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m Non-commutative space-time coordinates arose with
Heisenberg: solution to avoid the singularities in the
self-energy terms of pontual particles.
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Introduction

m Non-commutative space-time coordinates arose with
Heisenberg: solution to avoid the singularities in the
self-energy terms of pontual particles.

m Peierls: Landau problem.

m First formalism: Snyder (1947).
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Introduction

Introduction

m Non-commutative geometry: application in non-abelian
theories, gravitation, in standard model and in Hall effect.

m Certainly the discover that the dynamics of an open string can
be explained by non-commutative gauge theories at specific
limits has contributed to this renewed interest of the scientific
community in the topic.
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Introduction

Introduction and Motivation

m Teleparallel gravity allows for the definition of quantities that
are physically of interest, such as the gravitational
energy-momentum and angular momentum tensors which are
well behaved when compared to attempts made in the context
of general relativity. In addition, none of such expressions
obtained in the realm of general relativity are dependant on
the reference frame, which is certainly not a desirable feature
for energy, momentum and angular momentum.
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m Therefore we have two successful theories described above and
a natural forward step is combine both of them. Then here
our aim is study the Teleparallelism Equivalent to General
Relativity in the non-commutative space-time context.
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Introduction

Introduction and Motivation

m Therefore we have two successful theories described above and
a natural forward step is combine both of them. Then here
our aim is study the Teleparallelism Equivalent to General
Relativity in the non-commutative space-time context.

m Notation: space-time indices y, v, ... and SO(3,1) indices
a,b, ... run from 0 to 3. Time and space indices are indicated
according to = 0,7, a = (0), (¢). The tetrad field is
denoted by e®,, and the determinant of the tetrad field is
represented by e = det(e® ).
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B, 5] = g™,

where 0¥ is an anti-symmetric constant tensor.
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Non-Commutative Geometry

Non-Commutative Geometry

B, 5] = g™,

where 0¥ is an anti-symmetric constant tensor.

1
ATAT 2 5|0,

which suggest that effects due to the non-commutativity into
spacetime turn out to be relevant at scales of the order of
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Non-Commutative Geometry

Non-Commutative Geometry

Usually the non-commutativity is introduced by means the use of
the Moyal product defined as

f(z)*g(x) exp <i9NV8 0 )f(x)g(y)|yﬁm

2 Oxt Oy”

= J(@)g(e) + 56"0.f0ug

1

-\ 2
1
= o1 <§) QH1VL gH2V2 (8M18M2f)(8ylal,zg) +--+(1)

with a constant 0#¥.
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Teleparallel Gravity

The Teleparallelism Equivalent to General Relativity (TEGR) is
constructed out of tetrad fields (instead of a metric tensor) in the
Weitzenbdck (or Cartan) space-time, in which it is possible to have
distant (or absolute) parallelism. The tetrad field and metric tensor
are related by

wyo 6a,u€az/;

nab _ ea,uebl“ (2)

where n® = diag(— + ++) is the metric tensor of Minkowski
space-time.
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Teleparallel Gravity

Let us start with a manifold endowed with a Cartan connection,
[ = € u0xeqn, which can be written as

F,mu = Orp)\u + K;L)\V ) (3)

where OI‘M)\,, are the Christoffel symbols and K, is given by

1
K,u)\u = §(T)\/W + Tl’)\# + T,U)\l/) 0 (4)

K\ is the contortion tensor defined in terms of the torsion tensor
constructed from the Cartan connection.
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Teleparallel Gravity

The torsion tensor is T),y, = €4, T ), with

T \v — (9)\6(1 v — &,e“ - (5)

The curvature tensor obtained from I',,), is identically zero which,
using (3), leads to

1 1
eR(e) = —e(ZT“bCTabc + iTabchac —TT,) +20,(eT*),  (6)

where R(e) is the scalar curvature of a Riemannian manifold in
terms of the tetrad field and TH = T?, ».
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Teleparallel Gravity

Since the divergence term in eq. (6) does not contribute with the
field equations, the Teleparallel Lagrangian density is

1 1
Lleqy) = —ke (ZT“bCTabC + §TabCTbac —T°T,) — £

= —gen®ep. — £ (7)

where k = 1/(167).
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Teleparallel Gravity

£ is the Lagrangian density of matter fields and X% is given by

1 1
Z(Tabc + Tbac - Tcab) + 5(77ach _ nach) ’ (8)
with T = e , T* It is important to note that the Einstein-Hilbert
Lagrangian density is equivalent to its teleparallel version given by
eq. (7). Thus both theories share the same results concerning
dynamics and, up to now, observational data.

Eabc _
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Teleparallel Gravity

Performing a variational derivative of the Lagrangian density with
respect to e*, which are the dynamical variables of the system,
the field equations are

1 1
ea)\ebuay(eZb’\”) — e(Eb” A Dy, — Eewachde) = EeTa#, (9)

where Tg,,, = e, ATM,\ = %‘;ﬁ;‘ﬁ is the energy-momentum tensor of

matter fields.
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Teleparallel Gravity

The field equations can be rewritten as

1
Dy (eXV) = P e® (1M 4+ TAH) (10)

where t* is defined by

M =KADY M — PRI ) (11)

Since X% is skew-symmetric in the last two indices, it follows that

N, (e2™N) =0. (12)
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Teleparallel Gravity

Thus we get

I\ (et™ + eT™) =0 (13)

which yields the continuity equation

d

g Bree ,(t% +T%) = —% dS; [ee® ,(F" + T7M)] .
1%

s

It should be noted that the above expression works as a
conservation law for the sum of energy-momentum tensor of
matter fields and for the quantity t**. Thus t* is interpreted as
the energy-momentum tensor of the gravitational field.

On Non-commutative Corrections of Gravitational Energy in Tele



Teleparallel Gravity

Teleparallel Gravity

Therefore, one can write the total energy-momentum contained in
a three-dimensional volume V of space as

Pt = / dBree ,(t% +TW). (14)
1%

It is worth to note that the above expression is invariant under
coordinate transformation and transforms like a vector under
Lorentz transformations. Such features are desirable and expected
for a true energy-momentum vector.
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Non-commutative Corrections

In this section we shall start with Schwarzschild space-time,
described by the following line element

oM oM\ 1
ds® = — (1 — ) dt*+ (1 — ) dr’+r? (d6* + sin® 0dg”)
T T
(15)
where M is the mass of font.

On Non-commutative Corrections of Gravitational Energy in Tele




Non-commutative Corrections for the Gravitational Energy in Schw,

Non-commutative Corrections

Then a tetrad field adapted to an observer at rest at spatial
infinity, which yields the above metric, is

V=900 0 0

0 Voiisinfcos¢ (/gazcosfcosd —,/gzzsing

N 0 Voiisinfsing /gazcosfsing /g33cosd
0 /911 cos 0 —4/g228in 0 0

0

(16)
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Non-commutative Corrections for the Gravitational Energy in Schw,

Non-commutative Corrections

The non-commutativity is introduced by means of the Moyal
product, defined in eq. (1), between two tetrad field, given by
~ 1 a a
G = 5(e 55 Gy A2 € o 3 B -
Such a procedure could seems ad-hoc, however this is well
established.
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Non-commutative Corrections

Thus the new components of the metric tensor due to the
non-commutativity of space-time are written in terms of the old
ones, up to second order in 6*¥, as

goo = 900,

N 1
Jin = 911+1923

x 62311 cos(26) + 63 sin(26) <d§11)]
"

1 13 2 1242 g1
+8 [(9 sin6)“ + (0 )] 7 )

On Non-commutative Corrections of Gravitational Energy in Tele



Non-commutative Corrections for the Gravitational Energy in Schw,

Non-commutative Corrections

Go2 = go2 — EOQS {023g22 cos(26) + 6'3 sin(26) <d322>]
-

1 13 2 1242 d*ga2
+8 [(9 cos6)” + (0°) ] 2 )
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Non-commutative Corrections for the Gravitational Energy in Schw,

Non-commutative Corrections

} 1 o o\?
gs3 = g3zt 3 (9138+9238G> 933

+(912)2 9%gss\ (9gs3\”

W 06? or

9933 ’ 0933 ? 933

+29s3 (aom) +( 28 ) < e )
_9 9g33 9933

933 \ "gg2 or?
_9 9933 9933 0*gss

00 or a00r ) |’
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Non-commutative Corrections

. sin(26) (G [ (d911> <d922>r
J12 = —— =375 3/9 —=(07) g2 | = ) —9u | ——
(32 gSé%ff) { 2 dr dr
d? d?
+(913)2911922 [922 (df;l) + 911 ( f§2>] - 8(923)29%1932

d
d
+460"36?3 g1, gas cot(260) {d (922911)]}
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Non-commutative Corrections for the Gravitational Energy in Schw,

Non-commutative Corrections

913 =
()

dgi1 9933 92933 9933 0933
e () (F52) om0 -2 (%) (52)

{ [COS ( P 933 g11 500, 933 + 911 50 or +
dgi1 ) 02933 (agss )
2

) +q33< ar (692 + 2911933 or TF

) (%
dgiy 9933 9933\ ? 92933
010 |eomo (o (32) () +on (2) -2
aF [cos ( 933 | — - or + 911 o 911933 o2
. 1 dgu) (3933) (3933) 2] (3933 dgu)
o —= — .
+osm < 2( dr 26 ar ) 795, a0 Tar
1 15} d 2
ey )
2 \g11 o6 dr

(18)
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Non-commutative Corrections

o2 13 2 8%g33 13 9933\ [ dg22\2
7] = _ 40 sin | ———— | — 6 cosf | —— —+
g28 <3293/2 3/2) { g22058 or2 983 ( 0 )( dr )

33 922

9933 d?gao 23 2 9933
+ 2013 c059(7> — | +40 c050<7>
933922 o ) 922933 o

9933 )2 (3933 ) (6933 )
13 2 . 23 2 B

= 26 sin@ (| —— — 260 sin 6

Oz ( or 922 o060 or

dga2 ) <8933 ) (d922 >
23 q 23

— 2 9 sin 0 — 0 cos 2]

933922 ( g22

9933 )2 23 (dgzz ) 92933 13 <d922 ) (3933 )
X + 26 cos 0 +26 sin 6 —
( o 933922 T 502 933922

dgaa ) (3933 ) (3933 ) <d922 ) 92933

13 13

- 0 cos 6 26 cos 6

922 ( ar 90 o + 922933 ar +

92933

23 2 .

+ 46 sinf | ———— .
OBk ( 800
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Non-commutative Corrections

We assume the following correspondence g, = €% ,€,,, where €,
is given by

0 Bsinfcos ¢+Er cosé Frsinfsing Creosfcosd—Grsinfsing —Hrsinfsind

0

() Bsinfsin¢+Ercosdsing+Frsinfcos¢ CreosOsing+Grsinfcosd Hrsinfcosp

0 Beos6-Ersind ~Crsinf ]
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= Vv —goo,

8
B = 2
4
6
Cc = —,
/933
7 = 912933 — 923913
/333 8
7= J13
v/ g33 rsin 0
c - g23 ’
V/g33 rsin 6
H = 933.
7 sin 6
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Non-commutative Corrections

The quantities 6 and 91 are defined by

6% = G223 — G55
and
9 - 2 - 2~ 9 _
01 = g110” — G22013 — 33912 + 2G12923G13 -
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Ti12 =

1 /0 o9g g a3 g
7( 911) [a< 922)_’_,8(5523)( 933)_2B< 923)]’
2 262 or 3J33 or or
= 1 79322 ) (3912> —1/2 (3!722> (!723) (3!733>
T, = - -3 b +8( =) (==
212 2( or 20 1953 252 |“\ a0 P\ %ss 20
9322 )
— 2 B
ﬂ( %
- ~ 35333) _ (3?733) _ (%13)]
T = = =) ZBEN _ g ,
312 25 [ ( ) gza( o + 913 50 g33 20
Hele
2 \gs3 or /)’

Ti13
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Non-commutative Corrections

= 1 - S 1/2 9§33
To13 = —— {29335 COSG+2923934 - 9235( )] )
2g330 ar
- 1 3@33) 1 1/2
T = — — — (acosO + 619 sinf ) ,
23 2 ( o a( 1933 )
= 1 §13> (35733> 1 _—1/2 .
T = —— | = - — cosO + 6 sin@) ,
123 5 (§33 20 5 (B 1923933 i )
- 1 (go3 9333
Tz23 = = (_7) ( ) )
2 \Js3 00
- 1 /0g
T323 = % ( ZZS> — dcosf.
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where

a = g33g12 — 23913
and

B = g12923 — G22913 -
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S = m [*Tnz (52§12 + 041311) — Ta12 (52?}22 + 04712) — T312 (52523 + aélz) -
- Tug (525?13 - B@ll) — T3 (52§23 - [3§12) — T313 (525?33 - 5@13) + T123(g13 +

+  Bg12) + Tazs (g23 + Bg22) + Ta23 (agss + 55723)} )
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- 2 86 19 9
Jes(@o01 <7) 51/25 ( 1 ) @ 2@ = e o
e 5 35701 + Toas sin > %0 (933922) + = (933912)

+

me[(2) - (2]} +

< 1 ){(- 915 — G123 )[3(§22§33)]+2- (512523 — G223 )(3623>}
525, 923913 = 012933) | — = 933 (912923 — §22913 o0 .
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Then taking the limit » — oo it yields

2
~ 0 11 3 1
4e £001 _ 4 arging — (923)2 <&> [M (— + cos? 9) + lim —r (7 + cos? 9)} .
8 r—00 4

sin 6
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Non-commutative Corrections

In this sense, we obtain

=1 0 0 0
1 .
0 L4 0792 cos 20) _(623)2 1 sin (26) 612623 (sin2 9 —cos 6)
T BV S -z
_ 2312 .5 23,2
NMpv = 0 — (D ein (@) Zsm (26) [1 _ ) 400S (207)] r? 0 ’
012023 (sin2 6—cos 6 2342
% 0 [1 i M] 2 sin? 9
4sin2 6

which generates non-vanishing components of the torsion tensor.
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Non-commutative Corrections

Hence we get

- 1 /49 15
PO =M+ (Z—-=m2) (®)?*M
thus the correction in the gravitational energy due to the

non-commutativity of space-time is

AP© — i <4; — 1251n2) (6%3)2 M .

Alternatively the need for a regularization procedure could be
contoured by means the choice 623 = 0, in such a way there would
be no correction for the Schwarzschild energy.
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Conclusion

Conclusion

In this work we start with Schwarzschild space-time, then we give
the corrections due to the non-commutativity of space-time. Here
it is introduced by replacing the normal product between tetrads by
the Moyal product, rather than applying such a procedure in
lagrangian density. This approach is well known in the literature to
predict some non-commutative corrections in the metric tensor.
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Conclusion

Conclusion

The new metric tensor leads to a new tetrad field which is used to
calculate the gravitational energy of space-time. It is well known
that the energy of Schwarzschild space-time is equal to M,
therefore we get a correction in the energy equal to AP(®). We
stress out that the expression for the gravitational field has been
developed and tested over the years in the context of TEGR. Since
the non-commutative parameter is arbitrary (it should be given by
experimental data) we speculate that such a correction in the
gravitational energy can be associated to quantum effects in the
realm of gravitational field. If the correction represents the energy
of gravitons, then it should be proportional to the Planck's
constant.
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Conclusion

On the other hand the correction is proportional to the mass of the
font, which could mean a new kind of quantization associated to
the mass of a black-hole or a star, for example. Therefore the
gravitational energy turns out to be of fundamental importance
(experimental purposes), since it can tell if the space-time is
commutative or not. For future works we intend to investigate the
corrections of the gravitational energy in the context of Kerr
space-time on the outer event horizon. We also want to study the
solutions of the non-commutative equations that come from the
lagrangian density replaced by the Moyal product.
http://dx.doi.org/10.1155/2013/217813
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