1 Energy of a system of free complex scalars
Consider a free, massless, complex scalar field, with Lagrangian density
L=0,6'0"p —m?¢'o.
The general solution of the field equation
Po+m2Pp=0

can be written as
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where p?> = m? (prove it as an exercise). Compute the total energy of the system

E, = /d?’xH
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where

(the sum is extended to all fields in the theory, in this case ¢ and ¢1.)

Solution

Using the free-field solution eq. (1.3) we find
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where we have used
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(prove it as an exercise). Recalling that p*> = p3 — p;p; = m?, we finally obtain

Ey = / &pp® [a'(@)a(f) + b ()]
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Comments

We see that a positive-definite expression for the total energy is achieved if we assume that
annihilation and creation operators obey commutation relations:

[a(p), ()] = [b(7), b"(D)] = 6(7 — @), (1.9)
appropriate for Bose-Einstein statistics. We get
Eo= [ & [ Palp) + ¥ (7)0(7)] (1.10)

up to an infinite additive constant.
The scalar lagrangian (1.1) is invariant under the field transformation

¢ — e, (1.11)
where « is a real constant. The corresponding conserved current is
ju = Z(¢Tau¢ - ¢au¢T) (1'12)

Proceeding as in the case of the total energy, we can obtain an expression for the total conserved
charge:

Q= [ @il - 000 = [ & [ Balp) - b ] (1.13)
which shows that b-particles carry opposite charge with respect to a-particles; b-particles are
usually called the antiparticles of a-particles.

2 Energy of a system of free massless Weyl spinors
Consider a free, massless, right-handed Weyl spinor field, with Lagrangian density
Lr =it} 5,0"p. (2.1)
The general solution of the field equation
7,0"Er =0 (2.2)

can be written as
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where p? = 0, and

- pur(p) = p’ ur(p) (2.4)
- Por(p) = p° vr(D). (2.5)
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Observe that eqs. (2.4,2.5) give

b Pa(—7) = =2 i Poiosun(—) = ~LEu() (01,03} va(—) = ~uh(Fen(—7)
(2.6)
and therefore
Wl Pon(—7) = 0. 27)
Compute the total energy of the system,
By = /d?’xH = —z/d% ¢l 0.0 €. (2.8)
Solution
Using the free-field solution eq. (2.3) we find
Eip = 2 2p
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where we have used eq. (1.7) and eq. (2.7).

Comments

We see that a positive-definite expression for the total energy can only be achieved if we assume
that annihilation and creation operators obey anticommutation relations:

{a(),d" (D} = {0, 0" (@)} = (7 — ), (2.10)

appropriate for Fermi-Dirac statistics. Furthermore, the two-component spinors ug(p), vr(p)
must be normalized as

ul(P)un(p) = 2° (2.11)
oh(Poa(p) = 2", (2.12)

so that
Bip = [ @0 [al@ae) + b (0(7)]. (2.13)
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The Weyl lagrangian (2.1) is invariant under the field transformation

Er — €p, (2.14)

where « is a real constant. The corresponding conserved current is

Ju=Ehuln (2.15)

Proceeding as in the case of the total energy, we can obtain an expression for the total conserved
charge:

Q- / @ £l 50 e = / & [af (Pa(p) — b (b)) (2.16)

which is consistent with the interpretation of b-particles as antiparticles of a-particles.



