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Problem: We want to study the asymptotic behavior of the solutions of

(at (pn (t; x)atun) R diVx (An (t: x)vxun) — fn In (O; T) X €
3 u,(t,x) =0 on (0,T) X 0Q
. Un (0,x) = ug (x), pn(t,x)0u, (0,x) =9,(x) inQ,

where Q is a bounded open set of RY, and the coefficients p,,, 4,, are
uniformly elliptic and bounded.

This problem has been studied by other authors. In order to recall their

results (and to state our ones) we need to recall the classical result for
elliptic problems.



Theorem (S. Spagnolo 1968, symmetric case,
F. Murat, L. Tartar 1977, general case)
Q c RY, open, bounded, 4,, € L (Q; R¥*V), with
An()§-§ = alél?, A,(x)7'E - =2 yIEl%, ae.x €Q,VE €RY,
a,y > 0. Then (for a subsequence), 34 € L* (Q; RV*N), with
A()E-§ =z algl?, A)TE ¢ 2yEl% aex €QVEERY,
such that if £, — f in H~1(), u, solution of

{—diV(An (x)Vu,,) = f,, inQ
u, =0 on 09,
u, = u in H3(Q)
A,Vu, = AVu in L*(Q)N

—div(A(x)Vu) = f InQ
u =0 on dQ.

then

with u solution of {

H
We say that A,, H-converges to A, and write A4, — A.



Remark: We have

u, =~ u in H1(Q)

= A,Vu, = AVu in L*(Q)V
div(4,,Vu,) compactin H~1(Q) neon (@)

H H
A, =~ Ain() = 4, = Ain w, Vw C () open.

Corrector: (F. Murat, L. Tartar 1977)

H
If A, = AinQ,then 3P, € L*(Q)V*N bounded such that

u, — u in H'(Q)), u smooth

= Vu, — P,(x)Vu - 0 in L*(Q)N
div(4,,Vu,) compactin H~1(€) n— Pa(x) Q)

The corrector is local. To construct the strong approximation B, (x)Vu(x) in a
point x, we only need to know Vu(x). Moreover P, depends locally of (.



Return to the wave problem: Take A, (t, x) symmetric

A, 0)¢- &= alél?, [A,()| < B, a<p,(t,x) <P
a.e. (t,x) € (0,T) x Q, vE e RV,

H * .
Assume 4, (t,.) = A(t,.) ae. t € (0,T), p, = pinL*((0,T) x Q)
f, = fin L0, T; L2(Q), u® — u® in HE(Q), 9,, = I in L2(Q).
Then, u,, solution of

0 (pn (t, x)0 Uy ) — divy (A, (8, x)V,uy) = f;, In(0,T) X Q
(P) w, (t,x) =0 on (0,T) x 9
Uy (0,%) = up(x), Pn(0,2)0,u, (0,x) = 9p(x) inQ,

satisfies u, — u in L° (o, T; H} (Q)) N W= (0,T; L2(Q)) with

d; (p(t,x)0,u) —div, (A(t,x)V,u) = f In(0,T) X Q
(P) u(t,x) =0on (0, T) x 0Q)
u(0,x) = u’(x), p(0,x)d,u(0,x) =9(x) inQ.



This resul was proved by:
F. Colombini, S. Spagnolo 1978:

p, =1, A, bounded in W1 (0, T; L® (Q)N*V)
S. Brahim-Otsmane, G. Francfort, F. Murat 1992:

pn, A, Independent of the time variable t.

Our aim: To consider p,,, A,, less smooth (possibly non continuous) in t.

Remark: Some smoothness is necessary in order to have existence (and
unigueness) of solution for (,).

A.E. Hurd, D.H. Sattinger 1968: Problem (2,) has not solution in general for
pn, = 1, A,, constant in the two sides of an hyperplan not parallel to t = 0.

F. Colombini, S. Spagnolo 1989: Problem (#,) has not solution in general for
p, =1,4, € CO%([0,T] x O; RV*N), o < 1.



We generalize the above homogenization result to the case

p, bounded in BV (0, T; L (2))

A, bounded in BV (0, T; L (€; RN*V)).
For the right-hand side f,, we just assume
fo =R
with
151 inam(o,T; 12(Q))
f2 = £2 inBV(0,T; H1(Q))

3, 1,
f2ds—> | f?dsinH1(Q), 0<t;<t,<T.

t1 t1



Remark: The existence and unigueness of solution for (£,) is due to

A. Arosio 1984 for p,, = 1 (L. De Simon, G. Torelli 1974 f, = 0). Our
little contribution to the existence result was to consider p, In

BV (0, T; L* () and uniformly elliptic.

Indeed these result hold in an abstract setting where L? () and H () are
replaced by abstract Hilbert spaces H, V,

V continuously imbedded in H.
Idea of the proof of the homogenization result.
Fort € (0,T), h € (t,T — t) the function

t+h

n,(x) = f u,(s,x)ds

satisfies the elliptic problem



—div(4,,(t, x)Vii, (x))

t+h
=p,(t+ h,x)0,u,(t+ h,x)—p,(t,x)0.u,(t,x)+ f,(s)ds

t

t+h
+div A, (s,x) —A,(t,x))Vu,(s,x)ds | inQ
([ o)

where in the right-hand side, for t outside a countable set, the last term is
small for h small and the other terms converge strongly in H=1(Q).

Remark: (a first corrector result) If u is smooth enough, we have

ty Y,
f Vu,, (s, x)ds —f P,(s,x)Vu(s,x)ds = 0 in L*(Q)",
t

1 t1

for0<t; <t, <T.

Here, for s € (0,T), P,(s, x) is the sequence of matrices giving the elliptic
corrector for 4,, (s, x).



Question: Is the elliptic corrector a corrector for the wave problem?
Theorem (S. Brahim-Otsmane, G. Francfort, F. Murat 1992):

H *
Assume p,,, 4,, independent of t, A, = A, p,, — p in L*(Q),
f. =f €*((0,T) x Q), ul = u® in H} (Q), 9, — 9 in L2(Q).
We define u,,, u by

(at (pn (x)atun) _ divx (An (X)qun) — f In (O» T) X €
(P,) - u,(t,x) =0 on (0,T) x 0Q
\Un (0,x) = u?z (x), Pn (t, x)atun (0,x) = Uy (x) inQ,

(0, (p(x)d,u) —div(A(x)Vu) = f in(0,T) x Q
(P) - u(t,x) =0 on (0,T) x 00
u(0,x) =u’(x), p(t,x)d,u(0,x) =9(x) inQ.




We introduce 4, i, € L (O, T; H} (Q)) as the solutions of

{—div(An (Vi (t,)) = —div(ACOVu(E ) inQ o

i, (t,x) = 0 on 0q.
( 0, (p, (x)0,1,,) — div(4,,(x)Vii,) =0 in(0,T) x Q
i, (t,x) =0 on (0,T) X 9Q
Pn (x)
p(x)
Vu, — Vii, — Vii, —» 0 in L* (0, T; L*(Q)Y)
0, — Opu — 0,8, > 0 in L*(0,T; L2(Q)).

\an (O; X) — ug (X) _ ﬁn (t, x): Pn (x)atan — 19n (x) _ ﬁ(x) in Q.

Then

Remark: If u is smooth enough, the first equality can be written as
Vu, — P,(x)Vu — Vii, - 0 in L* (0, T; L*(Q)M).
ii,, only depends on the initial data

It only gives a true corrector if i, — 0 in L (O, T; H} (Q)).

Vu, — Vi, —» 0 in L*(0,T; L*(Q)N)

Th
o 0;u, — d,u — 0 in L* (0, T; L2(Q)).



The convergence @i, — 0 in L? (O, T; H} (Q))
only holds if the initial data is well prepared, in the following sense
—div(4, (x)Vud(x)) compactin H~1(Q)
Un

9
I~ 50 inL2(Q)
Pn P

(second condition is equivalent to d,u, (0) — d,u(0) — 0 in L*(Q))
In another case, the elliptic corrector is not a corrector for Vu,, and 0, u,,
does not converges strongly to o, u.
Since

j tz(Vun (s,x) — Vi, (s,x))ds - 0 in L2(Q)¥

1
this means that in general (although the coefficients do not depend on t) Vu,,, d;u

oscillate in t, which cannot be seen just approximating u,, by the solution of an
elliptic problem.



We have generalized this result for coefficients depending on t.

We need a lot more of regularity than in the homogenization result.
Namely: We asume 4,, € C1([0, T]; L” (QN*N), p, € C1([0,T]; L* ()
with the equicontinuity property

lim max |[|0;4,(ty,.) — ﬁtAn(tl,.)llLoo(meN =0

h—=0 [t,—t1|<h

lim ltzr{lgﬁhllatpn (t2,-) = 0:pn(t1, )12 @) = 0,

uniformly in n.

For the right-hand side, we just assume f, = f,I + £, with

T—h
fi =t in'(0,7;2(@),  lim Supj 1@+ h.) = £ &Iz =0
- 0

n

2> f? in Wl’l(O, T; H_I(Q))'



Idea of the proof:

Assume that the coefficients and the right-hand side are sufficiently
smooth in the time variable and that the initial data satisfies (in particular
It is well prepared)

—div(4,,(0, x)Vu)) bounded in L% ()"
Un (X)
pn (0, x)
Then, we can derive in (£,) with respect to t, to obtain

bounded in Hj (Q).

d,u,, bounded in L* (O, T; Hj (Q))
0% u, bounded in L* (0, T; L*(Q))
and then 0, u,, is compact in L (0, T; L*(Q)).



Theorem: The above corrector result does not hold if we just assume
A, bounded in C* ([0, T]; L* (Q)N*N)
p, bounded in C1([0, T]; L* ().

Counterexample

( 1
dZu, — 0, ((1 + Esin(nt) cos(nx) cos x) Bxun) =0in(0,T) x (0, m)

u,(t,0) =u,(t,m) =0, ae. t € (0,T)
\ u,(0,x) =0, 0, u,(0,x) =sinx, ae. x € (0,m).

Here A, (t,x) =1+ %sin(nt) cos(nx) cos x is bounded in C1([0,T] x Q)

and converges uniformly to 1

v,
0,(4,(0,x)0,u’) =0, —=sinx

n



Thus w, = u = sintsinx in L= (0,T; H{(0,m)) n W (0,T; L2(0,m))

( dZu — 02, u =0in (0,T) x (0, )
solution of < u(t,0) =u(t,m) =0, a.e. t € (0,T)
\u(0,x) =0, 9,u(0,x) =sinx, a.e. x € (0,m).

However

d,u, » d,u, dyu, » dyu in LZ((O, T) x (0, n)).



Periodic case

We consider the case O = RY,

at(pg(t, x)(’)tug) — div, (4,.(t, x)V u,) = f,n (0,7) x RY
u,.(0,x) = ug(x), pg(t, x)atug(O, x) =9,(x) in RY,

b = p; (E)Jrgpl (t,x,f,f>, A, EAO( )+ A (t . f)

e e e e
fng(t,x,é,g), ud = u(x) + eul! ( E), ﬁgzﬁ(x,g).

The functions are periodic of period Y = (0,1)" in x/¢
and Bohr almost-periodic in t/«.

The right-hand side and the initial data are small at infinity.



We define (M denotes mean)
,0_ = My (pO (y))'

AlE = I, (Ao(y) (& + Vw, (y))), vé € RV, with

—div (Ao(y) (5 + Vw; (y))) =0 inRY,  w; periodic

flt,x) =M, s(f(t,x,5y), Ix)=M,0xy)).
Then, u, — ug in L?(0,T; HX(RV)) n W= (0,T; L2(RN)), solution of
{ poZu, — div(4A"vuy) = f in(0,T) x RY
uy(0,x) = u’(x), po,uy(0,x) = 9(x) inR",

Moreover, if uy Is smooth enough, we have

t x
U, — Uy — €U (t’x’E’E) - 0 in H(RY x (0,T))



The function u; = uq(x,t, s, y) satisfies

po(¥)d&uq — div, (AO(y)(quO + Vyu1)) =0,

and it is periodic with respect to x and Besicovitch almost-periodic with
respect to s.

It recalls the equation satisfied by the classical corrector in periodic
homogenization. It does not suffices to determine u,. Indeed, we have

ui(x,t,s,y) =t(x,t,y) +i,(x,t,5,y)
With i, the elliptic corrector, solution of
—div, (Ao () (Vg + Vyily) ) = 0

and i satisfying po(y)0&; — divy (A4 (¥)V, ;) =0

which has a large number of solutions.



Namely, denoting by 4 = 0 < 4; < 1, < -+, the eigenvalues of
—diVy(Ao(J’)Vy(p) = 2ipo()®(y) in RY

with periodic boundary conditions, we have

ti1(x,t,s,y) = Z(CI)i (x,t,y) Cos(\/it_is) + Y, (x,t,y) sin(\/Z-S))
(=0
With &;, y; eigenfunctions with respect to y.
It is necessary to add another equation to determine ii; and then u;.

Formally (it can be justified using two-scale convergence), it is obtained
from the asymptotic expansion

(£.x) = ug (L, x) + (t ‘ x)+ 2 (t ' x)+
w.(t,x) =ug(t,x) +euq | t,x,—,— )+ °w, (t,x,—,— |+ -+
£ 0 1 e 2 e



We have:
200 05wy — div, (Ao ()Vyuy ) — divy, (Ag(¥)V,ug)
+0, (p1 (t,x,s,v)(0,ugy + asul)) — div,, (A1 (y)(quO + Vyul))
+po (M) 0&u, — div, (AgWVu,) =f — f
together to the initial conditions

u1(0,x,0,y) —u'(x,y) independent of y
Po (y)(atuo (0) X) + asul (0, X O, y)) = 19(36', y)

Remark: The equation contains simultaneously the microscopic and
macroscopic variables. The function u; depends non-locally of wu,.



Some particular cases:

( X X t x\ N
d, (po (—) atug) — div, (AO (—) qug) =f (t, x,—,—) in(0,T) xR
£ £ £ &

u (0,x) = ul(x), p (¢, x)0.u_(0,x) = 9.(x) in RY,

A

\
ud = u'(x) + cu ( g) 9. =9 (xg)
Then u,.~uy + iy (t, X, E) + ety (t x,—,—) with

po (0S4 — divy(Ag(¥)V,8y) =0
2p0 ()04 T — div, (Ag(¥)V, 11 ) — divy, (Ag(¥)V, i)
+po (M) 0&u, — divy, (AgWVuy) = f — f

1,(0,x,y) + 1,(0,x,0,y) — u'(x, y) independent of y

Po () (9:u0(0,x) + 0511 (0,x,0,¥)) = I(x,¥)
It IS coherent with Brahim-Otsmane, Francfort, Murat result



Example: A constant, a, b smooth with compact support.

0% u, — div, (AV,u.) = 0 in (0,T) x RN
2mik -x 2mik -x
u.(0,x) = ea(x)e” ¢ , u.(0,x) =b(x)e” ¢ inRV,
Then u.(t,x)~
3 ( Ak 1 . Ak 2mik -x+VAkkt
—lalx — 1:) + (x — t) e €
2 VAk - k 2mivVAk - k VAk - k

€ Ak 1 . Ak 2mik -x—/Ak -kt
+ = a(x+ t)— (x+ t) e €

2 VAk - k 2mivVAk - k VAk - k
It was obtained by G. Francfort, F. Murat 1992 using geometrical optics.

Related results A. Bensoussan, J. Lions, G. Papanicolau 1978.



