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Cost of null controllability
@000

A linear KdV equation on a bounded domain

v

T >0, M € R\ {0} (transport coefficient), € > 0 (dispersion coefficient),
Q:=(0,T7) x (0,L).

yt+5y:cxx_Myx =0 in Q,
Ylz=0 = ’U(t), Yz|o=L = 0, Yzz|z=L = 0 in (OvT)a
Yjt=0 = Yo in (07L)

v

This kind of boundary conditions have been introduced by Colin and
Ghidaglia (1997,2001).

Null controllability for every T' > 0 was proved by Guilleron (2014).

v

» We are interested in the behaviour of the cost of null controllability with
respect to €.

e { . HU||L2<0,T)

cost +— sup
ver2(0,7) |lyollL2(0,1)

S Y=o = Yo, Yje=r = 0 in (0, L)}
yo€L2(0,L)
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Cost of null controllability
0e00

Examples

» Heat equation:

{ Yt — €Yza — My, =0 in Q,

y\z:(] = U(t)7 y|z:L =0 in (OyT)
Coron, Guerrero (2005):  C5,k*" < Cyexp (C(T, M)e™").

» (Classic) KdV equation:

{ yt+5yxa:m_Myx:0 in Q,
Ylz=0 = ’U(t), Y=L = 0, Yz|o=L = 0 in (07 T)
Glass, Guerrero (2009): C’i’,ﬁdv < Cyexp (C’(T, M)g—l/Q).

> (Our) KdV equation:

{ yt‘i’Eyzzz*Myz:O in Q7
Yjz=0 = U(T)> Yx|le=L = 07 Yox|z=L = 0 in (07T)

Guilleron (2014): C¢,. < Coexp (C(T, M)sfl).
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Cost of null controllability
[e]e] o]

An estimate of the cost of null controllability

Theorem (Guerrero, C.)
Let T'> 0, M € R and € > 0 be fixed. Then,

Ciost < Coexp (C(e™ 2772 4 M'V2c7V2 1 MT)), if M >0, and

Ciost < Coexp (C(e™2T72 4| M|?e™1/?)), if M <0,

where C' > 0 is a constant independent of 7', M and ¢, and Cp > 0 depends
polynomially on ¢, T~ and |M|™*.

> In particular, if € is small enough

Céost < Coexp (C(T, M)s_l/Q).
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Cost of null controllability
[eJe]e] ]

The Hilbert Uniqueness Method (HUM)

> The proof is based on an observability inequality

H@\t:OHLHO,L) < CobSHSOIIIZZOHLQ(O,T)v

where ¢ satisfies (adjoint equation)

{ _Sot_gsomzz+M@z:0 in Q,
Ple=0 = 07 Prlz=0 = 07 (599:::;1: - AJ\P)\;:L =0 in (O7 T)

> We consider the function ¢ := ey, — M, which solves

{ _¢t_5¢mxoc+M¢x:0 in Q,
¢z|z:0 = Oa ¢II|Z:O = 07 Cb\fv:L =0 in (07T)

and we prove (Carleman estimate)

T
—2sa 51 |2 —2sa 5 2 _ p(ﬂf)
//Qe a’|pl” < Co/o e a’|plz—o|”, a= AT = i

> We recover ¢ from ¢ and pjy—0 = @zje=0 = 0 (O.D.E.).

Nicolds Carrefio - Universidad Técnica Federico Santa Maria

On the cost of null controllability of a linear KdV equation



Cost in the limit
[ Jelele)

Behaviour of the cost in the vanishing dispersion limit

> We are now interested in the behaviour of C%,,, as e — 0.
» Consider the transport equation (¢ = 0)
yi*Myz:O inQ:: (07T)><(07L)7
Ylt=0 = Yo in (0,L)

with controls:
Yo=o = v1(t) if M <0,
Yyo=r = v2(t) if M >0.

» The transport equation is controllable if only if "> L/|M]|.
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Cost in the limit
[ Jelele)

Behaviour of the cost in the vanishing dispersion limit

> We are now interested in the behaviour of C%,,, as e — 0.

» Consider the transport equation (¢ = 0)

yi*Myz:O in @ := (07T)><(07L)7
Ylt=0 = Yo in (0,L)
with controls:
Yo=o = v1(t) if M <0,
Yyo=r = v2(t) if M >0.

» The transport equation is controllable if only if "> L/|M]|.

> Then, it is natural to expect for KdV:
» lim Cf, = +ooif T < L/|M|.

e—0t

» lim C5,,, =0if T > L/| M|

e—0+
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Cost in the limit
o] lele)

An explosion result of the cost

For the classic KdV equation:

Yt + EYzaa _Myac =0 in Q,
Ylz=0 = U(t), Yjz=L = 0, Yz|le=L = 0 in (OvT)7
Yit=0 = Yo in (O7L)

Glass, Guerrero (2009) proved that
1. T<L/IM|: C5EY > exp(Ce™2) if M #0.

cost

2. T>KL/M : C55Y <exp(—Ce™/2) if M > 0,K > 0 large.

cost

» The idea is to reproduce these results for the boundary conditions

Yjz=0 = 7"(1:)7 Yz|z=L = 07 Yzz|z=L = 0.
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Cost in the limit
[e]e] 1o

An explosion result of the cost (M < 0)

Yt + €Yzaa — Myz =0 in Q,
y\z:O = /U(t)’ ya:\z:L = 07 yzz\z:L =0 in (07T)7
Yle=0 = Yo in (0,L).

Theorem
Let M < 0. Then, for every T' < L/|M]| there exist C > 0 (independent of ¢)
and €9 > 0 such that

Clost > exp (Ce™'?), Ve € (0, 0).
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Cost in the limit
oooe

Idea of proof (M < 0)

We construct a particular solution ¢ of

—Pt — EPzax + Mﬁoz =0 in Q,
Ple=0 = 07 Pr|lz=0 = 07 (5903390 - ML)D)ll‘:L =0 in (OvT)a
90|t:T = @T in (03 L)a

where 0 < @7 € C5°(0, L), |¢Tll22(0,) = 1.

We prove: T/
® ||¢zz\z:0||L2(o,T) <
GXp(fo-:_l/zT_lm) V\/\,\/

® [[Pje=oll2(0,) 2 ¢>0 /

and we can conclude.

I @re=oll = ¢

1)

| @uaeoll < exp(—Ce™3T
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Cost in the limit
[ Je]ele)

Uniform controllability? (M > 0)

o Cfo < exp(—C(T, M)efl/Q), T large?
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Cost in the limit
[ Je]ele)

Uniform controllability? (M > 0)

o Cfo < exp(—C(T, M)efl/Q), T large?

e A possible strategy is to combine an observability inequality:

—1/2)

||<P\t:T/2HL2(0,L) < exp (05 H@zzlzzOHLZ(o,T)

with an exponential dissipation estimate (7" large enough):

lleje=ollr2(0,) < exp ( — CTE_I/Q)||<P\t:T/2HL2(o,L)-
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Cost in the limit
[ Je]ele)

Uniform controllability? (M > 0)

o Cfo < exp(—C(T, M)€71/2), T large?

e A possible strategy is to combine an observability inequality:

—1/2)

||<P\t:T/2HL2(0,L) < exp (05 H@zzlzzOHLZ(o,T)

with an exponential dissipation estimate (7" large enough):

lleje=ollr2(0,) < exp ( — CTE_I/Q)||<P\t:T/2HL2(o,L)-

e |n our case: we do not know how to prove such a dissipation estimate...
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Cost in the limit
[e] Jele)

Explosion result for arbitrary T°

Theorem
Let T,L,M > 0 and § € (0,1). Then, there exists €9 > 0 such that

C20, > Csinh ((1— 8)LM'?c71/?), Ve € (0,20)

cost
where C depends polynomially on ¢! and «.
> Here: ol
V|| 2

€0 . L2(0,T)

Ccost T sup > T

yoeH3(0,0) veL7(0,T) ||y0||Hg(o,L)

yo#£0  Ye=1=0
and

H2(0,L) :={h e H*,L) : ¥ (L) = h""(L) = 0}.

» In particular, since C%,,; > C=2, for any x € (0,1):

Csr > exp((1 — k) LM'?e71/2) | Ve € (0,&0).

Nicolds Carrefio - Universidad Técnica Federico Santa Maria

On the cost of null controllability of a linear KdV equation



Cost in the limit
[e]e] le)

An auxiliary problem

Find w € L?(0,T) such that:

Wt + EWprpe — Mwz =0 n(0,T) x (6L, L),
Werz|z=6L = u(t)v Wy|e=L = 07 Wygle=L = 0 in ( ),
Wig=0 = Wo, Wjt= =0 n (6L, L).
U
We define its cost: K¢, := sup min M.
woeH3 (5L,L) w€L?(0,T) HWOHHg(aL,L)
wo#0 wy=7=0

» We prove that K&, > C'sinh ((1 — §)LM"/?e~1/?).
> By setting u := Yy (0—s1,, We can prove that K¢ys S Cjogt
> We show

1Yeaiz=srllL2(0,1) < ClIvllL2(0,7y + 190l 3 (0,2))

where C depends polynomially on e~ ! and ¢.
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Cost in the limit
[e]e]e] )

Particular solution for the adjoint equation

The adjoint equation is given by

— s — EPar + Mtpy =0 in (0,T) x (6L, L),
’(/)a;|z:6L = (51/111 - Mw)\z:5L = (szz - M’(/))|1:L =0 in (OaT)v
Ylp=r = V7 in (0L, L).
L
—oh
> sup M < €K§ost||¢\z:6LHL2(o,T) (observability ineq.).

heH3 (5L,L) 1Al a3 oL, r)

» () := cosh (= — 6L)M1/26_1/2) is a solution.
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Uniform controllability
@00

Dissipation estimate for the adjoint equation

For the solutions of

—Pt — EPzax + M@z =0 in Q,
Plz=0 = 0, Prle=0 = 0, (690171 - Mso)lz:L =0 in (OaT)7
Ple=r =1 in (0, L)

we can prove an exponential dissipation estimate of the kind:

SL L
/ lpjimol® < exp (— CTV?e1/?) / l@je=r/2®
0 0

T
+exp (— CT71/2571/2)/ l@lo=r|’, 8 € (0,1),T large.
0

» exp (— CT"'/?c7'/?) counteracts observability constant (from Carleman).
> |o—r allows to define a control like y,pjz—r = v2(1).

> Price to pay: initial conditions yo supported in [0,5L).
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Uniform controllability
oeo

First case

yo € L*(0,L), yoys1,1) = 0:

yt+5yzmz _Myz =0 in Q7
Ye=0 = V0(t), Yaje=L =0, Yeale=r = v2(t) in (0,T),
Yie=0 = Yo, Y= =0 in (0, L).

We are able to prove:
lvoll 20,1y + lv2ll L2 0,0y < Coexp (— C(T, M)e™"?) ol L2 (0,61)-
» Observability inequality “for free” from previous case
lpre=r/2llz2(0,) < exp (Ce™"*) [l @aniz=oll2(0.1)-
» Combined with the dissipation estimate we obtain:
l@e=ollz2(0,6zy < exp (= C(T, M)e™ ) l@zaizmoll L2 (0,1

+exp (— CT ™Y lpjerllL20.1) -
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Uniform controllability
ooce

Second case

Yo € L*(0, L), Yo (sr,1) = O:

yt+5yzzz_Myz =0 in Q,
Yjz=0 = 0, Yz|z=L = V1 (t)a Yoz|z=L = U‘Z(t) in (07 T)»
Yjt=0 = Yo, Y= =0 in (0,L).

We are able to prove:

loillp2co,ry + lv2ll 20,7 < Coexp (= C(T, M)571/2)|\y0||L2(0,5L)-

> New Carleman inequality:

~2sa) 12 < T s ) 2 2 _ p(z)
e lp]* < Co e (IPejo=t " +lPjz=L]), VoY

> No need to use ¢ := ez — M.
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Open problems
[ Je]

Open problems

> Remaining case:

yt+<€ya:zz_Myz =0 in Q,
Ylz=0 = 'U()(t)7 Yz|z=L = V1 (t)a Yoz|z=L = 0 in (OvT)7
Yjt=0 = Yo, Yp=r =0 in (0,L).

lvoll L2 (o, 7y + llvill 20,7y < Coexp (- 05_1/2)||y0“L2(0,L)?
or
lvoll2(0,7y + Vil 20,7y = Co exp (0571/2) llyollL2(0,)?

» Nonlinear case:

Yt + EYzzx — Yz + YYz = 0 in Q,
Yjz=0 = 7)(15), Yyje=L = 07 Yz|o=1L = 0 in (OvT)a
Yit=0 = Yo, Y= =0 in (0,L).

Uniform local null controllability?
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Open problems

oe

Thank you for your attention
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