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» Strominger [Str86] analyzed heterotic superstring background
with spacetime supersymmetry.

» The model is based on a Hermitian manifold X generalizing
CY-manifolds.

» X is conformally balanced with holomorphic (3, 0)-form and an
anomally cancellation condition.
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» Strominger [Str86] analyzed heterotic superstring background
with spacetime supersymmetry.

» The model is based on a Hermitian manifold X generalizing
CY-manifolds.

» X is conformally balanced with holomorphic (3, 0)-form and an
anomally cancellation condition.

For us, X = (G/T, J, F) is a Hermitian homogeneus space:
» G is 6-dimensional Lie group, g its Lie algebra.
» [ lattice subgroup of G = G/I is compact.
» Jis G-invariant complex structure.
» F is the fundamental form of a G-invariant Hermitian metric:

F(? ) = g(7 J)

The G-invariance of the solution implies:
» solutions with constant dilaton.
» analysis at the level of g.
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Solutions to the Strominger system with constant dilaton
Find (M8, J, F,W,V, A):
a) (J, F,V)is SU(3)-structure on M® satisfying:
» 0 # W e AYM® is holomorphic (W = 0).
» Fis balanced: dF? = 0.
b) V is a metric connection on TM.
c) Ais a Donaldson-Uhlenbeck-Yau instanton: Q4 € su(3).
d) The Green-Schwarz anomally cancellation condition:

O[/

dT = 2720/ (p1(V) — p1(A)) 4

(trQ AQ —trQA A QA)
where:

» o € R\{0} (better in physics o’ > 0).

» T is the torsion 3-form.

» Qs the curvature form for V.

» QA is the curvature form for A.

Theorem [FIUV09,lva10]

A solution to Strominger satisfies heterotic eq. motion < V is
SU(3)-instanton.
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Some particular metric connections V:
» Bismut V+ = V€ + I T ([Car03],[DFGO08]): Hermitian
(V*d =0), torsion T(-,-,-) = JdF(-,-,-).
» Chern V¢ = V€ + 1C ([Str86],[LY05],[FY09]): Hermitian
(VCJ = 0), torsion C( ,) = dF(J-,-, ).
» [FY15] Hermitian connections V! ([Gau77])

- 1
o(ViY.2) = g(viev. 2+ T v 2 e v, 2),
v+ — v1771 vC vt 1
» Levi-Civita V1€ ([Str86],[GMWO4]): torsion-free.
» V~ =V — 1T ([Hulg6],[BR89)): torsion= —T.

VC
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Proposition [-UV16]
Let (M8, J, F) Hermitian, then V<7 is metric connection:

a(Vy’Y.2) = g(V5EY, Z)+e T(X, Y. Z)+pC(X,Y.2Z), (e,p) € R

> Ve = _2(5 +p— %)VLCJ. (if (M, J, F) not Kahler = V&
Herm. < Ver = V),
» V! corresponds to vez—e (i.,e.e+p— % = 0), and
Ve = V03, VE=yEN0 yLC — y0.0,
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are not-Kéhler (except the torus) and have holomorphically trivial
canonical bundle. We have a complete map of the g’s [Sal01] and the
cmpx. str. up to isomorphism. [ABD11,UV14,C-UV14]
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Solutions with o/ > 0 and non-flat instanton for all the cases.
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[Uga07,FIUVO9,UV14,UV15]
If a 6-dim. nilmanifold admits Hermitian balanced metrics then
g=b2, ..., be, big-

> bo, ..., b5 provide solutions to the Strominger system with

respect to V* and VC. h3 provides also sols. to the motion egs.
with respect to V™ .

» he provides solutions to the Strominger system with respect to
v+,
» b4 provides solutions to the Strominger system with respect to
V+and V°.
Solutions with o/ > 0 and non-flat instanton for all the cases.
[FY15]
There are solutions to the Strominger system on sl(2, C):
» with o/ > 0 and flat instanton for any V! with t < 0 (V* included).

» with o’ > 0 and non-flat instanton for any V! witht < —1 (V+ not
included).



» We are mainly interested in considering Strominger + motion
equations.

» We revisit the b3 and sl(2, C).
» We provide the new solvable non-nilpotent example gz.

Semisimple
5((2,C)
([FY15])

Solvable

Nilpotent
hs ([FIUV14])

Non-nilpotent
g7 ([FUV16])
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The nilpotent Lie algebra h3 = h(2,1) @ R is given by:
dgl =0,j=1,...,5 dpé=p3"%+ 3%

where {3',..., 3%} is basis of h3. Notation: 32 := 8! A 2.

The Lie group H; = H(2,1) x R, H(2,1) is the 5-dim. Heisenberg Lie
group:

1 a a ¢
01 0 b

H(271): 0 O 1 b; ‘31,32,b1,b2,C€R
0O 0 0 1

Malcev’s Theorem = H; admits lattices ([Mal62]).
Proposition [ABD11]

There are 2 non-isomorphic cmpx. str. J* on hs. They are given in
terms of a (1,0)-basis {w', w?, w3}:

JE: dw'=dw? =0, duwd= Wil + w22,
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Proposition [Uga07],[UV15]
» Only J~ admits balanced metrics.
» The non-isomorphic balanced metrics on J~ are given by:
oF — i (wﬁ+w2§+ t2w3§) . 0#4teR.
Thebasise' +ie?=w'!, e +ie*t=w? e +ie®=tuwdis
adapted to (J—, F;):
J(e') =€ J (%)= —¢€* J(e®) =€  F=e"1eMte®t.
We consider the SU(3)-structures:
(J,F, W =(e' +ie®)A(e®+ie*)A(ed +ieb)).
Proposition [UV15]
For any SU(3)-str. the connection Aj:
(%1 = (%) = (%) = ()3 = M + &),
is SU(3)-instanton for any A € R. Furthermore,

242
pi(A) = —252 1%
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Proposition [-UV16]

Given the SU(3)-str. (J~, F;, V; = tw!?3), V& is SU(3)-instanton <
(e,p) = (3,0), thatis, V™.

Theorem [-UV16]

Let M be a h3-nilmanifold endowed with the SU(3)-str. (J—, F, V;),

then the Strominger system has invariant solutions for any connection
Ve and with non-flat instanton.

p (i) If p<e+ 3, thena’ > 0.
Particular cases: V-C and the
Ve 1 Hermitian connection V! for any
. t < 1 (Bismut included).
\VAn ‘ VLC v !




Proposition [-UV16]

Given the SU(3)-str. (J~, F;, V; = tw!?3), V& is SU(3)-instanton <
(e,p) = (3,0), thatis, V™.

Theorem [-UV16]

Let M be a h3-nilmanifold endowed with the SU(3)-str. (J—, F, V;),

then the Strominger system has invariant solutions for any connection
Ve and with non-flat instanton.

P (iii) for V = VT, the solutions
satisfy the heterotic equations of
ve & motion with o’ > 0 and non-flat
p instanton.
\VAn 4 VLC v-l— p




5[(2,C) is the semisimple Lie algebra of the complex Lie group:
SL(2,C) = {A € GL(2,C) | det(A) = 1}
sl(2,C) can be described in terms of the (1,0)-basis {w', w?, w3}:

J: dw' =w?, dw?=-w' dwd=w'"
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5[(2,C) is the semisimple Lie algebra of the complex Lie group:
SL(2,C) = {A € GL(2,C) | det(A) = 1}
sl(2,C) can be described in terms of the (1,0)-basis {w', w?, w3}:
J: dw' =w?, dw?=-w' dwd=w'"
Proposition [AG86]

If (g,J) is complex Lie algebra = any Hermitian F is balanced.
We consider the balanced metrics:

2F =i (' + w? 4+ ).

Thebasise' +ie? =tw', e+ie*=tw? eS+ie®=tulis
adapted to (J, F;). The SU(3)-structures are given by:

(J,Fr,Vy=(e' +ie®)n(e3+ie*)n (e’ +ied)).



Proposition [-UV16]

Ver is SU(3)-instanton < V& = V¢ or V< = V+. Moreover:
p1(VC) =0, pi(V*)= _ﬁ(emm + 1256 | gB456).
The analysis of the cancellation of anomalies depends on the

function:
Ble,p) = 1+4e+4c?+32s3 —12p—24¢p—32c2p+36p° +32:p% —32p°.
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1. 3 solutions with o/ > 0 for
V¢ and V' with t < 0.
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Ver is SU(3)-instanton < V& = V¢ or V< = V+. Moreover:

pi(VC) =0, pi(V*)= —ﬁ(em“ + @126 4 g3456),
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function:
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Theorem [-UV16]

Let SL(2,C)/TI endowed with the SU(3)-str. (J, F;, V;), then the
Strominger system has invariant solutions for any connection V&

(i) If B(e, p) # 0, flat instanton and
sign(a’) = sign(5(c, p)). In
particular:
1. 3 solutions with o/ > 0 for
V¢ and V' with t < 0.
2. VT satisfies motion egs. with
o' > 0 and flat instanton.




Proposition [-UV16]
Ver is SU(3)-instanton < V& = V¢ or V< = V+. Moreover:

pi(VC) =0, pi(V*)= —ﬁ(em“ + @126 4 g3456),

The analysis of the cancellation of anomalies depends on the
function:

Ble,p) = 1+4e+4c?+32s3 —12p—24¢p—32c2p+36p° +32:p% —32p°.

Theorem [-UV16]

Let SL(2,C)/TI endowed with the SU(3)-str. (J, F;, V;), then the
Strominger system has invariant solutions for any connection V&

p (ii) If B(e, p) # 8 there are
solutions to Strominger with
non-flat instanton (A = V1) and
sign(a’) = sign(s(e, p) — 8).

In particular for any Hermitian
connection V' with t < —1 (V*
not included).




g7 is the solvable Lie algebra given by:

d61 — 524 +6357 d52 — 546’ dﬂs — 6567
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g7 is solvable and non-nilpotent: g7 = R x s.
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g7 is the solvable Lie algebra given by:

dﬁﬂ — 524 +6357 d62 — 546’ dﬂs — 6567
dpt = —p%, dp® = 4%, dpt =0.
g7 is solvable and non-nilpotent: g7 = R x s.
[Boc09]: The solvable Lie group G; admits lattices.
Proposition [F-U15]

g7 admits 2 non-isomorphic cmpx. str. Js (0 = £1) with closed
(3,0)-form.

In terms of the (1,0)-basis:
wg =p4+ip?, w§ =32 +ipd, wg = %ﬂ6+2i551.
Js is expressed by: ) )
Js: dwl=iwin(wdH W), dwd=—iwiA(wdH wd),

duwi = 0 (wy'= wi?),



Proposition [F-U15]
Any balanced metric on (g7, Js) is given by

2F3,, = i(Pwll + 2w + Pu®) + uwi? — B,

0#r, teR,ueC.



Proposition [F-U15]
Any balanced metric on (g7, Js) is given by

2F3,, = i(Pwll + 2w + Pu®) + uwl? — Dwl,

0#r, teR,ueC.
The real basis {e', ..., e°}:
. 47 2 . . .
el +iet =Y 1 Bt =ty tire?, S 4ied =tuwd.

is adapted to (Js, F;"t’u). We consider the SU(3)-structures on g7:

(Js, Foru W2, = (e' +ie®) A (2 +ie*)n(e® +i€P)).



Proposition [-UV16]
For each A, 1 € R the connection A, ,, given by:

(rm)g = —(7Me) = —(7P)f = (M) = A e + e
. . 2
is an SU(3)-instanton and p (A, ) = —7@(2,4“7_‘;”2) e'2%4,
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Ve* is an SU(3)-instanton if and only if u = 0 and (¢, p) = (3,0), i.e.
Ver = V. Furthermore, if u = 0 then the Bismut connection

satisfies .
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Proposition [-UV16]
For each A, 1 € R the connection A, ,, given by:

() =~ = () = (P = A e,

is an SU(3)-instanton and p; (A, ) = —7@(2,4“732”2) g1,
Proposition [-UV16]
Ve* is an SU(3)-instanton if and only if u = 0 and (¢, p) = (3,0), i.e.
Ver = V. Furthermore, if u = 0 then the Bismut connection
satisfies .
8t 1234

p1 (V+) - _W e .
From now on, we divide the study according to the vanishing of the
parameter u.



We start by looking for solutions to the motion equations for
SU(3)-structures with u = 0.

Theorem [-UV16]

Let M be a g7-solvmanifold endowed with the SU(3)-str.
(Js, F1u—0» V2 1.u—0), the Strominger system has invariant solutions
for any connection V= and with non-flat instanton.

p
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Hermitian connection V! for any
t > 1 (Chern included).




We start by looking for solutions to the motion equations for
SU(3)-structures with u = 0.
Theorem [-UV16]

Let M be a g7-solvmanifold endowed with the SU(3)-str.
(Js, F1u—0» V2 1.u—0), the Strominger system has invariant solutions
for any connection V= and with non-flat instanton.

p (i) If p<e+ 3, then o/ > 0.
Particular cases: V'C and the
Ve 4 Hermitian connection V! for any
. t < 1 (Bismut included).
\Van ‘ vLC v+




We start by looking for solutions to the motion equations for
SU(3)-structures with u = 0.

Theorem [-UV16]

Let M be a g7-solvmanifold endowed with the SU(3)-str.
(Js, F1u—0» V2 1.u—0), the Strominger system has invariant solutions
for any connection V= and with non-flat instanton.

P (iii) for V = VT, the solutions
satisfy the heterotic equations of
ve & motion with o’ > 0 and non-flat
e instanton.
\Van ‘ vLC AV




After studying the cancellation of anomalies for the SU(3)-str. with
u#0:

dT = < (p1(V?) — pi(Axu)

the results for the solutions to Strominger system are expressed in
terms of the regions:

A=L"UN" — {Pg, Qz},
AL=L"UM —(M—nZ),

where L~ := {(¢, p) | L(¢, p) < 0}, for the functions

Lep) = (=3P+(p+1)72-4
N(e.p) = (e+3)+(p—1) 1,

M(e,p) = 2+ (p—1)2 -1,

Z(e.p) = (+e—p)[ae+(1-2p)* 4] +3.

3
L=0and N = 0 intersect at the points P; = (u M) and
Q = <1+8\ﬁ7 3+8\ﬁ).
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to a connection V¢ in the following cases:
(i) For (¢, p) € {P1, Q1}, there exist solutions with o/ > 0 and flat
instanton.
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Theorem [-UV16]

Let M be a g7-solvmanifold. There are SU(3)-str. (Js, F,,, V2, )
with u # 0, providing solutions to the Strominger system with respect
to a connection V¢ in the following cases:

(i) For (¢, p) € {P1, Q1}, there exist solutions with o/ > 0 and flat
instanton.

(i) Forany (e, p) € A, there exist solutions to the Strominger system
with non-flat instanton. Moreover, o’ > 0 if and only if (¢, p) € A,.

Corollary [-UV16]

A solvmanifold with underlying Lie algebra g7 provides invariant
solutions to the Strominger system with o/ > 0 and non-flat instanton
with respect to a Hermitian connection V' for

te (—5-4v2,1-v2) U471+ v2).

In particular, there are solutions for the Bismut connection (t = —1)
and for the Chern connection (t = 1).




g7 has also a behaviour observed for the nilpotent Lie algebra b4 in
[UV14]:

Corollary [-UV16]

Let us consider a solvmanifold with underlying Lie algebra g7. There
is an SU(3)-structure and a non-flat instanton solving at the same
time the Strominger system for V* and V¢ ,both with positive o’’s.

That is:

V =V+, (o > 0)

(G7/r7 J(Sa Frﬁ[,u;ﬁOa \Uf,t,u;ﬁOv V7A>\,/L # 0) :
VvV =VC (& >0)



g7 has also a behaviour observed for the nilpotent Lie algebra b4 in
[UV14]:
Corollary [-UV16]

Let us consider a solvmanifold with underlying Lie algebra g7. There
is an SU(3)-structure and a non-flat instanton solving at the same
time the Strominger system for V* and V¢ ,both with positive o’’s.

That is:

V =V+, (o > 0)

(G7/rv Js, Fr(s,t,u;éo’ \U(rs,t,u;éov VvA)\,/t 3& 0) :
VvV =VC (& >0)

Concluding g7...

g7 has a very rich space of solutions: V = V', v+, VC, heterotic
motion equations. Comparing with the NLA’s:
» ba,...,he have solutions to Strominger for V¢, v+, but not for
ve.
> b has solutions to Strominger for V+, V¢ but not to the
heterotic motion equations.



