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The porous medium equation

Porous medium equation (PME):
Ou—Au" =0, m>0,

with u = u(x,1) > 0.

» Model for the motion of a fluid in a porous medium
» Model for an explosion (like a bomb)

» Useful for creating a perfect coffee (project of illy with the
university of Florence)
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the mathematical models developed in order to interpret the data correctly.
The models are of increasing complexity, the first being confined to the
mechanical phenomena (experiments performed with cold water), while
the most comprehensive includes the influence of dissolution. Particular
emphasis is put on the fact that the process deviates significantly from
usual filtration in standard porous media, although the classical Darcy's
law is assumed as the fundamental flow mechanism,
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The porous medium equation

Porous medium equation (PME):

Ou-A u" =0, m>0.
Z_
=ym-ly

Behavior of the solution depends on m in a crucial way:
» m = 1: classical heat equation (smooth solutions)

» m > 1 (slow diffusion equation):

» fundamental solution has compact support at any time
» degenerate behavior: |u|"' - 0asu -0

» m < 1 (fast diffusion equation):

» fundamental solution has no comp. supp. for any time r> 0
» singular behavior: [u|"! - cc as u —» 0



Some known results for the PME

v

Existence of weak and very weak solutions

Asymptotic behavior (decay when ¢ — o0)

Holder continuity of solutions

Harnack inequality

Behavior of the free boundary

» "1 is differentiable (even C!'%) after some waiting time
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Obstacle problem for the PME

Obstacle: P:Qr > R,
Lateral boundary datum: g:Qr - R,, g>1 onQr
Initial boundary datum: u,:Q >Ry, wu, >(-,0) on Q

The obstacle problem:

u>1 onQr,
u supersolution to the PME, i.e. d,u — Au™ >0 on Qr,
u solution to the PME on {u > v }.

Formally the problem reads as:
max{—(Ou — Aum) Y-up=0 in Qr,
=g on 92 x (0,7).

u(-, 0) on Q.



Known existence results

» Alt-Luckhaus: double obstacle problem for 9,b(u) — Au = 0,
with P <u <y, and 1, € L

» Brezis, Lions: obstacle problem for the parabolic p-Laplace
D —div(|VulP~2vu) = 0, with ¢ not increasing
in time;

» B.-Duzaar-Mingione, Scheven, Lindqvist-Parviainen:
obstacle problem for the parabolic p-Laplace,
no monotonicity assumption on .



Variational inequality
u > 1) satisfies

/{; [8,u(vm —u")+vu" - (W' - Vum)] dz>0

for any v > ¢ with v = u on Opa Q7.
» u supersolution: v = u™ + ¢, with ¢ > 0, ¢ = 0 0N Fpadr

= f [@ugo +vu" - Vgo] dz>0
Qr

:fQT (Oru—Aum)pdz

» u solution on {u >y} vV" =u™ + p, with sptp c {u >},
u™ £ > P"

= / [Quep + V" - V]dz=0
Qr

= Joop g (D=2 ) p dz



Strong solutions

Function space for solutions:

Ky (Qr) :={v e C°([0,T]; L™ () :v" e L*(0, T; H'(2)),
v>1 a.e. onQr}.

Definition: u € K, (Q7) with u = g on 9 x (0,7T), u(-,0) = u, on
Q and du € L*(0,T; H™'(Q2)) is a strong solution to the obstacle
problem if

/ [(Btu,vm —u"y+vu" (W - Vum)] dz>0

Qr

holds true for any v € K,,(27) with v =g on 9Q x (0,T).

(,-): duality pairing between H~'(Q) and H}(2)



Existence of strong solutions

Theorem (B., Lukkari, Scheven).

Letm > % and ¢, "™, g, 8", u,,ul) be smooth. Then, there exists
a strong solution to the obstacle problem which is locally Holder
continuous.



Nonsmooth obstacles

m+1

" e LX(0,T;HY(Q)), O™ eL'n, ¢"(-0)eH (Q)

Definition: u € K, (Q7) with u = g on 00 x (0,T) is a weak
solution to the obstacle problem if

fQ [Vu™ - (V" = vu™) + (v - u)op™ | dz
T
> /;Zx{T} [t - ﬁ(um+1 + vm“)] dx
- [Q [ (0) = =L (! + "1 (0)) ] dix

for any v e Ky, (£27) with v =g on 99 x (0,T) and 9,v" ¢ LmTH(QT).



Existence of weak solutions

Theorem (B., Lukkari, Scheven).

Let m > =2 and 1, g, u, satisfy

¢m7gm ELZ(()? T7H1(Q))7 aﬂ/}m’atgm ELMTH(QT)v
wm(.70)’u:}n EHI(Q)'

Then, there exists a weak solution to the obstacle problem.



Regularity

Question: How regular are solutions to the obstacle problem?

Heuristics:
» On {u=1}: uis as regular as the obstacle

» On {u>}: uis a solution to the PME

= Holder continuity is the best regularity expected



Regularity result

Theorem (B., Lukkari, Scheven).

Let m > 1 and v be Holder continuous and « be a weak solution
to the obstacle problem. Then, u is locally Hélder continuous.



Proof (local boundedness)

u is locally bounded on Q7 with the estimate

1 m m+1
sup u<c max{ sup Y, ( / u dz) ,
Q0,0(20) 025,26(20) P2 J02p00(20) (



Proof (intrinsic geometry)

Intrinsic geometry

O —A(u™ ) =0, on Qs
—_—
N}L’"—IAM

» Assume u ~ p>0o0n Q, (for instance 1p < u < 2p)

» Rescale the solution on Q; ;:
v(y,7) :=u(py,sT),  on Qi

m—1 S},Lm_l
= 0;v =80~ sp"  Au= pe Av = s=u "p

» = Homogeneous behavior on intrinsic cylinders of the
formQ =0, ,i-n,, provided u ~ ;1 on Q.



Proof (Two regimes)
Fix z, € Q7 and consider cylinders with vertex z,. Distinguish
between two types of cylinders.
» Nondegenerate regime: 0 = Q,, ,1-n2(z,) satisfies (NR) if

supuS,uSZirQlfu (*)
i S9N behaves like a solution to the obstacle problem
for the heat equation on Q
» Degenerate regime: If (+) is not satisfied, construct a
sequence of nested clinders Q; = »(z,) such that
either

p9p

there exists i, € Ny such that Q;, satisfies (NR)
or

oscg,u = 0, asi— oo in a quantified way
(u(zo) = 0in this case)



