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WATER-WAVES EQUATIONS

We are considering an incompressible, inviscid fluid + irrotational.

(—vxé‘)
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WATER-WAVES EQUATIONS

WATER-WAVES EQUATION

The general water-waves formulation for (X,y) € RY x R, with d = 1,2, V = V¢

AX,y¢:Ov béyé(a
HC+ V(- Vo =0,0, y =g,
(1) 1
at¢+§|vx,y¢|2+g<:0a y:Ca
o9 _
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WATER-WAVES EQUATIONS

Some phenomena involving water-waves

» Waves generation by bottom
disturbances (Zuazua '14,
Peregrine '67, Wu '84)
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WATER-WAVES EQUATIONS

Some phenomena involving water-waves

» Waves generation by bottom
disturbances (Zuazua '14,
Peregrine '67, Wu '84)

» Tsunamis (generated by \—/_\/
displacement of plates,
(Iguchi '11, Wu '84)

> Bottom detection through BT
surface measurements
(Taroudakis '01,
Nicholls-Taber '08,
Vasan-Deconinck '13)
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WATER-WAVES EQUATIONS

ZAKHAROV 1967; CRAIG, SULEM 1992

> 1t X) = o(t, X, ((t, X))

» If at time t one knows 1), it is possible to solve on Q;

Ax,yp=0,
¢|y:C = 1/17 an¢|y:b =0

G(¢, by = v/1+ [VCPond)|,_.

SYSTEM (1) BECOMES

at( - G(Ca b)l/) = Oa
@ et g€+ 2IVUP — e (G(C. b+ ¢ VR = 0
2 2(1+1|V¢P) ’
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WATER-WAVES EQUATIONS

Well-posedness within a sobolev class

» Nalimov 74, Yosihara '82, Craig '85: Existence 1-D locally in time with
almost flat bottom, around small perturbations of still water.

» S. Wu '97, '99, '11: Local existence 1-D, 2-D and global existence 2-D in the
case of a layer of fluid of infinite depth.

» Lannes '05, '13: Local existence in time, 1,2-D, uneven fixed bottom.

» Germain, Masmoudi, Shatah '12: Global existence in time, 2-D with infinite
depth, small initial data.
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WATER-WAVES EQUATIONS

THEOREM, WELL-POSEDNESS OF (2) (LANNES 2013)

Let dy > % and N > dy + max{dp,2} + 3/2. Then let
Uo = (Co,%0) € Ho+2 x H?, EN ¢ L, b ¢ HN*tmax{do1}+1(RY) Moreover
assume that

hmin > 0, dag > 0, CO(X) — b(X) > hpin and Cl(Uo) > ag.

Then there exists T > 0 and a unique solution U € C([0, T]; H%+2 x H?),
EN € L, to (2) with initial data Up.

a=g+ w+ VVW7 SN: |B¢ﬁ-[do+3/2+ Z ‘C(a)|§+|B¢(a)|§7

a€N? |a|<N
=o° — oy —wor¢, B= 1Pl
C(Oc) - C, 7/}(04) - ,l/) w C? - (1 _|_ |DD1/2
L _ GOV + VxC - Vb
= 1+ |VxC]? '
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IDENTIFIABILITY OF THE BOTTOM AND OPTIMAL CONTROL PROBLEM

IDENTIFIABILITY OF THE BOTTOM

What measurements can be made on the free surface to detect the bottom
uniquely?
¢, Y, G

0C = G(¢, by = I+ [VCPOd|,_.

1 2 1 2 _
O + gC + §|V1/J| - W(G(C, b))+ V(- Vi)° = 0.
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IDENTIFIABILITY OF THE BOTTOM AND OPTIMAL CONTROL PROBLEM

THEOREM
Let T >0 and dy > g. Assume that for j = 1,2,
(¢, ;) € CH([0, T]; HRHL(RY) x H?(RY)) are solutions of (2), with
by, by € HN+max{d,1}+1(Rd) sych that there exists Ay, > 0, such that, for all
X eReand t € (0, T),
Cj(taX)_bj(X)thina ./:172
Let S be an open subset of RY and t; € (0, T) a single time. If ¥X € S,
C1(to, X) = G2(to, X),  ¢1(to, X) = Ya(to, X), 0:(i(to, X) = 0¢Ca(to, X),

then
bi(X) = by(X) VX €RC.
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IDENTIFIABILITY OF THE BOTTOM AND OPTIMAL CONTROL PROBLEM

¢=¢1— P

> 0:C1 = /14 |V([20nt1 = /14 |V[?0h¢2 = 0:(2

6n¢1 =0= 6n§152

One gets, ¢o = C = ¢1, which we
exclude (Still water).
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IDENTIFIABILITY OF THE BOTTOM AND OPTIMAL CONTROL PROBLEM

OPTIMAL CONTROL PROBLEM

Given a target function 7(X) € L2(R9), we are considering
F: HN+max{do 1}+2(Rd) R

=5 | 1000l = 00RaX

PROBLEM
To find b™" € B.q4, such that,

F(b™n) = brgllgnd F(b).

> Bag = {b € HNTmatdoLIT2(RY) - supp(b) C K, |b| yuvsmastag 1142 (ay < C}
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IDENTIFIABILITY OF THE BOTTOM AND OPTIMAL CONTROL PROBLEM

THEOREM7 EXISTENCE OF MINIMIZERS

Let ¢ € H®+2(R9) and ¢ € H*(RY). Assume that 7(X) € L?(R9). Then the
minimization problem,

in F
s, POk

has one minimizer b™ € B.4.

Let {b,} C B.g be a minimizing sequence of F

3 subsequence, such that b, — b in HNtmax{d.1}+2(Rd) with b € B,y
b, — b strongly in HN*max{de,1}+1(Rd)

Let ¢, and ¢ the corresponding solutions with bottom b, and b

G(¢, ba) — G(¢, b)y,  strongly in L2(RY)

infpen,, F(b) = lim,_ F(b,) = F(b)

Uniqueness of this minimum follows from the identifiability.

vV V.V vV VvV VY
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IDENTIFIABILITY OF THE BOTTOM AND OPTIMAL CONTROL PROBLEM

SHAPE DERIVATIVE OF F

Given (g, Yo

Fb) =5 [ 10€O0ls = 70X = 5 [ |Glco: bl — 00 ox

For all h € HN+max{do,1}42(Rd) one has

Vo Vi
F'(b)-h=— | h———————r—
( ) b \/1+|va|2
with ¢ and v being the solutions of
Ap =0, Q Ay =0, Q
¢:¢05 r(o 11[}: G_T7 rCo
% =0, Ty, (?971,’[,) =0, Tp.
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I AND OPTI

o5 = &(QL + du) is the solution of the problem

Aps =0, Qs
o5 = Yo, T¢
8¢5 _ r5
o =0 T
¢ = /I'mgﬁow one has

AY =0, Q

¢ =0, Tg

o’ 02

an ZVun-Vqﬁ—unw, rb.

s  (U-CHILE, BCAM)

OPT.CONTROL ON W-W 14 / 16



IDENTIFIABILITY OF THE BOTTOM AND OPTIMAL CONTROL PROBLEM

Then

6 /
F6)-h = [ (6o by~ )T VxGl -
_ 0
_/r< (6 -7 aA
8¢’

dX
Go

e

_ o N g h P
_/rb¢lv<,/1+|vxb|2> Vx? \/1+|be28n2]dA

After some calculations

_Vo-Vy

Fb 1+|va‘2
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Thanks
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