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Figure: Newton’s cradle of cold atoms

/David Weiss, Penn State University/
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@ experiments with ultracold atoms
theorist’s dream: the interaction can be tuned

@ correlation functions: hard!
bosonisation, quantum MC, BA solution, weak coupling. . .

@ |dea: start from a relativistic theory!
= form factor approach

@ problem: finite density = thermodynamic approach
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2m  Ox ox
Quantum non-linear Schrédinger equation:

12 924(x, 1)
2m  ox2

s = [ox {1 12 001 000 |y it 00 (0000000 |
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2m  Ox ox
Quantum non-linear Schrédinger equation:

0 2 924y(x, 1)
o) =5 =@

the density p(x, t) = ¥(x, t)T¢(x, t) is conserved

s = [ox {1 12 001 000 |y it 00 (0000000 |

+ A (X, O)PY(x, 1)
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1D Bose gas

R2 0T (x) 0
s = [ ax { g 28 BI2D s uiau pwun
Quantum non-linear Schrédinger equation:

9 R 9PY(x, 1) >
iharp (X, 1) = =5 =5 7= F AW O7(x, 1)

the density p(x, t) = ¥(x, t)T¢(x, t) is conserved
= fix particle number:

[Un(a, ... an)) =

;”/dm .../dXNXN(X1,...,XN|a1,...,aN)wT(X1)...wT(XN)]O>
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Bethe wavefunction:
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Bethe wavefunction:

XN(Xt, Xe, . xn) = N~ a(P) &/ Xiti Plk),
P

k—/—l A

a(Q):k—l—i—l 2 A a(P)

Lieb—Liniger S-matrix /E. H. Lieb, W. Liniger, Phys. Rev. 130, 1605 (1963)/

p1 — P2 — iZ2 A

SiL(p1, p2; A) =
p1 — P2+ iZ2 A
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_1!

00\° 1 gz 1
=5 (o) - 5(V0F -2 (cosh(ge) - 1)

@ The exact S-matrix (E; = mc? cosh 6;, p; = mcsinh6)):

sinh(6y — 02) — i sin(an)
sinh(61 — 62) + i sin(an)

S(64,02; ) =
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_1!

00\° 1 gz 1
=5 (o) - 5(V0F -2 (cosh(ge) - 1)

@ The exact S-matrix (E; = mc? cosh 6;, p; = mcsinh6)):

sinh(6y — 02) — i sin(an)
sinh(61 — 92) + i Sin(CWT)

S(64,02; ) =

@ Renormalised coupling and mass:

hc g?
a=——
8w + hc g2
» M ma
= he sin(ma)
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The limit; S-matrix

g— 0, c— oo, gc—>4\hﬂ_fixed

., _ sinh(#) — i sin(ar) p—ig N .
S0 ) = sinh(6) + i sin(ar) p+i2my Siclpid)
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2

o(x.1) = 2im (WX, ) e 1yl (x, et t> J

WP optoy o Loy oyt a2
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What do we want to compute?
Local correlators in the LL model

@), 7 = gi(v, 7)

_2mA
Y 2 n
T GG
T TD’ N 2mkg
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Form factors |: bootstrap

FP(04,02,...,0,) = (0]0(0,0)|61, . ..., 0n),
Crossing: Fg)(91 +im,0s,. .. ,9,7) = (64 ’O(O, 0)|02, ey On)in

AN

6

6

1 On

6

2 n-1
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Form factors |: bootstrap

Watson’s equations:

Fn(79/76/+17):S(Q/—€/+1)Fn(79/+179/,)
Fn(e‘] +27Ti,02,...,6n):Fn(ez,...,en,e*j)

A
AR
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—i Res Fn(4,0,04,...,0 [1—H80 9] Fn2(61,...,0n_2)
0—0-+im

M. Kormos LL gas as the limit of sinh—Gordon model



Form factors
ShG ingredients TBA
Finite T vev

Form factors Il: sinh—Gordon

T Foin(6; — 6;
Fn(01,...,60n) = Hyp Qu(e”,. .., €%) H”M

i<j

M. Kormos LL gas as the limit of sinh—Gordon model



Form factors
ShG ingredients TBA
Finite T vev

Form factors Il: sinh—Gordon

T Foin(6; — 6;
Fn(01,...,60n) = Hyp Qu(e”,. .., €%) H”M
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B sinh §
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Form factors Il: sinh—Gordon

T Foin(6; — 6;
Fn(01,...,60n) = Hyp Qu(e”,. .., €%) H”M

i<j

B sinh §
~ sinh 6 + sinh(ira)

Fmin(’.WWLe)Fmin(e)
QZn—1 - ¢7 :¢3: I :¢2n_1:
Qo — @2, it L., P

F =0, n<k
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ShG ingredients TBA

Finite T vev

Form factors lll: the exponential operator

/A. Koubek, G. Mussardo, Phys. Lett. B 311 193 (1993)/

Fn(k) = (0/€"9%(95, 65,

0 =
sin(kra) (4sin(ra)) 2 " Foin(6; — 0;)
sin(ra) (me(iw)> detMy(k) [ [ =55

Ll obi 4 gl
i<j
where

() Sin((i —j+ K)ma)
[Mn(K)]; j = 03i; sin(ra)

n
A= 3 e e

<<l
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Form factors IV: ¢

@ Trick: the O(k™) term in the series expansion of /99 ... ?
@ Not enough:

Fi?™ = (0]:¢™:161,....00) 20 forn<m

@ “Operator mixing”:

¢ =167,
7'['20[2
ot = ¢ —4 & PP
2.2 4
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Form factors IV: ¢

@ Trick: the O(k™) term in the series expansion of /99 ... ?
@ Not enough:

Fi?™ = (0]:¢™:161,....00) 20 forn<m

@ “Operator mixing”:

2 2.

Yo ¢

@8 = 9% 2oi2 of ¢t +16—4 o! T
o 9° gt

¢k _ ok
Fk (91,..., ) 2 k NgZSIn(ﬂa) HI</ m|n(917...70 )
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Thermodynamical Bethe Ansatz

Bethe—Yang equations:
micsinh(6;)L + by 5(6; — 6;) = 2xn;h, niez,

J#i
where §(0) = —ilog S(6)
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Thermodynamical Bethe Ansatz

Bethe—Yang equations:

micsinh(6;)L + by 5(6; — 6;) = 2xn;h,
J#i
where §(0) = —ilog S(6)

niez,

)= g cosh(0) + [~ 5 pto— ) D)

2rh 2 v 14+ ec(0)’

n:N:/oodH p(6)

L J o 1+e®’

where () = —i 2 log S(0)
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Thermodynamical Bethe Ansatz

Bethe—Yang equations:

micsinh(6;)L + by 5(6; — 6;) = 2xn;h,

niez,
J#i
where §(0) = —ilog S(6)
mc °° do’ ~ p(0)
p(0)= 5oz cosh®)+ [ 5 el0 - )2 .
N _ ™ p(0)
=TT /_oode 14 e®
02 M © d¢’ / ’
il R 1 £(0")
“(0)= 17 90s(O) — r — | 5 wel0~¢)log (1+e)

where () = —i 2 log S(0)
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Thermodynamical Bethe Ansatz Il

F o kBT o0 76(9)

= —m/oo dd mecosh(6) log (1 +e ) + pn,

N _ [ p(0) E_ [~ 2 p(0)
T _/Oode T e® L _/Oodemc cosh(@)1 e ®
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Thermodynamical Bethe Ansatz Il

F o kBT o0 76(9)
L_—m/wdemccoshw) log (1 +e )+un,

N _ [ p(0) E_ [~ 2 p(0)
= /Oo Tre® L /OO dg me cosh(@)1 e ®

£(0) is the dressed energy of the excitations

over the physical vacuum:
changing one quantum number = 6 — ¢':

AE ,
KT (") —<(9)
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The limit of the TBA

mc mc
ji = p — mc?
1 ') . ~ p/
2rp(p) = ¢ + / dp’ 3(p—p') ] ﬁ(eg)(p/w

=(p) = i £~ _p —(p)
)=~ 7 2kaT / 5 #(p—p)log (1+e7)

/ C. N. Yang, C. P. Yang, J. Math. Phys. 10 1115 (1969)/
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The limit of the TBA

. ﬁ dp’ / —2(p)
=——— —@(p—p)log (1+e P
P =7 2kaT / 2 #(p—P)log 1+ )
/ C. N. Yang, C. P. Yang, J. Math. Phys. 10 1115 (1969)/

E_E—chz_/ood P #(p)
L~ L ) _ omiiem
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Finite T expectation values

Tr<e O>
@ At equilibrium: (O)r , = ——g—wv-
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Finite T expectation values

Tr| e

@ At equilibrium: (O)r , = ——g—wv-
Tr<e >

kgT

@ LeClair-Mussardo
/A. LeClair, G. Mussardo, Nucl. Phys. B 552 624 1999

d01 d6’k
Z k! / ’ 35(9)

el |91,...9>

conn
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Finite T expectation values

Tr| e

@ At equilibrium: (O)r , = ——g—wv-
Tr<e >

kgT

@ LeClair-Mussardo
/A. LeClair, G. Mussardo, Nucl. Phys. B 552 624 1999

d01 d6’k
Z k! / ’ 35(9)

<9k>-' 91|O |91v-" 0 >conn
@ Connected form factor:
Ok, ..., 601|010, ..., 0k) conn =
FP ( Iim0<0\(’)\91,...,9k,0k — T+ ing,...,01 — i7T+i171>>
ni—
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Wy ), 7 =n gk(y,7)

2m
TR
T GG
T_?D’ D_2ka
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Local correlators in the LL model

Wy ), 7 =n gk(y,7)

2m
TR
T GG
T_?D’ D_2ka

g =1
@ g-: Hellmann—Feynman thm

@ gs:knownat 7T =0
/V. V. Cheianov, H. Smith, M. B. Zvonarev, Phys. Rev. A 73, 051604(R) (2006)/

M. Kormos LL gas as the limit of sinh—Gordon model



Generalities
Analytic/numerical results
Expectation values and form factors in LL and ABA Form factors

The method

oy — (2 ()t

M. Kormos LL gas as the limit of sinh—Gordon model



Generalities
Analytic/numerical results
Expectation values and form factors in LL and ABA Form factors

The method

() ()
W= (5) (am)
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The method

() )
W= (5) (am)

1 [~ dp > dp e
Zﬁ 27:f(p1)/ 277rlf(pj)F2/¢ (ph---:pj)conn
j=k 7T oo

f(p) =1/(1 + &%),

2

- 2k
F “({Pi})conn = lim ( ) F ¢ ({6, = })conn
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@ find the form factors of : ¢2k:
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© calculate the connected form factors
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Generalities
Analytic/numerical results
Expectation values and form factors in LL and ABA Form factors

The method

To do:

@ find the form factors of : ¢?:

© calculate the connected form factors

© take the double limit of them

© solve the TBA equations with a given {\, T, n}
@ perform the integrals
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= </¢7sz>/n =1

Whinr= [t |5 [ g eorten; )+
/oo dp1/ dp?/ dp3fP1)(P2) (Ps) P(P12)@(P23)+
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= </¢7sz>/n =1

(W), 7 —/ pf( / > / dpzf f(,Oz) APt
/oo e / dp?/ dp3f (p1)f(p2)f (Ps) P(P12)&(p2s)t- -,

o) =g+ | 8P PP

Wwﬂz/<wmmm=n
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Asymptotic results (T = 0)

@ For v > 1, leading order for any k

1 1 k 2
where Iy = [ dxy... [ dxk H/<in/
/D. M. Gangardt, G. V. Shlyapnikov, Phys. Rev. Lett. 90, 010401 (2003)/
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Figure: g and g» at T = 0 using form factors upto n=4,6 and 8
particles, respectively with green dot-dashed, blue dashed and red
dotted lines.
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Figure: gz at T = 0 with form factors up to n = 6 and 8 particles. The
exact value is given by the solid line whereas the purple dot-dashed
line above corresponds to the leading order expression.
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Asymptotic results (T > 0)

For+2 > 7> 1:

T 2
gk(%T) — (72> Jka
where
k! T 2__ B«
Jk = 7 dxy...dx, e Zi=1%i H(Xi—xf) ~ ok(k-1)/2
i<j

with Bk+1 = (k + 1)F(k + 2)Bk, B1 =1

/D. M. Gangardt, G. V. Shlyapnikov, New J. Phys. 5, 79 (2003)/
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Figure: g» at 7 = 1 and = = 10 using form factors up to n = 4, 6 and 8
particles. The solid lines show the exact result, while the purple
dot-dot-dashed line is the leading order expression.
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New result: gsat T > 0
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(a) gsvsyatr=1and r =10 (b) gsvsTaty=7andy =15

Figure: The blue dashed and the red dotted lines referto n = 6 and 8
particles, respectively. The purple lines show the asymptotic results.
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Algebraic BA form factors from sh-G

We have seen that the
@ S-matrices,
@ Bethe—Yang and TBA equations,
o fields

can be put in correspondence.
Moreover,

@ the Algebraic Bethe Ansatz parameters \; are the
momenta

@ the pseudo-vacuum is the Fock vacuum
— what about the form factors?
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BA form factors from sh-G

B. Pozsgay and G. Takacs, Nucl.Phys.B788, 167 (2008), Nucl.Phys.B788, 209 (2008):

Finite volume form factors

(05, ...,0/]0(0,0)|641,...,60n), =
FO(O) +im,...,0)+ im,01,...,0n)
Vi, )\ pa(01,. .., 0n)

+0(e ™)
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BA form factors from sh-G

B. Pozsgay and G. Takacs, Nucl.Phys.B788, 167 (2008), Nucl.Phys.B788, 209 (2008):

Finite volume form factors

(05, ...,0/]0(0,0)|641,...,60n), =
FO(O) +im,...,0)+ im,01,...,0n)

+ O(e M)
Vi, )\ pa(01,. .., 0n)
where
"9
Q= meLsinh¢; + )  ~log S(6; — 0k) = 27}; , j=1,....n
k#j
an
pn(91,...,9n) —detaiek
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= f()\j, )\/) , Fmin(ej/ + /TF) — 1
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BA form factors from sh-G

Ai— N\ )
Fmin(ejl) - m = f()\p A1) Fmin(ej/ +im) — 1
mc)"/2g—inmc?t
‘917...’9n> [ad ( )N |A1,,)\n>
A2 T F(Njs Ak)
j<k
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BA form factors from sh-G

Y :
Fmin(ejl) Aj —j A+ ic - f()‘ﬁ A1) Fmin(ej/ +im) =1
me n/Ze—inmczt
101,...,600) ~ ( )N Ay An)
A2 1] f(Nj, Ak)
j<k
( ’1,...,Ajv+p,q|u”p®q\)\1,---,)\N) =
1 ptq N N+p—q
. 2my 2 =
,p-q<P; q) <hfg> AT A M) T O M) =
j<k j<k

2N+p—q

x lim { (me)*E70] 0P 910y i, Oy + i 01, On)
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BA form factors from sh-G

Ai— A .
Frmin(01) ¥ - N +I P f(N, A1) Fnin (0 + i) — 1
mc)"/2g—inmc?t
‘917 -79n> ~ ( ) |>\17---;>\n>

N
A2 TT £(Aj, Ak)
j<k
(N]y o Agpo gl PUI A, LAY =
[a lot of prefactors} X

2N+p—q

lim {(mc)— E=(0]: ¢PY: 18] + i, Oy pg + I, 01, -, ON)
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Summary

@ showed that the sh-G and LL models are related by a
non-relativistic limit

@ gave a general, compact method to compute
FF’s for the Bose gas

@ gave a general, compact method to calculate expectation
values atany vand T

e gave analytic asymptotic expansions
o calculated experimentally relevant g; at finite T

@ possible extensions:

e finite size effects, non-periodic b.c.’s
e two-point functions (!)
e other models (e.g. super Tonks—Girardeau gas)

Thank you!
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Figure: Deviations 1 — g; from the exact result (g; = 1) as a function
of the scaled temperature 7 for a fixed value of y = 7.

Inset: 1 — gy vs v at 7 = 1. In both figures form factors are used up to
n = 4 (green dot-dashed), 6 (blue dashed) and 8 (red dotted)
particles.
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