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To Manolo with best wishes

“L’homme arrive novice à chaque âge de la vie” - Chamfort

******

• What is QFT ? It is gauge invariance !

• May suffer from gauge anomalies in presence of (chiral) fermions

• Local gauge anomalies obstruct infinitesimal gauge invariance

- history starting with: Schwinger (1951), Johnson (1963),

Adler, Bell-Jackiw, Bardeen (1969), Fujikawa (1979), . . .

- related to (family) Index Theorem of Atyiah-Singer (1968)

and to BRST cohomology as clarified in the 1970-80’s



• Local gauge anomalies are a text-book material:

and also:

“Introduction to gauge anomalies”, by Manuel Asorey,

in: Nuevas Perspectivas en Teoras Cunticas de Campos, Eds. J.L. Alonso et al,

U. de Zaragoza (1985)



• In absence of local, global gauge anomalies may obstruct invariance under

large gauge transformations non-homotopic to identity

- Witten’s Phys. Lett. B 117 (1982) example of SU(2) gauge theory in

4 Euclidian dimensions compactified to S4

- reviewed in: Fabbrichesi, Pramana 62 (2004)

• Gauge anomalies descend to bosonic low energy effective theories of

Goldstone modes, producing Wess-Zumino (1971) terms in the action

- reviewed in: Petersen, Acta Phys. Polon. B 16 (1985)

• Cancellation of gauge anomalies leads to selection rule in High Energy

Physics model building

- reviewed e.g. in: Weinberg, The Quantum Theory of Fields, vol. 2



*



Topic of this talk:

• global gauge anomalies in two-dimensional bosonic sigma models with

general Wess-Zumino (WZ) terms

• These provide a good laboratory and were not much discussed

• We tackle the problem with mathematical theory of gerbes

• Applications include WZW and coset models of CFT and, potentially,

global aspects of T-duality

• Joint work with Rafa l Suszek & Konrad Waldorf CMP 302 (2011),

513-580, and with Paul Defromont (unpublished)



General 2D WZ action

Consider a 2D sigma model with classical fields ϕ mapping closed worldsheet Σ

to target space M

ϕ

MΣ

The WZ-action is formally given by the symbolic formula involving a closed

3-form H on M :

SWZ(ϕ) =

∫

ϕ(Σ)

d−1H

• If there exists a global 2-form B on M such that H = dB, then one may

set d−1H = B



• If H 6= dB but has periods in 2πZ then the WZ Feynman amplitude

is defined as a (2-dimensional ) holonomy of a bundle gerbe G
with connection of curvature H :

∣

∣

∣
e i SWZ(ϕ) := HolG(ϕ)

∣

∣

∣

• The WZ action usually accompanies the standard sigma model action

Sσ(ϕ) = ‖dϕ‖2
L2 =

∫

Σ

gµν(ϕ) ∂iϕ
µ ∂jϕ

ν hij
√
h

involving Riemannian metrics g on M and h on Σ and the total

(Euclidian) Feynman amplitudes have the form

A (ϕ) = e−Sσ(ϕ)+iSWZ(ϕ) = e−Sσ(ϕ)HolG(ϕ)



What are (bundle) gerbes (with connection) ?

• Line bundles with connection may be given by local data

(Aα, gαβ) relative to an open covering Oα with

dAα = F , Aβ − Aα = id ln gαβ , gαβ g
−1
αγ gβγ = 1

but also possess a geometric description

• Similarly, gerbes may be given by local data (Bα, Aαβ , gαβγ) satisfying

descent equations

dBα = H , Bβ − Bα = dAαβ , Aαβ − Aαγ + Aβγ = id ln gαβγ ,

gαβγ g
−1
αβδ gαγδ g

−1
βγδ = 1

but have a geometric definition given by Murray 1994 & Murray-Stevenson 1999



• Gerbe holonomy may be expressed by integrals of local data (Bα, Aαβ , gαβγ)

over triangles c, edges b, and vertices v of a triangulation of Σ

(O. Alvarez (1985), G. (1988))

HolG(ϕ) = exp
[
i
∑

c

∫

ϕ(c)

Bic + i
∑

b⊂c

∫

ϕ(b)

Aicib

] ∏

v∈b⊂c

gicibiv (ϕ(v))
±1

Σ
cv

b



• Main property of the gerbe holonomy:

If ψ : B → M for an oriented 3-manifold B with boundary ∂B = Σ

and ϕ = ψ|∂B then

HolG(ϕ) = exp
[
i

∫

ψ(B)

H
]

Σ
ϕ M

B ψ

(i.e. HolG is a Cheeger-Simons differential character)



Few math facts about gerbes (similar to facts about line bdles):

• gerbes over manifold M form a category with morphisms

that may also be described by local data

• gerbes are classified up to isomorphism by their holonomy

• gerbes have duals (with opposite curvature), tensor products (with curvatures

adding) and pullbacks (with curvatures pulling back)

• a global 2-form B defines canonically a gerbe IB with curvature dB and

holonomy HolIB
(ϕ) = exp

[
i
∫
ϕ(Σ)B

]

• flat gerbes ( i.e. with vanishing curvature) are classified up to isomorphism

by cohomology classes in H2(M,U(1))



Rigid symmetries of sigma models

• Suppose that a Lie group Γ acts on the target space M

• Sσ(γϕ) = Sσ(ϕ)

for all γ ∈ Γ, all Riemann surfaces Σ and all ϕ : Σ → M iff the metric

g on M is Γ-invariant

• e i SWZ(γϕ) ≡ HolG(γϕ) = Holγ∗G(ϕ) = HolG(ϕ) ≡ e i SWZ(ϕ)

for all γ ∈ Γ, all Σ and all ϕ : Σ →M iff all gerbes γ∗G
(pullbacks of G by the action of γ ∈ Γ) are isomorphic

• Γ-invariance of total Feynman amplitudes A (ϕ) = e−Sσ(ϕ)HolG(ϕ)

requires both conditions



Infinitesimal rigid symmetries

• ta - generators of Lie(Γ) (with [ta, tb] = i fabctc)

t̄a - vector fields on M induced by action of ta

• Γ-invariance of the metric g on M implies that t̄a are Killing

vector fields

• Isomorphism of gerbes γ∗G with curvature H for γ ∈ Γ implies

that there exist 1-forms va on M s.t.

ιaH = dva

տ
contraction with t̄a

• 1-forms va will play important role in what follows !



Gauging of rigid symmetries

• In many situations, one would like to promote rigid symmetries of the theory

to local ones by gauging

• Standard sigma-model action is gauged by minimal coupling to gauge fields

given by Lie(Γ)-valued 1-forms A = taAa on Σ

dϕ 7→ dϕ− t̄aAa i.e. ∂iϕ
µ 7→ ∂iϕ

µ − (t̄a)µAai

• Such coupling assures invariance under all gauge transformations h : Σ → Γ :

Sσ(
hϕ, hA) = Sσ(ϕ,A)

for (hϕ)(x) = h(x)ϕ(x) and hA = hAh−1 + i hdh−1



Gauging of rigid symmetries in WZ-term

• Minimal coupling doesn’t work for the (non-local) WZ-term !

• Instead, take a 2-form on Σ×M

∣∣∣ ρA = −vaAa +
1

2
(ιavb)AaAb

∣∣∣ (dropping the ∧ sign)

Proposition (Jack-Jones-Mohammedi-Osborn, Hull-Spence 1989)

The coupled amplitudes

exp
[
i SWZ(ϕ,A)

]
:= HolG(ϕ) exp

[
i

∫

(Id,ϕ)(Σ)

ρA

]

are invariant under infinitesimal gauge transformations h(x) = eiδΛ(x) iff

ι
a
H = dv

a
, L

a
v
b
= f

abc
v
c
, ι

a
v
b
= −ι

b
v
a

տ
Lie derivative = dιa+ιad



Remarks

• The conditions on the 1-forms va on M assure the absence of the local

gauge anomalies of the gauged theory

• They mean that the form Ĥ(X) = H +Xava depending on

X = Xata ∈ Lie(Γ) is a (Cartan-)equivariantly closed extension

of H (Witten 1992, Figueroa-O’Farrill-Stanciu 1994)

• Infinitesimal gauge invariance is equivalent to the one under small gauge

transformations h : Σ → Γ homotopic to identity:

exp
[
i SWZ(

hϕ, hA)
]

= exp
[
i SWZ(ϕ,A)

]



What about invariance under

large gauge transformations?

For ℓ : Γ×M →M the action of Γ on M and pr2 : Γ×M → M

the projection on the 2nd factor, consider two gerbes over Γ×M :

ℓ∗G =: G12 pr∗2G =: G2

Their curvatures differ by the exact 3-form dρθ where θ = i γ−1dγ = taθa is

the Maurer-Cartan connection 1-form on Γ and ρ
θ

= −vaθa + 1
2 (ι

avb)θaθb

Hence :

• Gerbes G12 and G2 ⊗ Iρ
θ

have the same curvature

• Their inequality is measured by the “quotient” gerbe G12 ⊗ (G2 ⊗ Iρ
θ
)∗ ≡ F

which is a flat gerbe over Γ×M



Proposition

For arbitrary gauge transformations h : Σ → Γ

∣

∣

∣
e i SWZ(hϕ,hA) = e i SWZ(ϕ,A) HolF (h, ϕ)

∣

∣

∣

where F is the flat gerbe over Γ×M just defined and (h, ϕ) : Σ → Γ×M

Remarks

• HolF (h, ϕ) ≡ 1 iff the isomorphism class [F ] ∈ H2(Γ×M,U(1))

is trivial

• Class [F ] is the global gauge anomaly: large gauge transformations

act trivially iff [F ] = 0



Example of the WZW models

• M = G for G = G̃/Z with G̃ a semi-simple compact simply-connected

Lie group and Z a subgroup of its center Z̃ (e.g. G = SU(N)/Z , Z ⊂ ZN )

• The WZ amplitude of fields ϕ : Σ → G uses a gerbe G
k

over G

with curvature

H
k

=
k

12π
tr (g−1dg)3

• Symmetry group: Γ = G̃/Z̃ with the adjoint action on G

(adjoint action is free of local gauge anomalies)

• The WZ action is gauged by the JJMO-HS prescription with∣∣∣ va
k

= ik
4π

tr ta (g−1dg − gdg−1)
∣∣∣ and no local gauge anomalies



• Global gauge anomalies are signaled by non-trivial holonomy of flat gerbe Fk

• It is enough to calculate holonomy of F
k

for Σ = S1 × S1 and

h(e i σ1 , e i σ2 ) = e i σ1p̃ , ϕ(e i σ1 , e i σ2 ) = e i σ2 p a

b

with p̃ and p in the Cartan subalgebra t of Lie(G) s.t.

e 2πi p̃ ∈ Z̃ and e 2πi p ∈ Z ⊂ Z̃

The result is
∣∣∣ HolF

k
(h, ϕ) = e−2πi k tr p̃p

∣∣∣

• Global anomaly is absent iff k tr p̃p is an integer for all p̃, p

(”k-congruence” between Z̃ and Z)

• If Γ = H̃/(Z̃ ∩ H̃) for a subgroup H̃ ⊂ G̃ then one should only consider p̃

s.t. e 2πi p̃ ∈ Z̃ ∩ H̃



• Examples of anomalous cases :

• G = Γ = SU(N)/ZN with odd N at level 1 or even N ≥ 4 at level 2

• G = SO(N), Γ = SO(N)/Z2 with N even at level 1

(equivalent to N massless Majorana (non−chiral !) fermions)

• G = (SU(3)× SU(3))/(Z3 ×Z3) , Γ = diag(SU(3)/Z3) at level 1

• Cases without global anomaly :

• Simply connected G with whatever Γ

• Non-simply connected G with G̃ = Br or G̃ = Cn

• G = (SU(2)× SU(2))/Z with Γ = diagSO(3)

(used in minimal coset models)

• Full classification for regular subalgebras h ≡Lie(Γ) ⊂ Lie(G) ≡ g

in Dynkin’s classification has been obtained (de Fromont-G.)



• Does the global anomaly of classical-field amplitudes A (ϕ,A)
carry over to quantum theory ?

• Yes if the values of functional integrals are fixed by symmetry properties

like in WZW and coset models of CFT

• E.g. in WZW model the partition functions on torus Tτ = C/(Z + τZ)

ZG(τ, Au) =

∫

ϕ:Tτ→M

A (ϕ,Au) Dϕ

0 1

τ

τT

in flat external gauge field Au = ūdz−udz̄
τ−τ̄

with u ∈ t ⊂ g is an explicit

sesquilinear combination of characters of current algebra ĝ

• One may check that in the presence of global anomalies

ZG(τ, Au) 6= ZG(τ, Au+p̃1+τp̃2 )
տ

gauge transform of Au

in a way predicted by the classical argument



Can one live with global gauge anomalies ?

• Yes, if the gauge field is external

• in WZW model in external gauge field the global anomaly is mearly

a statement about the dependence of quantum amplitudes on the latter

• No, if the gauge field is dynamic (or integrated out) in which case

global anomalies lead to destructive interferences

• e.g. in the coset models of CFT



*



• Coset models are WZW models with a part of adjoint symmetries gauged

and the gauge fields integrated out in functional integrals (Bardakci et al.,

G.-Kupiainen, Karabali et al., 1988)

• They represent a large class of 2D conformal field theories, e.g. the unitary BPZ

minimal models for G̃ = SU(2) × SU(2) at level (k, 1) and Γ = diag SO(3)

• Toroidal partition functions of coset models are explicit combinations of the so

called branching functions for two current algebras ĝ and ĥ

• Destructive interferences caused by global gauge anomaly lead to fractional

multiplicities of branching functions destroying Hilbert-space interpretation

of partition functions !



• Simplest example of such inconsistency:

In the G/G topological coset theory with G = SU(3)/Z3 at k = 1

the toroidal partition functions are:

ZG = |χ̂1|2 + χ̂3 χ̂3̄ + χ̂3̄ χ̂3 , ZG/G = 1
3
(1 + 0 + 0) = 1

3

(labeling k = 1 sû(3) characters by the su(3) representations 1, 3, 3̄ )

But ZG/G should be an integer ! to assure Hilbert space interpretation

as in topological field theory

toroidal partition function = dimension of space of states



This is not the end of the story !

• One may couple WZ amplitudes to gauge fields that are connections in

topologically non-trivial principal Γ-bundles P over Σ

• K. Hori (1996) indicated that inclusion of such gauge fields should solve

the so called field identification problem in the coset models

• More gerbish structure, a Γ-equivariant structure on gerbe G , is needed

to couple WZ amplitudes to such gauge fields in a fully gauge invariant way

• ⇒ a new source of “discrete torsion” ambiguity in quantum amplitudes



Conclusions and open problems

• Gauged 2D sigma models with WZ term may suffer from

global gauge anomalies classified by theory of gerbes

• Such anomalies render inconsistent many coset models of CFT

based on WZW models with non-simply connected groups

• Some open problems:

• inclusion of boundaries and of conformal defects via the theory

of equivariant gerbe (bi-)modules (essentially completed)

• extension to super-symmetric and non-compact versions of CFT

models, etc.

• applications to global aspects of T-duality

• precise relation to Chern-Simons theory and multiplicative gerbes

• higher dimensional generalizations (e.g. in the toroidal geometry) via

theory of n-gerbes



Some revolutions are large, like those associated

with the names of Copernicus, Newton, or Darwin,

but most are much smaller, like the discovery of

oxygen or the planet Uranus. The usual prelude to

changes of this sort is, I believed, the awareness of

anomaly, of an occurrence or set of occurrences that

does not fit existing ways of ordering phenomena.

Thomas S. Kuhn in “The Essential Tension”

Most so-called anomalies don’t seem anomalous to

me at all. They seem like nuggets from a gold mine,

found by one of the thousands of miners all over the

world.

Fischer Black (of Black-Scholes model)
Paul Maxwell

”Anomaly” (2004)


