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A non convex problem

Let Ω be a bounded domain of RN . We consider the problem

I(Ω) := inf
u∈H1(Ω)

{∫
Ω

(ϕ(∇u) + g(u)) dx : u = u0 on ∂Ω

}
, (1)

where ϕ : RN → [0,+∞), g : R→ [0,+∞) are functions such that

I ϕ(z) is convex continuous, ϕ(0) = 0;

I g(t) is lower semicontinuous and ∃M countable such that for
t ∈ R\M, lim supn g(tn) ≤ g(t) whenever tn → t;

I there exist α, β > 0 : α|z |2 ≤ ϕ(z) + g(t) ≤ β(1 + |z |2).

For simplicity, we assume that u0 = 0.
We emphasize that g is not assumed to be convex.



Example

ϕ(z) =
|z |2

2
, g(t) =

{
λ if t > 0

0 if t ≤ 0
,

I(Ω) = inf

{∫
Ω

[
|∇u|2

2
+ g(u)

]
dx : u = 1 on ∂Ω

}
.

; Free boundary Pb in term of D = {u > 0},

t

x

1 -
u = 1

D

u = 0

u solves 
−∆uD = 0 in D

uD = 1 on ∂Ω

uD = 0 in Ω\D.

; Shape functional

J : D → λ|D|+ 1

2

∫
Ω
|∇uD |2.



Pb in 1D case

Let N = 1, Ω = (0, h), the Pb is stated as

I(λ, h) = inf

{∫ h

0

u′2

2
dx + λ|{u > 0}|

∣∣∣∣ u(0) = 1
u(h) = 1

}
. (2)

Taking first integral of Euler’s equation, −u′′ + g ′(u) = 0, we have

u′ϕ′(u′)− [ϕ(u′) + g(u)] = µ

⇔ u′.u′ −
(
u′2

2
+ λ1{u>0}

)
= µ

⇔ u′ = ±
√

2
(
µ+ λ1{u>0}

)
.

Solutions are piecewise affine functions of slopes in
{

0,±
√

2
√
λ
}

.



Thus, solutions are ū0 ≡ 1 or of the form:

ū1(x) =


−
√

2
√
λx + 1 if 0 ≤ x ≤ 1√

2
√
λ

0 if 1√
2
√
λ
< x < h − 1√

2
√
λ√

2
√
λx − (

√
2
√
λh − 1) if h − 1√

2
√
λ
≤ x ≤ h.

The problem reaches its minimum: I(λ, h) = min{λh, 2
√

2
√
λ}. As

h = 2
√

2√
λ

, the problem has at least two solutions, ū0 and ū1.

0

t

x

1

h1√
2λ

h − 1√
2λ



Duality framework(Constrained flow optimization)

We set B the class of fields σ = (σx , σt) ∈ (L∞(Ω× R))N+1 satis-
fying the following conditions:

(s1) div σ = 0 in Ω× R;

(s2) σ(x , t) ∈ C (t) a.e. (x , t) ∈ Ω× R;

(s3) ∀t ∈ M, 0 ≤ σt(x , t) + g(t) a.e. x ∈ Ω. (∗)
Here C (t) =

{
(qx , qt) ∈ RN × R

∣∣ϕ∗(qx)− g(t) ≤ qt
}

.

Lemma 1 [Bouchitté, Fragalà]
For every u ∈ H1

0 (Ω) and for every σ ∈ B, one has

−
∫

Ω
σt(x , 0)dx ≤

∫
Ω

[ϕ(∇u) + g(u)]dx

(∗) (s3) can be dropped if g is continuous, σt(·, t) coincides with
the normal flow across the hyperplane {xN+1}.



Geometrical interpretation

t

xΩ

Gu

div σ = 0

νu

σ

v = 1

v = 0

Gv0

νv0

ϕ∗(σx)− g(t) ≤ σt a.e. in Ω× R.

v = 1u(x , t) =

{
1 if t ≤ u(x)

0 if t > u(x)

νu = 1√
1+|∇u|2

(∇u,−1) is the unit

normal to the graph Gu.

−
∫
Gv0

σ.νv0dH
N =

∫
Ω×R

σ.D1u

=

∫
Ω

[
σx(x , u(x)).∇u(x)− σt(x , u(x))

]
dx

≤
∫

Ω

[
ϕ∗(σx) + ϕ(∇u)− σt

]
dx

≤
∫

Ω
[ϕ(∇u) + g(u)]dx

If u0 = 0 then

∫
Gv0

σ.νv0dH
N =

∫
Ω
σt(x , 0)dx .



Dual Pb holds in dimension N + 1

Let us define

S(Ω) := sup
σ∈B

{
−
∫

Ω
σt(x , 0)dx

}
. (3)

Then I(Ω) ≥ S(Ω) (Lemma 1).

Theorem
It holds I(Ω) = S(Ω).

Sketch of proof.
u ; v = 1u(x , t) ∈ A0 where

A0 =

v(x , t) : Ω× R→ [0, 1]

∣∣∣∣∣∣
v(x , ·) is decreasing ,

v(x ,+∞) = 0, v(x ,−∞) = 1,
Dv is a bounded measure .





• I(Ω) can be reformulated as: inf{F (v), v ∈ A0} where
F (v) =

∫
Ω×R h(t,Dv), h(t, p) := −pt(ϕ(−px

pt ) + g(t)).
Let us(x) := inf{τ ∈ R : v(x , τ) ≤ s} for s ∈ [0, 1].

Lemma 2
If F (v) < +∞, for v ∈ A0, then for a.e. s ∈ [0, 1], one has

us ∈ H1
0 (Ω) and F (v) =

∫ 1
0

(∫
Ω[ϕ(∇us) + g(us)]dx

)
ds.

Remark. If v = 1u then us = u for a.e. s ∈ [0, 1].
Consequence.
If v is solution of inf{F (v), v ∈ A0} then ∀s ∈ [0, 1], us is solution
of I(Ω).

• F (v) can be rewritten as F (v) = sup
{∫

Ω×R σ.Dv : σ ∈ B
}

.

I(Ω) = inf
v∈A0

sup
σ∈B

{∫
Ω×R

σ.Dv

}
= sup

σ∈B
inf

v∈A0

{∫
Ω×R

σ.Dv

}
= S(Ω)



Numerical computation of optimal flow

We treat the case

Ω = [0, 2], g(t) =

{
λ if t > 0

0 if t ≤ 0,
λ = 2,

Sε(Ω) := sup
σ∈B

{
−
∫

Ω
σt(x , 1)dx−ε

∫
Ω×[0,1]

|σ|2 : ε ≥ 0

}
.

I ε = 0 the critical dual Pb

I ε > 0 viscosity term (; uniqueness of solution)

x0 2σt(x , t) ≥ 0

1

|σx |2
2 − λ ≤ σt



Numerics (Matlab toolbox + 2D Finite element)
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(a) ε = 0
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(b) ε > 0
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(c) Singular solution

• Singular solution (c) is constructed by symmetrization of gradient
rotated, σ = (∂tV ,−∂xV ), of value function:

V (x , t) := inf
{∫ x

0
u′2

2 dx + λ|{u > 0}|
∣∣∣u(0) = 1, u(x) = t

}
.

• Time of computation is very high. Matlab toolbox is not good for
non linear constrained optimization Pb.



Min-max Formulation

Let L(v , σ) :=
∫

Ω×R σ.Dv .
As we have known

I(Ω) = inf
v∈A0

sup
σ∈B

L(v , σ) = sup
σ∈B

inf
v∈A0

L(v , σ) = S(Ω)

We now seek the saddle point of min-max problem

inf
v∈A0

sup
σ∈B

L(v , σ)

Recall that (v̄ , σ̄) is solution of the problem min-max if

L(v̄ , σ) ≤ L(v̄ , σ̄) ≤ L(v , σ̄),∀v ∈ A0, σ ∈ B

Remark. Once when v̄ is determined, we will obtain us as optimal
solution of I(Ω) (Lemma 2).



Discretization settings

Back to the previous Free boundary Pb.
Let Ω = (0, 2), Σ = Ω× (0, 1). Note that∫

Σ
σ.Dv =

∫
Σ
σ.D(v −1) =

∫
Σ
−(v −1) div σ+

∫
∂Σ

(v −1)(σ.n)ds.

A =

{
v(x , t) ∈ BV (Σ)

∣∣∣∣ v(·, 0) = 1, v(·, 1) = 0,
v(0, ·) = v(h, ·) = 1

}
.

The min-max problem reads

sup
σ

inf
v∈A

{∫
Σ
−(v − 1) div σ −

∫
Ω
σt(x , 1)dx

}
= sup

σ

{
−
∫ h

0
σt(x , 1)dx : div σ = 0

}
.



Discretization settings:
We consider a two-dimensional Cartesian grid Gh of size nx × nt .
Let hx , ht are steps and (i , j) is location on the grid.

Gh = {(ihx , jht) : 0 ≤ i < nx , 0 ≤ j < nt}

Ah =
{
vh ∈ Rnxnt : vhi ,0 = 1, vhi ,nt−1 = 0, vh0,j = vhnx−1,j = 1

}
Bh =

{
σh ∈ (R2)nxnt : (σh)i ,j ∈ C (jht)

}
The discrete minimax Pb

min
vh∈Ah

max
σh∈Bh

〈
∇hvh, σh

〉



Orthogonal projections

Consider the projection
σhn+1 = ProjBh(σhn + α∇hvhn)

vhn+1 = vhn − β(divh σhn+1)

vhn+1 = 2vhn+1 − vhn

where αβL2 < 1, divh is adjoint to ∇h, and L is given by

L = ‖∇h‖ = sup
‖vh‖6=0

‖∇hvh‖
‖vh‖

=

√
4

h2
x

+
4

h2
t

The projection σh = (σx , σt) of σh /∈ Bh is given by

σx = 1
1+θσ

x

σt = σt + θ

qx = σx

qtt = σt + λ

0 = θ3 + (2 + qt)θ2 + (1 + 2qt)θ + qt − 1
2 |q

x |2



Scheme MAC + Orthogonal projections

Scheme MAC is adaptive to this method. Here are some results.
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• In case of λ = 2.
Optimal v exhibits two plateaus corresponding to solution u0 and u1
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• In the case of λ = 4.
Optimal v exhibits two plateaus corresponding to solution u1.
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• In the case of λ = 1.
Optimal v has only one plateau corresponding to solution u0.



Thank You!
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