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Introduction
°

Correlation functions in multi-integral forms

@ The spin-% XXZ model
* VO: Jimbo, Miki, Miwa, Nakayashiki (1992)
* qKZ equations: Jimbo, Miwa (1996)
* ABA: Kitanine, Maillet, Terras (1999)

@ The spin—% XXZ model with boundary

* VO: Jimbo, Kedem, Kojima, Konno, Miwa (1995)
* ABA: Kitanine, Kozlowski, Maillet, Niccoli, Slavnov, Terras
(2007)

@ The XXZ model at finite temperature
* ABA: Gohmann, Klimper, Seel (2004)
@ The spin-1 XXZ (XXX) model

* VO: Idzumi (1994)
* ABA: Kitanine (2001)

@ The spin-s XXZ model
* ABA: Deguchi, C. M. (2009)



Introduction
°

Correlation functions in

multi-integral forms

Algebraic Bethe ansatz I "
*
Vertex operator I "
k
qKZ equations I "

The eigenstates are described by the “string
solutions” of the Bethe equations in the infinite

chains for the spin—% case

The ground state of the integrable higher spin
chain is described by the string solutions for the
infinite system but this is proved only numerically

Multi-integral expressions are obtained by
bosonization of the vertex operators

For higher spin case, unphysical integral remains
in the final expression

General solutions for the qKZ equations can be
constructed

It is unknown which solutions correspond to
correlation functions



Introduction
°

Correlation functions in multi-integral forms

WHY MULTI-INTEGRAL EXPRESSION?

@ We know the solutions of the Bethe equations for the ground
state only in the infinite system (both in the spin-% case and
arbitrary spin case)

@ Correlation functions in the infinite chains are written in terms
of multi-integral expressions

@ Useful for analysis of asymptotic behavior [Kitanine et al.
(02), Korepin et al. (03), Kozlowski (08), Kitanine et al. (09)]
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Algebraic Bethe ansatz

The R-matrix to the spin-3 representation of Uy(sl2)

L0 00 o — sinh(A—¢;)
Roi(\; &) = 0 boj coj O 07 -7 sinh(A=¢;+n)
T 0 coj boj O Coj -= sinh(S>I\n—h€n'—|—77) )
0 0 0 1j; !

satisfies the Yang-Baxter equation

R12(>\12)R13()\13)R23()\23)
= Ri3(M13)R.5(A13) Ri2(A12)
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Algebraic Bethe ansatz

The boundary K-matrix

Ko = [Sinh(g+€) sinh(g—k)]

Ki(Aée) = KA+ 4:61),

satisfies the reflection relation

R15(A12) K1 (A1) R (A2) Ko (X2)
= K,(A2)Ri2(M2) K1 (M) RE? (M12)
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Algebraic Bethe ansatz

The monodromy matrices

C(\) D())
To(A) := Rio(A + &1 — 1) - Bno(A — &N — 1)

) = R 6060 = [A0) ]

N
_ (_1)]\7 D(_)‘) _B(_)‘)] B >
[o]

X € End((?®--- @ C2
SO(-X) A(-N) (X:;(BC?D)@ )

satisfy the following relation

Ri:(M2)Ti(M)Ta(A2) *[E(A), tw)] =0 ((A) == trT3(A))
= T,(A2)T1 (A1) R12(A12) * comm. rel. among A, B,C, D
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Algebraic Bethe ansatz

The double-row monodromy matrices
A_(N\) B_(\)]
C-(A) D_(N)

AN Bi(A)
C+(A) Di(A).

U_(N) :=TNEK_(NT(N) =

Ur(N) = TN)EKL(N)T(N) =

satisfy the following relations

Ri,(A2)U-)1( A1) RL? (A2 — n)(U-), (>\2)
= (U-)2(A2)Ryx(A12 — ?7)(?/{—) (M) RE2(M12)
Ry (—A12)(Us ) (M) RE(— A2 — n) (U )2 (N2)
= (U)2(X2)Ruiz(—A12 — ) (UL ) (M) RE? (< A12) -
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Integrable higher spin XXZ models

The higher spin XXZ model is described by the following
Hamiltonian

d
— 7)) + const.
dA Aesi

TE)(N) = tro[K(S)(A)T(S’S)()\)K(S)()\)T(S’S)()\)]
T(S’S)()\) — R (S S)()\ fN) (5 5)()\ gl)

K(%) € End(C?*1) and R(*%) € End(C?*t! ® C?5*1) are
constructed by the fusion procedure.

H() =
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Integrable higher spin XXZ models

FUsSiON PROCEDURE

* Quantum spaces

REIA) = YO Roso(A) - Roa(A2)Ror(A)Y™.
where \F ==\ — (s — k + 2)n.

* Auxiliary spaces

371 sym S sym
B2 (V) = YT, Ross(A2°) - Roa(A) Rey (ALY,
where \* := XA+ (s — k + 3)n.

* Boundary matrix (s = 1)

K1Y (2) = Y™K (A + n)RE2 (20 + n) K,(A) Y™
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Integrable higher spin XXZ models

Due to the following commutativity
(70 (), T®) ()] =0,

the eigenstates of 7(5%)(\) are constructed by

V) = T BY ()0)
N N
0) == &ls.5)  (BY € End(2C>H)
with {\} as the solutions of the Bethe equations
sinh(\; 4+ sn) sinh(—X\; — sn) N
sinh(—\; + sn) sinh(\; — sn)
sinh(—=X\j + &4 — 4)sinh(=\; + & — 2
sinh(\; + & — Z)sinh(\; + - — 4)

<TT sinh(—\jx —n)sinh(=Xjx —n)  sinh(2\; — n)
h=1 sinh(A\jr. —n)sinh(\jx —n)  sinh(=2X; —n)
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Integrable higher spin XXZ models

There exist the boundary string solutions

)\B:...,_g__g, -+ 7, —§_+37”,-~

in the regime 0 < £_ < % and ¢ < 5, where

((:=in>0, €& :=if_ >0 | coshn| < 1
{Ci=—n>0, & :=—£.>0
\ 5_::—£_+%i>0 |coshn| > 1.

@ The boundary bound states reduce the free energy.
@ Strings longer than 2s do not contribute to the free energy.

= Assume the boundary bound 2s-string solutions

A2 =—6_ +(—s—2+r)n forseZsg
1
A= ¢ 4 (—s4 1) forseZi, (r=1,...,2s)
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Integrable higher spin XXZ models

Assume the 2s-string solutions for the ground state

)\2S(j—1)—|—7" = ,uj —+ (—8 — % —+ 7“)77 (7" — 1, .. ,28) .

* Taking the logarithmic derivative of BE
* In the thermodynamic limit N — oo by fixing 5

25
sinh(2r—1)n N 1
= 2 z_; sinh(+(r—3)) sinh(u—(r— 1)) (p(kf) = m N(/\HMJ'))

A
B sinh(4sn)
— p(:u) + //\ {sinh(,u—,u’—l—lsn) sinh(pu—p’—2sn)

2s—1
sinh(27n)
+2 Z sinh(p—p'+rn) Sinz(u—u’—rn)}p(ul)d”,
r=1
AN:=o00 (|]coshn| <1), A:=2Z (|coshn| > 1)
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Integrable higher spin XXZ models

( 1
) | coshn| <1
77cosh7;—77
= p(A) = ;

1 ¢ (1—¢®\° 05(i\, e)
— hnl >1
() e 1o

\ n=

We obtain different length of boundary bound string solutions
depending on the regime of £_. The ground state is given by the
longest string in each of the regime.




QISM
°

Quantum inverse scattering method

SPIN-1 CASE [Kitanine et al. (07)]

—1

Femen = [H troTo(a)

tro[To(6n) Eo™ "] {H troTo(8a)
a=1
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Quantum inverse scattering method

HIGHER SPIN CASE
¥ BT s expressed as a tensor product of two vectors

[0...61 ...0]t®[0...€1...0]

* A spin-s vector is mapped to spin—% vectors

C&./s
_/A\
/7 Y

010 = \/[[sz]q' o 1]]; (P oo

2s

/N

s CLYYMAG () —lysym ysym T o)t & ... @ [1 0]
— C. AP 110 ® - ®[10]

) g’s—1
|

= CongXir D) TT [0 F 10 @ - @ [10]f
/=1
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Quantum inverse scattering method

* The dual vectors are defined by

C.s
s 25 — &5 + 1], (et
e r— 10--- E\3)®
Ot = e -t OO )
25

_/A\

> Cgs T]_ O] XX []_ OTYSym YsymA(S)(E)&‘S—leym
=Cs[10]®---®[10] A(S)(E)58_1

gs—1
= CeoqZia ) T 10 @ - 2 [1 0] B,
k=1
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Quantum inverse scattering method

The elementary matrix of spin-s representation is mapped to a

tensor product of 2s elementary matrices of spin—% representations

/s 2,2 2,1 1,1
EE L Ym HE H E? H E; Y (€8 > €°)
1...28
J €S+1 ] €/S+1
8/3,88 sym 2,2 1,2 1,1y sym /s S
i T 1 a0 1 st @ <o)
g=¢€’s41 j=e3+1
g’ e® sym 2,2 1,1y sym Is __ _s
Ell_..zs Y H E H E Yl...ZS (8 — & )
7J=e%+1
where

ols = q2

_ 1 _
£s 1(8’5—1)(—284—8/8—1)—|—%(8S—1)(—28—|—€S—1) [ 2s ] 2 [ 28 ]
88
q q
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Quantum inverse scattering method

The quantum inverse scattering for the elementary matrices of
spin-s representations (£ > £7)

1—1 2s
B ey [T LA + D) + (s — k+ D)
1=1k=1

/
€;

<TI0+ s~k 3 T O+ (s k+ Bn)
k=1

k=e;+1

2s
< [ A&+ (s=k+3)n)
k=e,+1

— . __1
7 2s

< [TTTIA+D)& + (s —k+3)m)| Y™

j=1k=1
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Quantum inverse scattering method

* Local operators and the ground state of the integrable
higher-spin systems can be written in terms of the A, B, C,
D operators constructed from the L-operator of the spin-%

system.
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Correlation functions

The ground state of the open system
Vy) =TTy B (4)[0)

Is expressed in terms of the ground state of the closed system as

w,) = Z HG' ,an)(Al,...,An;ﬁ_)HB“)(A?)!w (A = 0;);)

B(S) o
H(Uj,,,,,an)()\la s A €)= H {( 1)NUJ H sinh(— A; — &k — s1)
7=1
sinh(2X\; + 1) . - 0
X anh2yy) S e 2)]

inh(\7, — -
« H Sin ( s 77) . ()\70;3 . O-’I“)\’I“ _I_O_S)\S)

inh \¢
1<r<s<n > ATS
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Correlation functions

The eigenstates for the higher-spin systems can be written by the
B-operators constructed from the L-operator of the spin-% system

n

[ 8900 =y ] B(A)[0)

=1l il
PROOF
BOM) = [T (A1
Ty )
- [Hj:le ()\)} 1,2
N 2s
— {Ysym H H Los(j—1)4x(A+ (s =k + %)W)Ysym} -
j=1k=1 :

= YY" B(A)YI™ ]
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Correlation functions

* Local operators and the ground state of the integrable
higher-spin systems can be written in terms of the A, B, C,
D operators constructed from the L-operator of the spin-%

system.

* Correlation functions of the integrable higher-spin systems can
be computed in a similar way of spin-% system.
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Correlation functions

The m-point correlation function

/s s

m g7,e”
(Vg [ TI= By Vg
(Vg V)

F,,S,f) =

Is obtained as a multi-integral form in the thermodynamic limit

5 ik 25 3 25 3
F7$”L) T H [8;-8 L 1]q [‘Sj L 1]q g({f})

j=1
m Ejs_l 2s
8 ) sen(o) [ | 11 / dAo(2s(j-1)+1) /_d)‘o(2s(j—1)—|—r)
TEG25m \(G)?5 =1 r=1 r rZEj/S Cr

X Haum({A}. {€)) det O({A}, {£}) (c:= SF (et~ 1)
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Correlation functions

The contours are taken as

{Cr = (A= (s+ 3 =rmA=(s+3 =) UT(A}
¢, = ¢, UT({e)

The functions G, Hyg,,,, detog,, @ are defined as follows

(_ 1)23m—c

[1,c; T12°,—1 sinh(&; + (p — @)n) TT;<; sinh(&i; + (25 — p — ¢)n)
1

" HZS ' sinh™((2s — r)n) [Tz=; H1<]<r<28 sinh(28x, + (25 —r — j)n)

G({¢)) =




Correlation functions
°

Correlation functions

TARTYRT — 1 | LU R R Rl
2sm , — _
li<ici<osm S'”h()\a(z)a(g) + 1+ €ij5) S'nh(Aa(z)a(g) 1+ €j)

Hk 1 Hf,« 1 S'nh(gk +&6 —(s+ 5 — 7))
Hisnf sinh(Ao(p) +6- — 5

2sm m 2s—1
< [TIT T sinhroq) = & + (=5 +7)n)
j=1 k=1 r=1
m 85—1 j—1
X H H H sinh( A U(Z S £ — sn) H sinh(Ag(; S £ + sn)
7=1 r=1 k=1 k=7+1

2s 7—1

X H H H sinh(Ao (i ;.9) — Sk + M) H sinh(Ao(i,;.09) — §k — S7)

jzlr:s}s k=1 k=j+1
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Correlation functions

D]y

(1
5 [P(M@Z) = p(Ajn = fZ)} Nj— = (s =1+ 3

\ 0 otherwise

where &7 ==&+ (s — 1+ 3)n.
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Correlation functions

det ®({\}, {¢})

(

\

(

X

(

n
sin h(%)\U(Qs(i_1)+r)a(23(j—1)—|—7“))
cosh(% ()\0—(23(7;_1)+r) + fj ))

1 ) 2 12—[ [Ti<icj<m SiIN(FAs@s(i—1)+r)0@s(i-1)+r))
HZ;Zl H;nzl COSh(%()\O'(ZS(i—].)—f‘T) - 5]))

r=1

sinh(Z&;)sinh(Z&;5)|  |coshny| <1

1 2sm 25 m | . . _
_E> 1T T 610 @s—1)r))02(i A0 2s(i—1)41) )03 (i€5)0a(iE; )
r=1j5=1

H1§j<k’§m 91 (i)‘U(ZS(j—1)—|—7“)a(2s(k—1)—|—7~))
IL5 k=1 O1(E(Ao2s-1)+) — €k))

01 (7;)\0(23(3'—1)—i—r)a(2s(k—1)—|—r)) : e
: 01(i&k ;)01 (i&k ;) | coshn| > 1
(91(@()\0(28(j—1)—|—7“) T flc)) ’ !




Conclusion
°

Concluding remarks

@ We obtained the correlation functions of the integrable XXZ
spin-s spin chains with boundaries in the multi-integral forms

@ The two point function (c5c7)

@ The asymptotic behavior of correlation functions
@ The determinant expression of Hogp({A},{&})



Thank you for your attention!



For the massless regime (| coshn| < 1)

1€ Im()\ij) >0 _ 1€ Im(sz-j) >0
€ij = €ij = -
g —1€ Im()\ij) <0 —1€ Im()\ij) <0

and for the massive regime (| coshn| > 1)

€ Re()\ij) >0 _ € Re(j\ij) >0
€7 — €7 — —
/ —€ Re()\ij) <0 / —€ Re()\z-j) <0



Appendix

The indices 7, ) are defined as

{z'p(j’r); 25 — 8:; +1<p(j,7r) < 23} ;
Up(jr) = Up(7 )
LS tp(ry <lpyrny < €
p(7,7) <p(j,r") 1<j<j3 <m
p(j,r) <p(F,r) 1<r<r <2s
VipGoy LS00, 7) <€ =110 gy < ()
et LS ip(ipy <ipjr) < 25m
p(7,7) <p(j,r") 1<j<j3 <m
p(j,7r) <p(,r) 1<r<r <2s
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