(λ) =







1

η cosh πλ
iη

| cosh η| ≤ 1

1

π

∞∏

n=1

(
1 − q2n

1 + q2n

)2
θ3(iλ, eη)

θ4(iλ, eη)
| cosh η| > 1

Remark

We obtain different length of boundary bound string solutions

depending on the regime of ξ̃−. The ground state is given by the

longest string in each of the regime.
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Quantum inverse scattering method

Spin-
1
2 case [Kitanine et al. (07)]

E
ε′n,εn
n =

[
n−1∏

α=1

tr0T0(ξα)

]

tr0[T0(ξn)E
ε′n,εn
0 ]

[
n∏

α=1

tr0T0(ξα)

]−1
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Quantum inverse scattering method

Higher Spin Case

* Eε′s,εs
is expressed as a tensor product of two vectors

[0 · · ·
ε′s

1 · · · 0]t ⊗ [0 · · ·
εs

1 · · · 0]

* A spin-s vector is mapped to spin- 1
2 vectors

[0 · · ·
ε′s

1 · · · 0]t =

Cε′s

︷ ︸︸ ︷
√

[2s − ε′s + 1]q!

[2s]q![ε′s − 1]q!
(F (s))ε′s−1[1 0 · · · 0]t

7→ Cε′sY
sym∆(s)(F )ε′s−1Y sym · Y sym

2s
︷ ︸︸ ︷

[1 0]t ⊗ · · · ⊗ [1 0]t

= Cε′s∆
(s)(F )ε′s−1 [1 0]t ⊗ · · · ⊗ [1 0]t

= Cε′sq
Pε′s−1

`=1 (−s+`− 1
2
)

ε′s−1∏

`=1

[`]qF` [1 0]t ⊗ · · · ⊗ [1 0]t
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Quantum inverse scattering method

* The dual vectors are defined by

[0 · · ·
εs

1 · · · 0] :=

Cεs

︷ ︸︸ ︷
√

[2s − εs + 1]q!

[2s]q![εs − 1]q!
[1 0 · · · 0] (E(s))εs−1

7→ Cεs

2s
︷ ︸︸ ︷

[1 0] ⊗ · · · ⊗ [1 0] Y sym Y sym∆(s)(E)εs−1Y sym

= Cεs [1 0] ⊗ · · · ⊗ [1 0] ∆(s)(E)εs−1

= Cεsq
Pεs

−1
k=1 (−s+k− 1

2
)

εs−1∏

k=1

[k]q [1 0] ⊗ · · · ⊗ [1 0] Ek



Outline Introduction ABA Higher spin QISM Correlation functions Conclusion

Quantum inverse scattering method

The elementary matrix of spin-s representation is mapped to a
tensor product of 2s elementary matrices of spin- 1

2 representations

Eε′s,εs

11...2s
7→ Cεs

ε′sY
sym
1...2s

εs
∏

j=1

E
2,2
j

ε′s∏

j=εs+1

E
2,1
j

2s∏

j=ε′s+1

E
1,1
j Y sym

1...2s (ε′s > εs)

E
ε′s,εs

11...2s
7→ Cεs

ε′sY
sym
1...2s

ε′s∏

j=1

E
2,2
j

εs
∏

j=ε′s+1

E
1,2
j

2s∏

j=εs+1

E
1,1
j Y sym

1...2s (ε′s < εs)

E
ε′s,εs

11...2s
7→ Cεs

εs Y sym
1...2s

εs
∏

j=1

E
2,2
j

2s∏

j=εs+1

E
1,1
j Y sym

1...2s (ε′s = εs)

where

Cεs

ε′s := q
1
2
(ε′s−1)(−2s+ε′s−1)+ 1

2
(εs−1)(−2s+εs−1)

[
2s

ε′s − 1

]− 1
2

q

[
2s

εs − 1

]− 1
2

q
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Quantum inverse scattering method

The quantum inverse scattering for the elementary matrices of
spin-s representations (ε′si > εs

i )

E
ε′si ,εs

i

i 7→ C
εs
i

ε′si
Y sym

i−1∏

j=1

2s∏

k=1

(A + D)(ξj + (s − k + 1
2)η)

×

εi∏

k=1

D(ξi + (s − k + 1
2)η)

ε′i∏

k=εi+1

C(ξi + (s − k + 1
2)η)

×
2s∏

k=ε′i+1

A(ξi + (s − k + 1
2)η)

×





i∏

j=1

2s∏

k=1

(A + D)(ξj + (s − k + 1
2)η)





−1

Y sym
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Quantum inverse scattering method

Remark

* Local operators and the ground state of the integrable

higher-spin systems can be written in terms of the A, B, C,

D operators constructed from the L-operator of the spin- 1
2

system.
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Correlation functions

The ground state of the open system

|Ψ+
g 〉 :=

∏n
j=1 B

(s)
+ (λj)|0〉

is expressed in terms of the ground state of the closed system as

|Ψ+
g 〉 =

∑

σk=±

H
B+

(σ1,...,σn)(λ1, . . . , λn; ξ−)
n∏

j=1

B(s)(λσ
j )|0〉 (λσ

j := σjλj)

H
B

(s)
+

(σ1,...,σn)(λ1, . . . , λn; ξ+) :=
n∏

j=1

[

(−1)Nσj

N∏

k=1

sinh(−λσ
j − ξk − sη)

×
sinh(2λj + η)

sinh(2λj)
sinh(λσ

j + ξ+ − η
2 )

]

×
∏

1≤r<s≤n

sinh(λ̄σ
rs − η)

sinh λ̄σ
rs

. (λ̄σ
rs := σrλr + σsλs)
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Correlation functions

Proposition

The eigenstates for the higher-spin systems can be written by the

B-operators constructed from the L-operator of the spin- 1
2 system

n∏

j=1

B(s)(λσ
j )|0〉 = Y sym

n∏

j=1

B(λσ
j )|0〉

Proof

B(s)(λ) = [T ( 1
2
,s)(λ)]1,2

=
[−→∏

N
j=1L

(s)
j (λ)

]

1,2

7→
[

Y sym
N∏

j=1

2s∏

k=1

L2s(j−1)+k(λ + (s − k + 1
2)η)Y sym

]

1,2

= Y symB(λ)Y sym
�
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Correlation functions

Remark

* Local operators and the ground state of the integrable

higher-spin systems can be written in terms of the A, B, C,

D operators constructed from the L-operator of the spin- 1
2

system.

* Correlation functions of the integrable higher-spin systems can

be computed in a similar way of spin- 1
2 system.
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Correlation functions

The m-point correlation function

F (s)
m :=

〈Ψ+
g |

∏m
j=1 E

ε′sj ,εs
j

j |Ψ+
g 〉

〈Ψ+
g |Ψ

+
g 〉

is obtained as a multi-integral form in the thermodynamic limit

F (s)
m =

m∏

j=1

[
2s

ε′sj − 1

]− 1
2

q

[
2s

εs
j − 1

]− 1
2

q

G({ξ})

×
∑

σ∈S2sm\(Sm)2s

sgn(σ)
m∏

j=1





εs
j−1
∏

r=1

∫

Cr

dλσ(2s(j−1)+r)

2s∏

r=ε′sj

∫

C̄r

dλσ(2s(j−1)+r)





× H2sm({λ}, {ξ}) det
2sm

Φ({λ}, {ξ}) (c :=
∑m

k=1(ε
s
k − 1))
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Correlation functions

The contours are taken as
{

Cr = (−Λ − (s + 1
2 − r)η, Λ − (s + 1

2 − r)η) ∪ Γ({λB})

C̄r = Cr ∪ Γ({ξ})

The functions G, H2sm, det2sm Φ are defined as follows

G({ξ}) =
(−1)2sm−c

∏

j<i

∏2s
p,q=1 sinh(ξij + (p − q)η)

∏

i≤j sinh(ξ̄ij + (2s − p − q)η)

×
1

∏2s−1
r=1 sinhm((2s − r)η)

∏m
k=1

∏

1≤j≤r≤2s sinh(2ξk + (2s − r − j)η)



Outline Introduction ABA Higher spin QISM Correlation functions Conclusion

Correlation functions

H2sm({λ}, {ξ}) =

∏2sm

j=1

∏m

k=1

∏2s

r=1 sinh(λσ(j) + ξk + (s − 1
2 − r)η)

∏

1≤i<j≤2sm sinh(λσ(i)σ(j) + η + εij) sinh(λ̄σ(i)σ(j) − η + ε̄ij)

×

∏m

k=1

∏2s

r=1 sinh(ξk + ξ− − (s + 1
2 − r)η)

∏2sm

k=1 sinh(λσ(k) + ξ− − η
2 )

×

2sm∏

j=1

m∏

k=1

2s−1∏

r=1

sinh(λσ(j) − ξk + (−s + r)η)

×
m∏

j=1

εs
j−1
∏

r=1





j−1
∏

k=1

sinh(λσ(ip(j,r)) − ξk − sη)
m∏

k=j+1

sinh(λσ(ip(j,r)) − ξk + sη)





×

m∏

j=1

2s∏

r=ε′s
j





j−1
∏

k=1

sinh(λσ(ip(j,r)) − ξk + sη)

m∏

k=j+1

sinh(λσ(ip(j,r)) − ξk − sη)




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Correlation functions

[

Φ({λ}, {ξ})
]

j,2s(k−1)+r

=







1

2

[

ρ(λj , ξ
r
k) − ρ(λj , η − ξr

k)
]

λj − µj = (s − r + 1
2)η

0 otherwise

where ξr
k := ξk + (s − r + 1

2)η .
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Correlation functions

det
2sm

Φ({λ}, {ξ})

=







(
1

η

)2sm 2s∏

r=1

[∏

1≤i<j≤m sinh(π
ζ
λσ(2s(i−1)+r)σ(2s(j−1)+r))

∏m

i=1

∏m

j=1 cosh(π
ζ
(λσ(2s(i−1)+r) − ξj))

×
sinh(π

ζ
λ̄σ(2s(i−1)+r)σ(2s(j−1)+r))

cosh(π
ζ
(λσ(2s(i−1)+r) + ξj))

sinh(π
ζ
ξij) sinh(π

ζ
ξ̄ij)

]

| cosh η| ≤ 1

(

−
1

π

)2sm 2s∏

r=1

m∏

j=1

θ1(iλσ(2s(j−1)+r))θ2(iλσ(2s(j−1)+r))θ3(iξj)θ4(iξj)

×

∏

1≤j<k≤m θ1(iλσ(2s(j−1)+r)σ(2s(k−1)+r))
∏m

j,k=1 θ1(i(λσ(2s(j−1)+r) − ξk))

×
θ1(iλ̄σ(2s(j−1)+r)σ(2s(k−1)+r))

θ1(i(λσ(2s(j−1)+r) + ξk))
θ1(iξkj)θ1(iξ̄kj) | cosh η| > 1
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Concluding remarks

We obtained the correlation functions of the integrable XXZ
spin-s spin chains with boundaries in the multi-integral forms

The two point function 〈σz
1σ

z
m〉

The asymptotic behavior of correlation functions

The determinant expression of H2sm({λ}, {ξ})
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Thank you for your attention!
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Appendix

For the massless regime (| cosh η| ≤ 1)

εij =

{

iε Im(λij) > 0

−iε Im(λij) < 0
ε̄ij =

{

iε Im(λ̄ij) > 0

−iε Im(λ̄ij) < 0

and for the massive regime (| cosh η| > 1)

εij =

{

ε Re(λij) > 0

−ε Re(λij) < 0
ε̄ij =

{

ε Re(λ̄ij) > 0

−ε Re(λ̄ij) < 0
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Appendix

The indices ip(j,r) are defined as

{
ip(j,r); 2s − εs

j + 1 ≤ p(j, r) ≤ 2s
}

:

ip(j,r) > ip(j′,r′)

1 ≤ ip(j,r) < ip(j′,r′) ≤ c

p(j, r) < p(j′, r′) 1 ≤ j < j′ ≤ m

p(j, r) < p(j, r′) 1 ≤ r < r′ ≤ 2s
{
ip(j,r); 1 ≤ p(j, r) ≤ ε′sj − 1

}
: ip(j,r) < ip(j′,r′)

c + 1 ≤ ip(j,r) < ip(j′,r′) ≤ 2sm

p(j, r) < p(j′, r′) 1 ≤ j < j′ ≤ m

p(j, r) < p(j, r′) 1 ≤ r < r′ ≤ 2s
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