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Basic concept

Experimental change: It is
now possible to study many-
electron systems interacting
with the quantized
electromagnetic field 3.

@ Well-kown: The linear response formalism of time-dependent density-functional
theory (TDDFT) for fermionic systems only

@ Goal: An extension of the linear response formalism to coupled electron-photon
systems

3Nature Photonics, Andreas Masers et. all, Few-photon coherent nonlinear optics with a single molecule, 2016, Nature
Publishing Group 1749-4893
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Density functional theory (DFT)

Hohenberg-Kohn Theorem
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Theorem: The one-to-one mapping
between external potential and the
ground-state density
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Density functional theory (DFT)

Hohenberg-Kohn Theorem
v(r)
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Theorem: The one-to-one mapping
between external potential and the
ground-state density

Kohn-Sham system: W = 0

Interacting system: W=0

Theorem: The ground-state density of an
interacting system can be found by solving an
effective system of N non-interacting electrons

v
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Extension to quantum-electrodynamical density-functional

theory (QEDFT)

Hohenberg-Kohn theorem
\
v(r)
Y&
| Map 2 .
Wy (x) How does the mapping
change for QEDFT?

T waloayl
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Introduction to DFT and QEDFT

Extension to quantum-electrodynamical density-functional
theory (QEDFT)

. . . . 6\" t A
Bijective mapping ih 8£) = H(t)V(t)
)
Aexe(t) N ~ N ~a
jextt(t) " H(t) = H’\f + Hem —A%JA
.YK — L Jaext(t) + Ajexe(t)]
ap 3
W(t) N
S Hem = 32 iw(d)" 4 + 3)
<X Minimal coupling: p — p — £A(r, t)

Theorem: The bijective mapping of the
external field ae: and current jex: to the
internal current J and conjugated field A
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Introduction to DFT and QEDFT

Extension to quantum-electrodynamical density-functional
theory (QEDFT)

Kohn-Sham system: W = 0 Interacting system: W=0

Theorem: The initial pair J(t), A(t) can be found by solving the effective
single particle system.? ©

aPNAS, Johannes Flick et. all, Kohn-Sham approach to quantum electrodynamical density-functional theory:
Exact time-dependent effective potentials in real space, vol.112 no.50,2015

b . . . . L
Phys.Rev A, Michael Ruggenthaler et. all, Quantum-electrodynamical density-functional theory: Bridging
quantum optics and electronic-structure theory,vol.90,p.012508,2014
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Linear-response formalism and the extension to coupled system

Linear-response formalism

Amplitude

Amplitude

@ A reaction of a system to an
external perturbation

@ Our case: Density change of A e
electrons and photons as a

reaction to a weak
perturbation dve /p(r, t)

Space

Amplitude Amplitude

@ Can be described to first
order — linear response
functions

Space
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Linear-response formalism and the extension to coupled system

Extension of linear-response formalism to coupled systems

@ Definition of the linear-response function for the electronic, photonic

and coupled case:

xR, (rt, r't") == —iO(t — t') (Wo| [fe, (rt), Ae, (r't')] [Wo)

XRy: (rt, r't') := —iO(t — t') (Wo| [Aipe,, (rt), Ape, (r't')] [Wo)
XRor,o(rt, r't') := —iO(t — ') (Wo| [Aipe,, (rt), e, (r't')] [Wo)
XRepe (1t, r't') := —i©(t — t') (Vo [fiey, (rt), Ape, (r't')] [Wo)

with Ac(rt) = &7 (rt) - e(rt), Ape(rt) = &7 (rt) + 4(rt)
@ For application we use
( (5ne(r, t) ) _
Snpe(r, t)
fdt'fdr'( Xee(rt,r't')  xepe(rt,r't") ) . ( dve(r', t))

Xpte(rt, r't")  Xpepe(rt, r't)) Svpe(r', )
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Linear-response formalism and the extension to coupled system

Lehmann-representation for coupled systems

@ For calculations we use eigenenergy-representation of the response
function

e Eigenvalue problem H|V;) = E;|V;), with H being a coupled
electron-photon Hamiltonian

@ We rewrite the linear response functions in space and time according

to
XR(r, r t—t') = —O(t — t') S e Mws(t=t)E (r) £ (') +c.c
E .

XRu(r 1t =) = —O(t — t') S e sl (r) - £, () + .
~ ,

XRu (1,1t = ') = =O(t — ') S e sy (1) - f, (F) +cc

S en,s
XRepe(ry 1t =) = (t*t)ZSZe”Q“ O oy s (r) - fpey 5 () + c.c

N. Hoffmann (FHI, MPSD) TDDFT Linear Response for QED 23.09.2016 12 /33



Linear-response formalism and the extension to coupled system

Linear response of the Kohn-Sham system

TDDFT

@ Connection: linear-response formalism and TDDFT — linear response
for the Kohn-Sham system

@ A relation between interacting and non-interacting linear response:

frxc(r, ' w) = x5 H(r, r' w) — x 7 H(r, r',w)
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Linear-response formalism and the extension to coupled system

Linear response of the Kohn-Sham system

TDDFT

@ Connection: linear-response formalism and TDDFT — linear response
for the Kohn-Sham system

@ A relation between interacting and non-interacting linear response:

frxc(r, ' w) = x5 H(r, r' w) — x 7 H(r, r',w)

QEDFT

@ Response function now takes a matix form:

v ’.
x(rt, r't') = ( Xe(rt, r't’)  Xept(rt,r't’) )

Xpte(rt, r't')  xpe(rt, r't’)

XS(r7 t7 X? 7—) = ( XSE(” t’ X’ T) 0 )

0 XSpt(ra t,X,T)

frxee (X7, X'T')  Frixee o (xT, X7’
f, XT X,Tl — XCe ) XCe,pt ’
e (X, ) frixcpre (XT, X' T') friey (x7, X"7")

v
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Lattice model and Hamiltonian

Lattice model

Electronic model:

IR P I
vy Ly

site 1 site 2 sitel site2 site3 site4
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Lattice model and Hamiltonian

Lattice model

Electronic model:

€ ey €1

T | rearrange *

I !

site 2 site 1

e €3 €y

N B

vy
site2 site3 site4

v
Photonic model:
site 1 site 2
v
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Lattice model and Hamiltonian

Hamiltonian
Hamiltonian for two sites and two Fock-number states:

H= He + Hpt + He,pt + Hext -
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Lattice model and Hamiltonian

Hamiltonian
Hamiltonian for two sites and two Fock-number states:

H=H.+ Hpt + He,pt + Hext =
—to(clﬁcm\ +¢f ey + C;TCN + c;lcu)+
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Lattice model and Hamiltonian

Hamiltonian
Hamiltonian for two sites and two Fock-number states:

H = He+ Hpt + He pt + Hext =
7t0(CEC2T + o+ c;c;m + c;icu)+
2to(chcrr + cﬂcu + C;QT + 6 )+
Tnupt(afal + aI;ag + 1)+
M(efhar + o ja)(af + a1)+(chreor + 5 2 ) (a5 + a2)]+
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Lattice model and Hamiltonian

Hamiltonian
Hamiltonian for two sites and two Fock-number states:

H = He + Hpt + He pt + Hoxr =
fto(clﬁcm + o+ C2+¢C1T + cic1¢)+
2tp(cfrenr + cﬁcu + C;:TCQT + 6 o)+
T;wpt(afal + 8;32 + 1)+
M(efhar + o ja)(af + a1)+(chreor + 5 2 ) (a5 + a2)]+

—(t—19)?

(?m(cﬂcm) + 2 cy) + ot eo) +>“<2¢(C2+¢C2¢)) <Eoe 72 Sin(wt)>

—(t—19)°

+ ()“q(air +a1) + >A<2(a2+ + 82)> <Joeo2 sin(wt))
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Lattice model and Hamiltonian

External perturbation

Hext =
—(t—19)°

(?m(q?cw) + % e) + Rer(cher) + @(Q%)) <Eoe - Sin(wt)>

7(t7t0)2

+ (Ru(af + a1) + %(a3 + a2)) <J0ea2 sin(wt))

0.1

0.05

Amplitude

-0.05

-0.1
0 5 10 15 20 25

Time in [a.u]

4
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Overview

He| Hol H | Vext | Jext | linear linear time- notation case
response | response | propagation
analytic numeric
X X X X X consistency | [1]
check
X X X X X consistency | [2]
check
X | x X X comparison | [3]
with case 1
X X X X comparison | [4]
with case 2
X | x X X Pump- [5]
probe pulse
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Overview

He| Hol H | Vext| Jext | linear linear time-
response response propagation
analytic numeric

consistency
check

X | X X X comparison | [3]
with case 1
X X X X comparison | [4]
with case 2
X | x X X Pump- [5]
probe pulse

it
<

[m] = = =
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Consistency check for the electronic system (case[1])

0.01 ]
Analytic response (AR)
Numeric response (NR)
0.005 | Time-propagation (TP) i
[
E
2 o]
[}
£
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-0.005 4
-0.01 F 4
0.01 F i T T T B
0.005 Arpar
. F A 4
3 ARNR
2 0 4~/\/\/\/\/\/\/\/\/~— TPNR ||
o
S
< -0.005 4
-0.01 £ L . X . 4
0 5 10 15 20 25

Time in [a.u]
Paramerters in [a.u]: w=8, oc=2, E=0.1
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Overview
He| Hol H | Vext| Jext | linear linear time-
response response propagation
analytic numeric
X X X X X consistency | [1]
check
X | X X X comparison | [3]
with case 1
X X X X comparison | [4]
with case 2
X | x X X Pump- [5]
probe pulse
[m] [l = = = )
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Consistency check for the photonic system (case[2])

0.005

0.0025

Amplitude

-0.0025

-0.005
0.005

0.0025

Amplitude

-0.0025
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Overview
He| Hol H | Vext| Jext | linear linear time-
response response propagation
analytic numeric
X X X X X consistency | [1]
check
X X X X X consistency | [2]

check

X X X X comparison | [4]
with case 2
X | X X X Pump- [5]
probe pulse
o = E E T 9
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Electronic linear response of the electron- photon coupled
system (case[3])

Response of the coupled system with dvey: 7 0 and §jext = 0:

0.1

External field

% External current

2 0.05

=

£

<

0.0015 g
°
g 0.0005 1
2
2 -0.0005
<

-0.0015

T T T T

0.0005 f 1
[0}
g 0.0002 1
a.
£ -0.0002
< -0.0005

. . . .
0 5 10 15 20 25
Time in [a.u]

Although there is no explicit external perturbation for the photons themselves (red),

a photonic linear response (green) is generated!

4
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Results

Comparison of electronic linear response of the coupled

and uncoupled system

Amplitude

Amplitude

Amplitude

o
°
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Electronic response without coupling
Electronic response with coupling

Electronic response without coupling

T T

Electronic response with coupling
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Results

Comparison of electronic linear response of the coupled
and uncoupled system
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Energy conservation
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Time-delay of displacement
of charged particles and the
radiation of an electro-
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Overview
He| Hol H | Vext| Jext | linear linear time-
response | response | propagation
analytic numeric
X X X X X consistency | [1]
check
X X X X X consistency | [2]
check
X | X X X comparison | [3]
with case 1

X | X X X Pump- [5]
probe pulse
o & = E E 9
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Photonic linear response of the electron- photon coupled
system (case[4])

Response of the coupled system with dve: = 0 and §jext # O:

0.1
External field
@ External current
3
2005 - ]
=
£
<<
0
00005 [——emmcamy e ] |
€ 00002 - ]
% 0 AANAA
£-0.00025 1
£ 000025
-0.0005 | 1
T T T T
0.0015 1
o 0.0008 ]
g
= 0
g
£ -0.0008
-0.0015 ) ) ) )
0 5 10 15 20 25
Time in [a.u]

Although there is no explicit external perturbation for the electrons themselves

(blue), an electronic linear response (purple) is generated!
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Comparison of photonic linear response of the coupled and
uncoupled system

01
Envelope
° Photonic response without coupling
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Comparison of photonic linear response of the coupled and

uncoupled system
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Overview
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TDDFT Linear Response for QED

He| Hol H | Vext| Jext | linear linear time-
response | response | propagation
analytic numeric
X X X X X consistency | [1]
check
X X X X X consistency | [2]
check
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with case 1
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Pump-probe experiment (case[5])
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Pump-Probe Experiment:
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Pump-probe experiment (case[5])

At=12
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Pump-Probe Experiment:

@ Two laser pulses applied with

time-delay
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Pump-probe experiment (case[5])

At=12
/\ Pump-Probe Experiment:
o @ Two laser pulses applied with
time-delay
’ e @ = @ Each pulse contains field and
§mm/‘w\ current
° T\mev\[au] ® ® =

v
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Pump-probe experiment (case[5])

005

My\
.

® fimein [yl

Amplitude

i

Externalfold
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o
0.0005 [
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Pump-Probe Experiment:

@ Two laser pulses applied with

time-delay

Each pulse contains field and

current

For calculations the
electron-photon coupled
Hamiltonian is used

Parameters:

Coupling strength A = 0.6
Hopping parameter tp =1
Photonic frequency wp: = 4

v
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@ Concluded steps:
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@ Concluded steps:

@ Extension of the linear response formalism to coupled system

© Successful consistency check

© Investigate different coupling cases

@ First approaches to experimental scenarion (Pump-probe experiment)
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