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Direct Construction

X:/,'

Vincent Perrollaz (LMPT) Finite time stabilization Benasque, August 27, 2015 4 /17



Simple Network of Strings

@ On the top edges :

Vie{l,...,nt  O%hu—c?d3 =0,

(t,x) € RT x (0, 1)

8Xu,-(t, /,) = 782111’.7 te R+
@ On the bottom edge :
O2uy — c302up =0 (t,x) € RT x (—k,0)
Uo(l’, —/()) =0 (OF 8Xu0(t, —/0) = 0) t e RT.

@ At the middle node :

VE>0, Vie{l,..n}

U()(t7 O) = U,'(t, 0)7

Z C,'@XU,'(t, O) — C06XU0(t,O) = —a(’)tu(t, 0)

i=1
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Finite time stabilization

Theorem (Alabau, P., Rosier)

The previous system generates a strongly continuous semigroup if and only if
« # n+ 1. This semigroup is finite time stable if and only if « = n — 1. More
precisely :

vVt > 2(lp + max(h, ..., I,)), Vie{0,..,n}, ui(t,.) = 0.
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Direct Construction

Remarks

@ Theorem actually valid for all tree-shaped graphs.

@ Main tool for existence : Banach fixed point in weighted space to decouple
edges.

@ Main tool for stabilization : new unknowns.

Vi €0, ..., n}, Pi(t, x) := Orui(t, x) — ciOxu;(t, x),
N;i(t, x) := Opui(t, x) + ¢;Oxui(t, x).
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Direct Construction

Evolution of new unknowns for « = n—1

@ New equations :

. 0:P; + ¢ci0xP; = 0,
Vi e {0, ..., n}, {82,\/’_ N =0,
@ At bottom and top :
Po(t, —lo) = £No(t, —1), Vie{l,..,n}, Ni(t,l;)=0.
@ At the middle node : S NK(E0)
No(t,0) = ==L—"—=

n

)

. N;(t,0
+ Zl;ék ( ) o

Pk(l’,O) = PO(t’O) n

(1= INi(£,0).
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punov Functionals

@ Lyapunov Functionals
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The case of the transport equation

Oy +coxy =0,  (t,x) € (0, T)x(0,L)
y(t,0) =0, te (0, 7).

Using the method of characteristics :

Yo(x — ct if x > ct,
y(t,x) = ( ) .
0 otherwise.

Fort > L, y(t,.) =0.
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A Family of Lyapunov Functionals

@ Forv>0:

@ Formally at least :
] L
a0 = [ 2t xy(e00e o
0

L
= / —2cy,(t, x)y(t,x)e™" dx
0

[—cy?(t,x)e 1§ — cvd,(t)
—cvd,(t).

IN

@ Using Gronwall :
J,(t) < e 4,(0).
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Return on the L2 norm

@ Norm equivalence
V>0, ey (t, o, < S (8) < y(E Iao,0)-
@ Inequality on L2
(8, a0,y < € lyollEzgo 1)

o Fort> % letting v — 400 we get y(t,.) = 0.
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Remarks

o Can be adapted to general "transport” type equations (for instance
quasilinear systems of conservation laws).

@ Good for robustness estimate and perturbation :

Yetcyx = Eg(y)7

Yt + CYx = €Yxx-

@ In certain cases, useful for exact controllability to trajectory.
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ectral Anal

© Spectral Analysis
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Spectral Analysis

An abstract result

Theorem (Xu)
Let H be a separate Hilbert space. Let B be the infinitesimal generator of S(t) a

Co semigroup. If R(\, B) (:= (Md — B)~!) is an entire function of finite
exponential type i.e.

3y, C>0, st YreC, [||R\\B)||| < ce™,

then we have :
Yt > 7, S(t)=0.
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Case of transport equation

Ory +coxy =0, xe(0,L),  y(t,0)=

then (Md — B)u = f becomes
Au—ci="f, u(0) =0,

and so

from which we get :

12
lull7> < gez < |IF1|7-
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Spectral Analysis

THANK YOU FOR YOUR ATTENTION

Vincent Perrollaz (LMPT) Finite time stabilization Benasque, August 27, 2015 17 /17



	 Direct Construction
	Lyapunov Functionals
	Spectral Analysis

