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Overview
- I

4 )

* Why magnetic fields are exciting: fractional quantum Hall effect
* Emulating the effects of magnetic fields without external fields.

* Berry curvature and the Chern number
\_ J

4 )

e QI:Can FQHE states be stabilised?
* Q2:Are they the same states as in the continuum!?

* Q3: How does the band geometry influence their stability?
| J

» Chern numbers |C|>1: -
» prediction of series of states at filling Y — r|Ckl + 1

e numerical evidence for those states

J3 UNIVERSITY OF
Gunnar Méller Entanglement in Strongly Correlated Systems, Benasque 2016 A & CA M BRI DGE




Topological Order in the Quantum Hall Effect
— I

» 2 macroscopic quantum phenomenon: magnetoresistance in 2D electron gases

Where? 2D electron gas

» In semiconductor hetero-
structures with clean two- 3
dimensional electron gases

» at low temperatures (~0.1K)
and in strong magnetic fields

kT < hw. = heB/m.

What?
» plateaus in Hall conductance
2
Y
: h ) $ 517
» simultaneously: (near) zero 4/5
. . 7/ '
longitudinal resistance ‘TSLM) J 210 . L JB'O

Magnetic Field (T)

» different topologically ordered phases at each Hall plateau
» supporting fractionalized abelian and non-Abelian excitations
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Properties of Quantum Hall Liquids
— I

e gquantum Hall plateaus =» quantum liquids:

» no long-range order | *>
» preferred density: g = VdLL drr = 6B/h Riddddds

guantum number v, observed to take integer or simple fractional values
qQ*=vXe BI
@

T o

e changes in density = defects: |localized quasiparticles

{ » quasiparticles have fractional charge & fractional statistics ]
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Fractional statistics - Anyons and Non-Abelions

/’ T ‘wf>=-

a, ap\[a] Non-Abelian
p| Anyons

:%z R

non-Abelian representation
- of the braid group

O -

» interactions drive emergent realization as
quasi-particle states in quantum Hall systems!

Topological Quantum Computing

4 )
e » manipulations of / =
=== = quasiparticles could provide = z
= T the basis for a quantum =
. A computer that is protected " ”
e —| from errors!

Some quantum #
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Quantum Hall effect without magnetic fields
— I

The fractional quantum Hall effect is observed under extreme conditions
» strong magnetic fields of several Tesla

» very low temperatures
» clean / high mobility semiconductor samples

Many different opportunities for emulating magnetic fields:

|. Cold Atomic Gases 2. Solid State 3. Photons

spin orpit
coupling
FegSng g
(proposed) ¢
strain

—Q0—0--0--0 -~
) l /

laser assisted hopping
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Ideas behind these strategies for simulating magnetic fields
— I

» Simulate a physical effect that a magnetic field B exerts particle of charge ¢

Signature Simulated by
Lorentz Force  Fj, =q¥ x B Coriolis Force in Rotating System
&
Aharonov-Bohm Complex Hopping Amplitudes A4 in Optical Lattices

Effect \Ifocexp{ﬂ i -di} DG
h/ o ZAag — 27Tn¢
I:I @ O

Berry Curvature

Same physics seen in reciprocal space...
of Landau levels
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Landau-levels as a topological band-structure
— I

» Can we see in which way Landau-levels are special, just by looking at the wavefunctions?

Recipe for calculating the

Start with an analogy:
twist in this Mobius band:

» choose a closed path around the
surface

» construct normal vector to the
surface at points along the curve

» add up the twist angle while moving
along this contour
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Calculating the Berry phases in reciprocal space

Michael Berry (1984)
Calculate how wavefunction evolves while moving
adiabatically through curve C : k(?), t=0...T
Local basis H‘UE> — eE‘uE>

Phase evolution has two components:

L UNIVERSITY OF

. t A
i | k
|U(t)) = exp {_ﬁ /0 EE(t/)dt/} exp {iy(t)} |ugy) Y
\§ J J
' Y k.
dynamical time C
: twist
evolution
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Berry curvature and Chern number
— I

Geometrical phase analogous to Aharonov-Bohm effect

fy<c>=z'/< sl dk = | AR

Effective ‘vector potential’ called Berry connection

ﬂa:#n%mﬁwww%
UcC

Using Stokes’ theorem: L
T
>
w@=/A@1:/w¢Aww
C S
C =08
Berry curvature: [)7 — ﬁk X /T(/Z) is a property of the band eigenfunctions, only!
Chern number: C = L f d2k B(k) takes only integer values!
' 2w JBZ y INtee '

e Chern number provides classification of all possible single-particle bands (class A)

W AsANNTE Y OF
mv
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Berry curvature and Chern number
— I

Geometrical phase analogous to Aharonov-Bohm effect

fy<c>=z'/< sl dk = | AR

Effective ‘vector potential’ called Berry connection

AF) = i / ue (7)o (F) dPr kyT
UucC

integral over real-space, so it does not matter in what physical space the system ‘lives’

in reciprocal space, only the change of the scalar product on that space matters

Berry curvature: [; — ﬁk X /T(/Z) is a property of the band eigenfunctions, only!
_ 1 2 : :
Chern number: C = o fBZ d-k B(k) topological: takes only integer values!

e Chern number provides universal classification of all possible single-particle bands (cI A)

wawos = Y OF
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Q1: Do bands resembling Landau-levels support QH states?
— I

continuum

1 N
H=_—|p-—eA+V

2m

A = B,xe,

Berry curvature in a Landau-Level: flat Berry curvature in the Hofstadter model

-2 B=VxA

2

0
- N
» PN AR
<0\
P

Jﬁ$W“
R T 'ﬁ’ ®
Wy

k

<&
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i] | i
W

X

ky
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Fractional Quantum Hall Effect in Periodic Potentials

* quantized Hall response in partially filled bands!?

H=—J bl bgettes 4+ h A
« THEORY: Kol & Read (1993) «% s | + 3 Vighit,

PHYSICAL REVIEW B VOLUME 48, NUMBER 12 15 SEPTEMBER 1993-11

Fractional quantum Hall effect in a periodic potential

A. Kol and N. Read®
Departments of Physics and Applied Physics, P. O. Box 2157, Yale University, New Haven, Connecticut 06520
(Received 28 May 1993)

The fractional quantum Hall effect in a periodic potential or modulation of the magnetic ficld is stud-
ied by symmelry, topological, and Chern-Simons field-theoretic methods. With periodic boundary con-
ditions, the Hall conductance in a finite system is known to be a fraction whose denominator is the de-
generacy of the ground state. We show that in a finite system, translational symmetry predicts a degen-
eracy that varies periodically with system size and equals 1 for certain commensurate cases which we ar-
gue are physically representative. However, this analysis may overlook gaps due to finite-size effects that
vanish in the thermodynamic limit. This possibility is addressed using a fermionic Chern-Simons field
theory in the mean-field approximation. In addition to solutions describing the usual Laughlin or Jain
states whose properties are only weakly modified by the periodic background, we also find solutions
whose existence depends on the presence of the background. In these incompressible states, the Hall
conductance is a fraction not equal to the filling factor, and its denominator is the same as that of the
fractional charge and statistics of the elementary quasiparticle excitations.

e Confirmations for such states?

Gunnar Moller
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Fractional Quantum Hall on lattices: Numerical Evidence
]

* interest in cold atom community 2000’s:

* realisations of tight-binding models with complex hopping from light-matter coupling:

4 MARCH 2008

2 =W 2 3 week end
f PRLN.OSOSO.‘QCK)S) PHYSICAL REVIEW LETTERS vock endin

Fractional Quantum Hall States of Atoms in Optical Lattices

Anders S. Serensen,'** Eugene Demler,” and Mikhail D, Lukin'2

. Q t "ITAMP. Harvard-Smithsoniar ¢ ‘enter for Astrophysics, Harvard Uniéversity, Cambridge, Massachusetts 02138, USA

. -~ " ™ . “'I‘h).uu Department, Harvard University, Cambridge, Massachusetts 021 38 USA
- o / Niels Bohr Institute, University of ('upcnhagt_n. DK-2100 Copenhagen @, Denmark

P o - - ./ (Received 6 May 2004; published 2 March 2005)

- - -~ - P ./ We describe a method lo create fractional quantum Hall states of atoms confined
e B __ o < show that the dynamics of the stoms
- magnetic field if an oscillating quadng
. x K = - . tunneling between lattice sites. In a
- fractional quantum Hall type, and we
- state in a superlattice potensial

in optical lmtices. We
in the lamice is analogous 1o the motion of & charged particle in a
pole potential is applied together with a periodic modulation of the
suitable parameter regime the ground state in the lattice is of the
show how these states can be reached by melting a Mott-insulator
Finally, we discuss techniques 1o observe these strongly coerelated states

w

(a) | =SSR w5 (b)0.3
O

A A 1 o 5, B .
Y= ] Z [bLbBGZAO‘B + h.C.} + iUZna(na — 1) 0.9 0= § 0.2 )
(o, 8) « 0.8 . :

i | 0.1 &
* bosons with onsite U: many-body gap in the half-filled - /:
“synthetic Landau-level” persists to large flux density &

0'60 0.1 02 03 00 0.1 02 03

o o
flux density

* correct GS degeneracy + good overlap with trial state
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Fractional Quantum Hall on lattices with higher Chern-# bands
— I

* bands of the Hofstadter model go beyond the continuum limit and support new classes of
quantum Hall states

many-body gap predicted by CF theory JAN

theory:
bosonic Hall states
on the lattice

numerical verification
for what we would now
call FCI states with v=1
e C=2 band

* hardcore bosons

n¢1 (N=5 particles)

bn=1/9: O = |(Vcp|GS)|? ~ 0.46
>n=1/7: O = |(Uap|GS)|* ~ 0.56

0.8

ke GM & NR Cooper, PRL 2009
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Chern bands in more general tight binding models
— I

* Original proposal for IQHE without magnetic fields: Haldane (1988)

Chern numbers

3V3 v=0
M
t, O
-3/3 v=0
! 0 mP

* 201 1: FQHE expected in models with spin-orbit coupling + interactions

b) . l_,;‘\/

» NN oy,
NS
T. Neupert et al. K Sun et al. E Tang et al.

Numerical evidence: GS degeneracy, gap, PES,... D.Sheng; C. Chamon; N. Regnault & A. Bernevig, ...
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Numerical evidence for “Fractional Chern Insulators”
- I

* existence of a gap & groundstate degeneracy [checkerboard lattice]
* Chern number of groundstate manifold

0.08 ¢ e®_ " a = I'.'--.‘. . B apE_.®
0.04
/| —— U=1
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uf / A U=02
0.00}
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.l" ‘ U:O
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Numerical evidence for “Fractional Chern Insulators”

e existence of a gap & groundstate degeneracy [checkerboard lattice] — © e . .omer ruee®)

e Chern number of groundstate manifold [D. Sheng]

* Finite size scaling of gap

0.1

0.08 |

0.06 |

Alt,

0.04 |

0.02

0.3

o ] 0.28¢|

0.26

« 0.24¢

E 0.22}

F Ny=3 _ 02r—=

! % ;,;8 . 0.18
0 0.05 01 0.15 02 010

1/N

“Fractional Chern Insulators (FCI)”

0.04

0.00 & - -

0.02

Eyl(kyk,)

0.00*

004t/

0.00 —

* Particle Entanglement Spectra : count of
excitations matches FQHE (here - Laughlin state)

e - - - - - - - - - - —————————————————————————— — -

[PRX’11,PRB 12, N.Regnault & A. Bernevig]

[0 Strong numerical evidence for QHE like quantum liquids

]

Gunnar Moller
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Q2: Do Chern bands support the same phases as LLs?
— I

» Are the quantum Hall states in general lattice models the same as in LL?

» Topological order is invariant under continuous / adiabatic deformations!

-

» Approach: Continuously deform a fractional guantum Hall state into a
fractional Chern insulator without closing the gap.

.

J
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Adiabatic Continuation of QH liquids in different systems

e

T
~
® use Hilbert spaces with the same overall structure (based on Wannier states) to study the
low-lying spectrum numerically (exact diagonalization)
® adiabatically deform many-body Hamiltonian of FQHE to a fractionally filled Chern band:
Arcr
H(x) = (1 — 2)HHE 4 P
AFQHE )

® £.g.: half-filled band for bosons & contact repulsion

FQHE of Bosons at

0.1 L«

1) — 1/2 0.14 |
continuum Landau-level
Laughlin state
0.08 F
&3
0.06

B v — O 0.04 |

0.02

0.12 + 1

(N=10)
CTTT T T T T T T TTT T 0075 T 0.075 T
T+
HHHHHHHHH 0.09 0.05 +
41 0.025 0.025
ISERRRAEN ﬁh |||||||| 0 0 —!_X|2 1 1 1
0 5 10 15 012 3 4
Ky ky

xr
Th. Scaffidi & GM, Phys. Rev. Lett. (2012)

Half filled band of the
(flattened) Haldane-model
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Q3: Relation of band geometry and stability FQHE like states?

How to decide which lattice models have stable fractional Chern Insulators!?

* single-particle dispersion - want flat bands /
many groups

finite size matters a lot - success by iDMRG A. Grushin et al.

* shape of interactions - clear hierarchy of two-body energies desirable “Pseudopotentials”

Lauchli, Liu, Bergholtz, Moessner + other proposals /
* band geometry - ideally want even Berry curvature
Regnault, Bernevig; Dobardzic, Milovanovic, ...
systematic study of geometric measures beyond Berry curvature Th|S Talk'
* Full story: all three aspects contribute
* Focus here: band geometry, while keeping flat dispersion + identical interactions
F UNIVERSITY OF
Gunnar Méller Entanglement in Strongly Correlated Systems, Benasque 2016 <V CAMBRIDGE




Which Berz Curvature?

Gauge invariance of the Bloch functions: one arbitrary U(l) phase for each k-point
ug) — €' fui)
The above manifestly leaves H invariant:

N
Hyo(k) = ) Eo(k)ug* (k)ug (k)

However, sublattice dependent phases are not gauges:

ut (k) — up (k) = eirb'kug‘ (k)

a

as this substitution yields a modified Berry curvature:

- N 9 9

Ba(K) = Ba(k) = oyl ()2 = 1 ()
T Y

b=1

There is a unique choice such that the polarisation reduces to the correct semi-classical expression

- 0

and canonical position operator Ru — — 1l
Ok, see, e.g. Zak PRL (1989)
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Conventions for Berry Curvature: in pictures
— I

an example: Hofstadter spectrum in magnetic unit cell of 7xI, Ny = 3/7

Curvature for Fourier transform with Curvature for canonical Fourier transform
respect to unit cell position

B=VxA b=V xA

Magnetic unit cell — —| net flux defined only mod ®o

~3| &
~3| &
~3| &
~3| &

O | & | 6O
|1 7

(0

. EBUNIVERSITY OF
“% €Y CAMBRIDGE

Gunnar Moller Entanglement in Strongly Correlated Systems, Benasque 2016



GMP Algebra: Generating low-lying excitations

Girvin, MacDonald and Platzman, PRB

* single mode approximation captures low-lying 33,2481 (1986).
neutral excitations in quantum Hall systems: e

015—Y¥=1/3 T T T B
| 1/7 1/5 1/3
SMA\ - <S A
|\Ijk > — pk‘\IjO> < o40f
Q2 A
N - A A
with single particle density operators < oosL V=178 ]
A L /\T A :;/-1/\/ 7
Pk — Tk4+qa ooo¥: V7 T |
- 00 05 1.0 15 20
k2

these satisfy: GMP algebra (w/LLL form factor):

FIG. 4. Comparison of SMA prediction of collective mode

energy for v=-;-, %,-;— with numerical results of Haldane and

Rezayi (Ref. 20) for v=5. Circles are from a seven-particle

/
[ p LLL (q) y pLLL (q ) ] — spherical system. Horizontal error bars indicate the uncertainty

2isin(3a A q'lp) exp(3a- a'lp)pric(a + d)

SMA carries over to Chern bands: Repellin, Neupert, Papic, Regnault, Phys. Rev. B 90 (2014)
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Chern bands: generalised GMP algebra

e consider band-projected density operators for general Chern bands:

N
g = P97 P, = S: S: up” (k+q/2)up (k — q/Q)Wﬁiq/QvE_q/z
k b=1

* in general, the algebra of density operators does not close, i.e.

* intuitive consequences for FQH states:

» no finite, closed set of low-energy excitations corresponding to the GMP single mode states

~

'§f\ UNIVERSITY OF
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Conditions for closure of the generalised GMP algebra |

* conditions for closure of the algebra can be derived in a long-wavelength expansion

2
i) O(kQ) : O, = \/ AB Z < BQ> _ C% flatness of Berry curvature

42

ii) O(kg) :  Pullback of Hilbert space metric constant over BZ

ds™ = (09[0v) — (39[¥){¥|d)

deviations 0y =, /= > (guvGup) — (g} {gvn) |
pov I | |

Gunnar Moller

.'I )\ L
! \ \
\ \
\ \ \
\ \ \
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Conditions for closure of the generalised GMP algebra Il

* single condition in terms of metric g:
I'(k) = tr g%(k) — [Ba (k)| =0

» algebra of projected density operators reduces exactly to the GMP algebra

* Next step: test how violations of the closure constraints correlate with gap

R. Roy, arxiv:1208.2055 (PRB 2014); Parameswaran, Roy, Sondhi C. R. Physique (2013)

Gunnar Moller Entanglement in Strongly Correlated Systems, Benasque 2016




Target models to examine

e Hamiltonian: bosonic states with on-site interactions — defined independent of specific lattice

2-body contact 3-body contact
, 1
Laughlin v = 5 Moore-Read v = 1

¢ Lattice Geometry:

Haldane model Kagomé model Ruby lattice model

aq

N =2 N =3
T. Jackson, GM, R. Roy, Nature Comm. (2015)

Gunnar Moller Entanglement in Strongly Correlated Systems, Benasque 2016
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Laughlin state

Moore-Read state

Model Comgarison: Gaps vs. RMS B and trace inequality

Haldane model

Haldane, bosonic Laughlin
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Haldane, bosonic Moore~Read
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Kagomé model

Kagome, bosonic Laughlin
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» Y i
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e

Kagome, bosonic Moore~Read

15
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0.08

0.06

004

0.02

0.00

Ruby lattice model

Ruby, bosonic Laughlin

- "
.-.. e
s -’...,. -
3
e -
» C
-
=2

00 05 1.0 1.5
e
Ruby, bosonic Moore-Read
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3
g2 o’ oo
e o ?s'.o, ®
-t ..5"-, ’-t'
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é
0 ’
00 05 10 1.5

A

curvature
1 point &1 set of parameters: max gap tends to be found in lower-left corner

 Demonstrates relevance of both band-geometric quantities
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Role of band geometry: trace of the metric tensor

Influence of metric tensor g via “trace™:

0.<2 min o

Bosonic Laughlin on ruby, trace inequality

o.=1.1 mm Oc

o.=1.25 mm Oc

o.=1.5 rmn Oc

T'(k) = tr g%(k) — | Ba(k)|

o.=1.75 mm 0.

AN A I I I T U I I I I IR ) IS L IR I I R o I UL I IR LR LS J IS UL IR IR I T
010: ~ :_ . _:__ e . RPN TN K __- .o ~
I (@) 7 F™, (b) %k () Fhiaur,: CEFI (e)
0.09 RN, 1 T e T R S :
* . e 1t T ] .t ] AR ]

0.08 o 1F T T T ]
0070 - 1F z
0.06F + -
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0.0250 .
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Bosonic Moore—Read on ruby, trace inequality

O'C—l 1 min O'C

O'C—l 25 min Oc
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( e Systematic correlation of many-body gap and trace of metric tensor

J

T. Jackson, GM, R. Roy, Nature Comm. (2015)
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Intermediate conclusions
- I

Q1: Do bands resembling Landau-levels support QH states?

evidence: » ground state degeneracy, gap, entanglement spectrum match \/

Q2: Do Chern bands support the same phases as LLs?
evidence: » adiabatic continuity shown for multiple phases

» N0 new types of quantum Hall liquids in C=1 bands /
(but potentially coexistence of QHE and Landau order)

Q3: Relation of band geometry and stability FQHE like states?

evidence: » bands resembling Landau-levels closely produce /
the most robust QH liquids

_ EF UNIVERSITY OF
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Q4: Is there new physics in fractional Chern insulators
— I ) B

One novelty: Higher Chern numbers |C|>1, e.g. in the Hofstadter Problem

» Harper / Hofstadter: systems with Magnetic Field and periodic potentials

» twisted graphene bilayers: Kim et al. (2013) » optical flux lattices: MIT / Munich (2014)

VOLUME 49, NUMBER G PHYSICAL REVIEW LETTERS 9 AucusT 1982

Quantized Hall Conductance in a Two-Dimensional Periodic Potential

D. J. Thouless, M. Kohmoto,'®’ M. P. Nightingale, and M. den Nijs
Depavtment of Physics, Unfversity of Washington, Seattle, Washington 98195
{Received 30 April 1982)

ie® f > f du* du  du* Bu)
27 24 4 dzy(akl ok, 0k, ok,

2
e

_ ie® o (40U  du* _ = C
T 4mh Efdk_,fdr(u ok; ok, u), h Z "
n

Oy=

Osadchy and Avron, J. Math. Phys. 42, 5665 (2001)
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New Universality classes of FQH states
— I

single-particle spectrum Simple Heuristics: Composite Fermions

\ Ng = TN _I_n;; Q+:

many-body gap predicted by CF theory

-

» higher Chern number bands yield new series of Abelian quantum Hall states!
-

first numerical evidence: GM & N.Cooper Phys. Rev. Lett. 103, 105303 (2009)

Gunnar Moller Entanglement in Strongly Correlated Systems, Benasque 2016
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Density of filled bands in the Butterfly: Wannier Diagram

Wannier, Phys. Status Solidi. 88, 757 (1978)
Tracing Gaps in ¢ and n

1 ; C{\ A J
' : slope, D: offset
N

} “‘

K
0) : | ]_ 0 1/4 1/3  1/2 1

Density of filled bands  T1
Flux density ng

Hofstadter’s Energy Spectrum

Density n

Diophantine equation for gaps

n=Cny+D, C,DcZk




Streda & Thouless: Quantization of Hall conductivity

Wannier:

Streda:
e On 062
Opy = = C—.
oY (I)() 3Tl¢ h
Thouless:

2

SN

filled bands n

4 )

\_ J

mp C= ) G,

filled bands

1p

unnar Moller
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The Comeosite Fermion Approach

H:_JZ{bTbezAaﬁ—l—hc}—l— UZna —1)—#27%04

(o, B)

Account for repulsive interactions U >0 by “flux-attachment” (Fradkin 1988, Jain 1989)

Continuum Landau-level for
fermions at filling 1/3:
three flux per particle

Composite fermions =
electron + 2 flux quanta

\IJOCH —ZJ 2\PCF

1<79

Bosons:
drawings: K. Park | flux per composite particle

@ UNIVERSITY OF
¥ CAMBRIDGE
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Comeosite Fermions in the Hofstadter Spectrum

|. Flux attachment for bosonic atoms:

\IJBOCH

1<J

nfb:nqﬁin

2. Effective spectrum at flux nz is again a Hofstadter problem

= diophantine relation of flux and filling under a gap

n=Cny+D, C,Dcik

3. Parton / Composite Fermion construction

continuum: ¥g({r;}) o< Prrr H(Zz — 2;) Yer({ri})

1<J
J/

\

N

Vandermonde / Slater determinant of LLL states

Up({r:}) o PO V(i) ST ()

Slater determinant of Hofstadter
orbitals at flux density ng —n

lattice:

4

[ 0

— ZJ \IJCF = transformation of statistics!

W

|ﬂ e
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Simple Heuristics: Composite Fermions

ng = kn + n;kb

_9 [ k odd (even) for bosons (fermions) ]
1
Osadchy and Avron, 1. Math. Phys. 42, 5665 (2001)
1/4 1/3 1/2
R 0 /4 1/ / 1
0] n Q5 1 nQS
.. [FEFUNIVERSITY OF
Gunnar Méller Entanglement in Strongly Correlated Systems, Benasque 2016 vv\':.\\\,r B CAMBRI DGE
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on the blackboard...

ng = kn + ny
useful fo replace flux density by number Composite fermions filling integer # bands, so can
of states in relevant low-energy manifold use the Diophantine equation for the CF gap:
Ng =Hillg 151D n=mn, =C0C"ng+ D"

RSO & kC™* + 1 D*
B e e C

Hence, a constant filling factor is defined only if g = g* — but that is indeed a representative

case: as n small, the CF band structure looks similar to the original one, but CF may fill » bands.

Then, we have C* = r(C and the filling factors are

r

ECT L ¥ 4

V



Exact Diagonalization vs Theory Predictions:

Bosons with contact interactions, in lowest band

H="Pus Y _ ni(h; — 1)PLp

Check predictions for incompressible states:

filling: r
. U —
r|Ck|+ 1
GS degeneracy: dgs = ‘TC'ZC‘ T Sgn(T)

*k
Chern number of GS’s: CMB =C"=rC

GM & NR Cooper, PRL (2015), arXiv:1504.O66232 _
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Exact Diagonalization: Spectra for new candidate

Example spectra for states with ‘positive flux attachment’: bosons, r=2

C =2

C =3

C=-2, v—2/5 N =10 L5, L 5, MUC p=7,g=3x5 -+ C=3,v=2/7:N =8 L,=7, L, =4, MUC with (p=7; =4 x5) +
0078 I | 0.024 |- -
0.076 - .\ . - 0023 L T+t T+ 4+ 4t Hpt et At
0.074 |- + + +  + i $+_*_+$+_}_+$+—{—+$+++$+_*_+$+++$+ 4+
+ 4 0022 - + = + + o+ 4+ 4+
< oon2 | i it i - +++ +++ +++ +++ +++ +++ +++
~ + ot X oo+ o4 T4 T T T T T
0.07 - _ LL] + 4+ ++++++++ 4+ 4+ ++
0.02 - i
0.068 |- -
0.019 - -
0.066 |- i
0.018 - i
0.064 |- -
+ (2+2+1) | | | | 0.017 |- +  + + + .
0 5 10 20 25 0 5 15 20 25
koL, + k koL, +k
T
YT TCk[ + 1
GM & NR Cooper, PRL (2015) r|Ck| +
EIE UNIVERSITY OF
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Exact Diagonalization: Spectra for new candidates

Example spectra for states with ‘negative flux attachment’: bosons, r=-2

C =2

C =3

0.36 L C=-2,v=2/3: N =12 L,=6, L =3, MUC: p=7, g=3 x5 + ] C=3,v=2/5: N =10 L,=5, L,=5, MUC: p=7, =4 X 5 +
+ + 0094 | +T+ -
+ + + +
¥ i 0003 + Aptttt T T F g
0.355 |- + + i : + n n +
N + ++ + + =
= + 4 ~C
N— + 4+ + 4+ ~— 0.092 .
6 6 ++ ++
0.35 ¢ | 0.091 | .
+
+ +
0.09 | _
0.345 | -
0.089 -
+(2+1) F (242+1)
0 5 10 15 0 5 10 15 20 25
kiL, + k, koL, + Ky
/”J
lV =
r|Ck| + 1

GM & NR Cooper, PRL (2015)
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Exact Diagonalization: Spectral flow

Evolution of the ground states under “threading flux”

' I ' I ' I ' I
+ v=2/3, C=-2, n =7/15, N=12, N =18
$ ><>S<>< . >2<><><><>S<X . >2<x><><>s<x . >2<><><><>S<X . >2<x><><>s<x
i 0.3416401- < A S S S s
| — X X X X X X X X
0355 X X X X X X X X
-+ X X X X X X X X
X X X X
- :|I__ X X X X X X X X
i X X X X X X X X
L— —
D D X X X X X X X X
e 035 — — b : X X X X X X X X
LIJ LIJ X X X X X X X X
+ 41 | % X X X X X X X X
L 03 639 X X X X X X X X X
+ X X X X X X X X X
X X X X X X X X X
X X X X
0345 X X X X X X X X X
Fx X X X X X X X X
X X X X X X X X X
X X X X X X X X X
X X X X X X X X
X X X X X X X X
I ! I ! I ! I

GM & NR Cooper, PRL (2015)

2 — 03416385 0.4 0.6 0.8

| ¢, /270 |

r

~r|Ck|+ 1

vV

Gunnar Moller
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Exact Diagonalization: Finite Size Scaling of Gaps

Ascertain that GS degeneracy with finite gap is found consistently for different Ns

0.0075 -
0.01+
0.005F -
< <
0.0025 -
% C=-2, v=1/3 < C=3, v=1/4
A-AC=-2,v=2/5 A-A C=3,v=2/7
o oC=2 v=2/3 oo C=3,v=2/5
I ! I ! I I I ! I I !
% 0.05 0.1 0.15 % 005 01 015 02 025
-1 1
N N
- \

= data suggests the composite fermion states are incompressible

. INn the thermodynamic limit )

GM & NR Cooper, PRL 115, 126401 (2015), arXiv:1504.06623
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Exact Diagonalization: Particle Entanglement Spectra

Compare PES of a C=2 system to a known C=1 spectrum: v=2/3

[ ' [ ' [ ' [ ' [ ' [ '
C S 2 Hofstadter, n¢=7/15, C=2 Ruby lattice, C=1 C S 1

(45) (46) (45)
iR R A FETFFE+E st EE

10{- -

~
n

EEITT I T I I
it s
iimf%%ﬁﬁ iipeipEiibiiE
JEIE IS HIHEH
o k5XLy+ky10 " o k5XLy+ky10 o

= smaller entanglement energies; differences in detalil

= overall features similar
\_ J

GM & NR Cooper, PRL 115, 126401 (2015), arXiv:1504.06623
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A Special case - Bosonic IQHE in C=2 bands

Bosons in a C=2 band with negative flux attachment (r=-1) = v=1

from: GM & NR Cooper, PRL (2009) A

alternative realisations:

e Quantum Hall Bilayers
[Regnault & Senthil
2013]

* Honeycomb with
correlated hopping
[He et al. 2015]

e Optical Flux Lattices
[Sterdyniak et al 2015]

| T— —

4 )

e first evidence in Hofstadter model GM & NR Cooper, PRL (2009)
® quasiparticles are fermions - not fractionalized
= only symmetry protected topological phase [Senthil & Levin, PRL (2013)]

- J

GM & NR Cooper, PRL (2009) & PRL (2015), arXiv:1504.06623; Hormozi et al. PRL 2012

UNIVERSITY OF
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A Special case - Bosonic IQHE in C=2 bands

Many-body gap: finite-size scaling at fixed flux density

0.03 . ' ' |
° C:2’ ’V=1, (n¢:7/15)
B XX C=2, min Ir-11 ]
0025 A A C:2, ’V=1 (n¢=12/25)
b
0.02 CoX N
x T
— S @
2. 0015 —
< T
001 X © -
0.005 ® N
0 . | . | | ' '
0 0.05 0.1 0.15 0.2

( ® significant geometry-dependency - but less so for flatter bands.

J

GM & NR Cooper, PRL (2009) & arXiv:1504.06623; Hormozi et al. PRL 2012
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Tuning band flatness in the Hofstadter spectrum
— I )

Berry curvature exponentially flat in proximity to ng = 1/|C]|

10
i f,
? -
QN 102
[QV
©
S, | [c-0C=2: maxg,|AB
M 10 [ |+ C=2: min_IABI
< - |z C=3: maxg,|ABI
_ . == C=3: ming,IABI
general case for single bands: 107 |, . c=4: max_IABI
p - |a— C=4: ming,IABI
Ng = , PEC N -8 . | . | . | .
|Clp —sgn(C) 1070 5 10 15 20
P
[ e can tune flatness of band geometry while keeping same physics J

GM & NR Cooper, arXiv:1504.06623; Bauer, Jackson & Roy arxiv:1504.07185
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Flat-band limit of Hofstadter bands: BIQHE

— I
e Enlarge the magnetic unit cell (g sublattices) at fixed particle number
e Find some configurations with (near) square aspect ratio

e Compensate for natural scaling A « ¢~! (bosons)

1.6 :

| | |

N=0O +
1.4 " Bosons, C=2, v=1 N=10 x -
].2 *‘ﬁ_ N=l| B
L+ 4 N=12
| - -
o +§
= 08 -
2
- +
0.6 - + i
e N 1
+
04 * -
02 | a
0 | | | !
0 0.05 0.1 0.15 0.2 0.25
flatter bands /g

( e flat band limit stabilises states, but finite size effects in N remain importantj

cf C=1 case in Bauer et al., arxiv:1504.07185; B. Andrews, GM, to be published.

Gunnar Moller Entanglement in Strongly Correlated Systems, Benasque 2016



E(k)

Fermionic FCI in Hofstadter bands
]

Good evidence for fermionic states, too: e.g. C=2, r=-2, v=2/7:

example spectrum flat band limit (N=10)
5x10° _C=2, v=2|/7: N = ‘IIO L=1, I_Iy =35, MIUC: p=7|7, q=103I X3 + 7 0.12 - | fermions C=2, r=-21, nu=2/7, N=10 + -
A A A A R R
4x10° | 7 0.1 F -
+
3x10°® _ N 0.08 . _
g +
£ 006 :
2x107° . =
0.04 Jari +r . .
1x10° - - + 4 4
0.02 | _
ook ¢+ + T F+ F - 0 1 1 1 1
0 5 10 15 20 25 30 35 0 0.001 0.002 0.003 0.004 0.005
k'L + k, 1/q
<
ground state degeneracy d=7 flatter bands

& other competing states also present - e.g. generalisations of Read-Rezayi
see e.qg., poster by Jorg Behrmann (k-body interactions)
ELE UNIVERSITY OF
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Universality of Predictions
— I

» Again, argue with adiabatic deformations:

» Hofstadter generates bands
of any Chern #

» can deform to any other
model...

» adiabatic connection for

@0 single bands as long as
o 2 Cy = Cs
[=> flux attachment provides candidate states for all Chern bands v = r|C’/:\ - 1]
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Conclusions
- I

4 )
The FQHE can be stabilised in general topological flat bands:

Artificial magnetic fields ‘work as advertised’: same phases achieved
Systems emulating Landau-levels closely work best
Allows many new platforms for exploring quantum Hall physics

* New states exist in [C|>] Chern bands: we predicted the series

- r
- r|Ck|+1

* Series includes a Bosonic Integer QHE in C=2 bands

14 | k odd (even) for bosons (fermions) ]

* Numerical evidence matches the predictions (bosons, contact int.):

» correct GS degeneracy » robust gap
\_ J

GM & NR Cooper, PRL (2009) + (2015); T. Scaffidi & GM PRL (2012), T. Jackson, GM, R. Roy, Nat. Comm. (2015)
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