
GRAVITATIONAL WAVES   
PROBE OF THE EARLY UNIVERSE

Daniel G. Figueroa 
CERN, Theory Division

School on Gravitational Waves for Cosmology and 
Astrophysics, Benasque,  May 28 - June 10, 2017

4th LECTURE



INFLATIONARY COSMOLOGY

Inflation            

'cures' hBB



INFLATIONARY COSMOLOGY

( )initial
cond.

Inflation            

'cures' hBB

= {Primordial 
perturbations Tensor

Scalar

: Irreducible GWs



INFLATIONARY COSMOLOGY

( )initial
cond.

Inflation            

'cures' hBB

= {

Scenarios

Primordial 
perturbations Tensor

Scalar

Enhanced Scalar Pert.

…
Enhanced GWs

Extra species/symmetries

: Irreducible GWs{



INFLATIONARY COSMOLOGY

( )initial
cond.

Inflation            

'cures' hBB

= {

Scenarios

Primordial 
perturbations Tensor

Scalar

Enhanced Scalar Pert.

…
Enhanced GWs

Extra species/symmetries

: Irreducible GWs{

Reheating = Matching inflation 
with the hBB Th.( )



INFLATIONARY COSMOLOGY

( )initial
cond.

Inflation            

'cures' hBB

= {

Scenarios

Primordial 
perturbations Tensor

Scalar

Enhanced Scalar Pert.

…
Enhanced GWs

Extra species/symmetries

: Irreducible GWs{

Reheating = New GW productionMatching inflation 
with the hBB Th.( )



INFLATIONARY COSMOLOGY

( )initial
cond.

Inflation            

'cures' hBB

= {

Scenarios

Primordial 
perturbations Tensor

Scalar

Enhanced Scalar Pert.

…
Enhanced GWs

Extra species/symmetries

: Irreducible GWs{

Reheating = New GW productionMatching inflation 
with the hBB Th.( )



INFLATIONARY REHEATINGPHYSICAL CONTEXT: REHEATING

INFLATION �! REHEATING �! BIG BANG THEORY



INFLATIONARY REHEATINGPHYSICAL CONTEXT: REHEATING

INFLATION �! REHEATING �! BIG BANG THEORY



INFLATIONARY REHEATINGPHYSICAL CONTEXT: REHEATING

INFLATION �! REHEATING �! BIG BANG THEORY



INFLATIONARY REHEATINGPHYSICAL CONTEXT: REHEATING

INFLATION �! REHEATING �! BIG BANG THEORY



INFLATIONARY REHEATINGPHYSICAL CONTEXT: REHEATING

INFLATION �! REHEATING �! BIG BANG THEORY



SCALAR REHEATING

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

INFLATON MATTER COUPLING

1)
2)



SCALAR REHEATING

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

INFLATON MATTER COUPLING

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

8
>>>><

>>>>:

�̈(t) + 3H�̇+ V 0(�) = 0 (Inflaton Zero Mode : Damped Oscillator)

⇤�k + F (
R
dq�q�|k�q|)�k + ... = 0 (Inflaton Fluctuations)

⇤�k + F (
R
dq�q,�|k�q|)�k + ... = 0 (Matter Fluctuations)

DYNAMICS:

Non-Linear, Non-Perturbative & Far-From-Equilibrium

ki ±�ki ! 'k(t), nk(t) ⇠ exp{µk t} ! PREHEATING

1)
2)



SCALAR REHEATING

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

INFLATON MATTER COUPLING

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

8
>>>><

>>>>:

�̈(t) + 3H�̇+ V 0(�) = 0 (Inflaton Zero Mode : Damped Oscillator)

⇤�k + F (
R
dq�q�|k�q|)�k + ... = 0 (Inflaton Fluctuations)

⇤�k + F (
R
dq�q,�|k�q|)�k + ... = 0 (Matter Fluctuations)

DYNAMICS:

Non-Linear, Non-Perturbative & Far-From-Equilibrium

ki ±�ki ! 'k(t), nk(t) ⇠ exp{µk t} ! PREHEATING

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

8
>>>><

>>>>:

�̈(t) + 3H�̇+ V 0(�) = 0 (Inflaton Zero Mode : Damped Oscillator)

⇤�k + F (
R
dq�q�|k�q|)�k + ... = 0 (Inflaton Fluctuations)

⇤�k + F (
R
dq�q,�|k�q|)�k + ... = 0 (Matter Fluctuations)

DYNAMICS:

Non-Linear, Non-Perturbative & Far-From-Equilibrium

ki ±�ki ! 'k(t), nk(t) ⇠ exp{µk t} ! PREHEATING

1)
2)



SCALAR (P)REHEATING

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

INFLATON MATTER COUPLING

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

8
>>>><

>>>>:

�̈(t) + 3H�̇+ V 0(�) = 0 (Inflaton Zero Mode : Damped Oscillator)

⇤�k + F (
R
dq�q�|k�q|)�k + ... = 0 (Inflaton Fluctuations)

⇤�k + F (
R
dq�q,�|k�q|)�k + ... = 0 (Matter Fluctuations)

DYNAMICS:

Non-Linear, Non-Perturbative & Far-From-Equilibrium

ki ±�ki ! 'k(t), nk(t) ⇠ exp{µk t} ! PREHEATING

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

8
>>>><

>>>>:

�̈(t) + 3H�̇+ V 0(�) = 0 (Inflaton Zero Mode : Damped Oscillator)

⇤�k + F (
R
dq�q�|k�q|)�k + ... = 0 (Inflaton Fluctuations)

⇤�k + F (
R
dq�q,�|k�q|)�k + ... = 0 (Matter Fluctuations)

DYNAMICS:

Non-Linear, Non-Perturbative & Far-From-Equilibrium

ki ±�ki ! 'k(t), nk(t) ⇠ exp{µk t} ! PREHEATING

1)
2)



SCALAR (P)REHEATING

SIMPLE EXAMPLES: SCALAR REHEATING

V (�,�) = 1
4��

4 + 1
2m

2
��

2 + 1
2g

2�2�2 (Chaotic)

V (�,�) = 1
2µ

2�2 + �
4 (�

2 � v2)2 + 1
2g

2�2�2 (Hybrid)

��n1)



SCALAR (P)REHEATING
Chaotic Scenarios: PARAMETRIC RESONANCE

Massless : X 00
k +(2 + g2

� cn2(z))Xk = 0 (Lamé Eq.)
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Massive : X 00
k +(Ak � 2q cos(2z))Xk = 0 (Mathieu Eq.)
q = g2�2/(2µ)2, Ak = (k/a)2/µ2 + 2q

9

>

>

=

>

>

;

Xk ⇠ eµk t

nk ⇠ eµk t

Chaotic Inflation (KLS94,GKLS97)

1)Chaotic Scenarios: PARAMETRIC RESONANCE

Massless : X 00
k +(2 + g2

� cn2(z))Xk = 0 (Lamé Eq.)
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Massive : X 00
k +(Ak � 2q cos(2z))Xk = 0 (Mathieu Eq.)
q = g2�2/(2µ)2, Ak = (k/a)2/µ2 + 2q

9

>

>

=

>

>

;

Xk ⇠ eµk t

nk ⇠ eµk t

Chaotic Inflation (KLS94,GKLS97)

INFLATON

MATTER FIELD FLUCTUATIONS

Chaotic Scenarios: PARAMETRIC RESONANCE

Massless : X 00
k +(2 + g2

� cn2(z))Xk = 0 (Lamé Eq.)
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1. Non-Perturbative Excitation of fields

Bosons: g2�2�2 : Oscillations ! �� Particle Creation
(Non-Pert., Out-of-Eq.)

d2

dt2�k + !2

k(t)�k(t) = 0 , d
dt!k � !2

k(t)
(n = 4)

(n = 2)
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1. Non-Perturbative Excitation of fields

Bosons: g2�2�2 : Oscillations ! �� Particle Creation
(Non-Pert., Out-of-Eq.)

d2

dt2�k + !2

k(t)�k(t) = 0 , d
dt!k � !2

k(t)
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a

= � 4⇡G

3 (⇢ + 3p) ,

⇢
⇢ = h⇢

�

+ ⇢
�

+ ...i
p = hp

�

+ p
�

+ ...i

• GW: h00
ij

+ 2Hh0
ij

�r2h
ij

= 16⇡G⇧TT
ij

, ⇧
ij

= T
ij

� hT
ij

i
FRW

ds2 = a2(�d⌘2 + (�
ij

+ h
ij

)dxidxj), TT :
⇢

h
ii

= 0
h

ij

,
j

= 0

TT dof carry energy out of the source!!!

non-linear
out-Eq

Hybrid Preheating
Results for Hybrid Reheating (Part I)

V (�, �) = �
4

(|�|2 � v2)2 + 1

2

|�|2�2 + V (�)

Bubble Nucleation and Collisions (g2 = 2� = .25, v = 10�3Mp,)

Higgs GW (Energy density)

Results for Hybrid Reheating (Part I)

V (�, �) = �
4

(|�|2 � v2)2 + 1

2

|�|2�2 + V (�)

Bubble Nucleation and Collisions (g2 = 2� = .25, v = 10�3Mp,)

Higgs GW (Energy density)

Animation by  
Alfonso Sastre



INFLATIONARY REHEATING (RH)
Lattice Simulations: Dynamics

• Scalars (n
k

� 1): ⇤� + V
,�

= 0, ⇤�
a

+ V
,�a = 0

Semi-classical regime ⇡
k

⇡ �
k

+ ... (Squeezed States)

• FRW: H2 = 8⇡G

3 ⇢, ä
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a

= � 4⇡G

3 (⇢ + 3p) ,

⇢
⇢ = h⇢

�

+ ⇢
�

+ ...i
p = hp

�

+ p
�

+ ...i

• GW: h00
ij

+ 2Hh0
ij

�r2h
ij

= 16⇡G⇧TT
ij

, ⇧
ij

= T
ij

� hT
ij

i
FRW

ds2 = a2(�d⌘2 + (�
ij

+ h
ij

)dxidxj), TT :
⇢

h
ii

= 0
h

ij

,
j

= 0

TT dof carry energy out of the source!!!

non-linear
out-Eq

Hybrid Preheating
Results for Hybrid Reheating (Part I)

V (�, �) = �
4

(|�|2 � v2)2 + 1

2

|�|2�2 + V (�)

Bubble Nucleation and Collisions (g2 = 2� = .25, v = 10�3Mp,)

Higgs GW (Energy density)

Results for Hybrid Reheating (Part I)

V (�, �) = �
4

(|�|2 � v2)2 + 1

2

|�|2�2 + V (�)

Bubble Nucleation and Collisions (g2 = 2� = .25, v = 10�3Mp,)

Higgs GW (Energy density)

Animation by  
Alfonso Sastre



INFLATIONARY REHEATING (RH)
Lattice Simulations: Dynamics

• Scalars (n
k

� 1): ⇤� + V
,�

= 0, ⇤�
a

+ V
,�a = 0

Semi-classical regime ⇡
k

⇡ �
k

+ ... (Squeezed States)

• FRW: H2 = 8⇡G

3 ⇢, ä
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INFLATIONARY REHEATING (RH)
Parameter Dependence (Peak amplitude)

field mode functions in the integrand of
��Ĩ

(x)

�� oscillate, and hence the smaller the amplitude
of
��Ĩ

(x)

�� should be due to ’phase erasing’ effects. Let us recall that the mode functions �
k

have dimensions of (energy)�1/2, and hence the Ĩ
(x)

functions have dimensions of (energy)�1.
However, let us note that the original I

(x)

functions Eq. (2.22) have dimensions of (energy)�2.
Therefore, the natural value for the spectral index, just based on dimensional considerations,
is n = �2. Using eq. (2.30), we expect then
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where we have introduced the parameter �
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to account for possible deviations with respect our educated guess of n = �2. In the case of
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in Eq. (2.35), is of order O(10�9).
In the following Sections we will quantify the goodness of this peak parametrization as a

function of q, measuring � and A2 from actual numerical simulations, where we sample a wide
range of q values within each scenario considered. Anticipating our results, for a massless
scalar field with q > 1, we find that the (�)-correction of the power index in Eq. (2.36),
amounts to a ⇠ XXX% relative deviation with respect to the 3

2

power expected for exact
n = �2, whereas the correction for a massive scalar field with q > 1, goes up to ⇠ Y Y Y%.

Using Eq. (2.30), the frequency today Eq. (2.25) of the GW peak, is given by
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amounts to a ⇠ XXX% relative deviation with respect to the 3

2

power expected for exact
n = �2, whereas the correction for a massive scalar field with q > 1, goes up to ⇠ Y Y Y%.

Using Eq. (2.30), the frequency today Eq. (2.25) of the GW peak, is given by

f
p

' 5 · 1010✏1/4
i

✓
1

⇢̃
i

◆ 1
4


p

Hz

⇠ 5 · 1010
 

!⇤

⇢
1/4

i

!
✏
1
4
i

q
1
4 Hz⇥

8
><

>:

1 , V (') / '4

⇣
af
ai

⌘ 1
4

, V (') / '2

(2.37)

– 9 –

⌦(o)
GWChaotic Models:where q is the so called resonance parameter

q ⌘ g2�2
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⇤
. (2.6)

Depending on the potential, the resonance parameter may be written as proportional to the
expression provided in Eq. (2.6), with a proportionality factor4 of order ⇠ O(1). However,
this is purely conventional, and what really matters is, of course, the dimensionless ratio
/ g

2
�

2
i

!

2
⇤

captured in Eq. (2.6).
In most relevant situations in the early Universe where parametric resonance takes place,

the oscillatory field � is considered to be initially in a homogeneous classical field configuration,
whereas the field � is considered to be a quantum field, initially in vacuum. The scalar field �
can be promoted into a quantum operator by means of the standard quantization procedure

�(x, t) ⌘ a(t)X(x, t) =

Z
dk

(2⇡)3
e�ik·x

h
â
k

�
k

(t) + â†�k

�⇤
k

(t)
i
, (2.7)

where the creation/annihilation operator satisfy the canonical commutation relations

[â
k

, â†
k

0 ] = (2⇡)3 �(3)(k� k

0), (2.8)

with other commutators vanishing. The (initial) vacuum state is defined as usual, given by
â
k

|0i = 0. Given our choice of Eqs. (2.7), (2.8), we note that the mode functions �
k

have
dimensions of (Energy)�1/2. From Eq. (2.5) we obtain the EOM for the latter as

d2

dz2
�
k

+
�
2 + q'2

�
�
k

' 0 ,  ⌘ k

!⇤
, (2.9)

where we have discarded the term / 1

a

d

2
a

dz

2 in the rhs of the equation, as it is negligible
at sub-horizon scales 2 � 1

a

(da
dz

)2, 1
a

d

2
a

dz

2 . Given the oscillatory nature of ', Eq. (2.9) can
exhibit unstable solutions of the type �



⇠ eµq

()z, with µ
q

() some complex exponent.
For certain values of {q,}, Re[µ



] > 0, causing an exponential growth of the given field
mode amplitude. It is precisely this unstable behavior, occurring only within finite-momenta
’resonance bands’ with Re[µ



] > 0, that we call parametric resonance. For a thoughtful
description of the phenomena of parametric resonance in the early Universe see [15]. For a
fit-parameter analysis based on numerical simulations of parametric resonance in the early
Universe, see [59].

2.1 Spectrum of gravitational waves

The exponential growth of the �
k

modes experiencing parametric resonance, generate a sig-
nificant anisotropic stress ⇧

ij

⇠ @
i

�@
j

�, which in turn creates gravitational waves (GW), as
we will see next. Gravitational waves correspond the transverse and traceless (TT) degrees
of freedom of metric perturbations,

ds2 = �dt2 + a2(t) (�
ij

+ h
ij

) dxidxj . (2.10)
4For example, in the case of a quartic potential V (�) = ��4/4, Eq. (2.6) states that q = g2/�, matching

exactly the resonance parameter definition in the Lamé equation [7]. Therefore, in this case, there is no need
to add any proportionality constant. However, in the case of a quadratic potential V (�) = m2

�

�2/2, with
m

�

some mass scale, one normally defines the resonance parameter as q ⌘ g2�2
i /4m

2
�

, introducing the extra
factor 1/4 to match the resonance parameter definition in the Mathieu equation, see [6].
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field mode functions in the integrand of
��Ĩ

(x)

�� oscillate, and hence the smaller the amplitude
of
��Ĩ

(x)

�� should be due to ’phase erasing’ effects. Let us recall that the mode functions �
k

have dimensions of (energy)�1/2, and hence the Ĩ
(x)

functions have dimensions of (energy)�1.
However, let us note that the original I

(x)

functions Eq. (2.22) have dimensions of (energy)�2.
Therefore, the natural value for the spectral index, just based on dimensional considerations,
is n = �2. Using eq. (2.30), we expect then
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where we have introduced the parameter �

n ⌘ �2(1 + �) , (2.34)

to account for possible deviations with respect our educated guess of n = �2. In the case of
V / '2 (or for this matter of any potential different than V / '4), we can reabsorb the scale
factor dependence (a

f

/a
i

)3/4+� into the dimensionless constant A, i.e. A2(a
f

/a
i

)3/4+� �! A2.
We can then write F

f

(
p

) ⇠ A2q
3
4+� for any potential V (') / 'n, understanding that such

proportionality constant characterizes not only the amplitude of the antsaz Eq. (2.32), but
also the expansion history a

f

/a
i

during the GW production.
We can infer the scaling of the final GW peak amplitude at z = z
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and from here the corresponding amplitude of the GW peak today, as
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Using that h2⌦
rad

⇠ O(10�5), (g
o

/g⇤)
1/3 ⇠ O(0.1), and 1
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4 ⇠ O(10�3), no note that the
total prefactor 1
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4 (
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gf
)1/3h2⌦
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in Eq. (2.35), is of order O(10�9).
In the following Sections we will quantify the goodness of this peak parametrization as a

function of q, measuring � and A2 from actual numerical simulations, where we sample a wide
range of q values within each scenario considered. Anticipating our results, for a massless
scalar field with q > 1, we find that the (�)-correction of the power index in Eq. (2.36),
amounts to a ⇠ XXX% relative deviation with respect to the 3

2

power expected for exact
n = �2, whereas the correction for a massive scalar field with q > 1, goes up to ⇠ Y Y Y%.

Using Eq. (2.30), the frequency today Eq. (2.25) of the GW peak, is given by
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Depending on the potential, the resonance parameter may be written as proportional to the
expression provided in Eq. (2.6), with a proportionality factor4 of order ⇠ O(1). However,
this is purely conventional, and what really matters is, of course, the dimensionless ratio
/ g

2
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2
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captured in Eq. (2.6).
In most relevant situations in the early Universe where parametric resonance takes place,

the oscillatory field � is considered to be initially in a homogeneous classical field configuration,
whereas the field � is considered to be a quantum field, initially in vacuum. The scalar field �
can be promoted into a quantum operator by means of the standard quantization procedure

�(x, t) ⌘ a(t)X(x, t) =

Z
dk

(2⇡)3
e�ik·x

h
â
k

�
k

(t) + â†�k

�⇤
k

(t)
i
, (2.7)

where the creation/annihilation operator satisfy the canonical commutation relations

[â
k

, â†
k

0 ] = (2⇡)3 �(3)(k� k

0), (2.8)

with other commutators vanishing. The (initial) vacuum state is defined as usual, given by
â
k

|0i = 0. Given our choice of Eqs. (2.7), (2.8), we note that the mode functions �
k

have
dimensions of (Energy)�1/2. From Eq. (2.5) we obtain the EOM for the latter as

d2

dz2
�
k

+
�
2 + q'2

�
�
k

' 0 ,  ⌘ k
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, (2.9)

where we have discarded the term / 1

a

d

2
a

dz

2 in the rhs of the equation, as it is negligible
at sub-horizon scales 2 � 1

a

(da
dz

)2, 1
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2
a

dz

2 . Given the oscillatory nature of ', Eq. (2.9) can
exhibit unstable solutions of the type �



⇠ eµq

()z, with µ
q

() some complex exponent.
For certain values of {q,}, Re[µ



] > 0, causing an exponential growth of the given field
mode amplitude. It is precisely this unstable behavior, occurring only within finite-momenta
’resonance bands’ with Re[µ



] > 0, that we call parametric resonance. For a thoughtful
description of the phenomena of parametric resonance in the early Universe see [15]. For a
fit-parameter analysis based on numerical simulations of parametric resonance in the early
Universe, see [59].

2.1 Spectrum of gravitational waves

The exponential growth of the �
k

modes experiencing parametric resonance, generate a sig-
nificant anisotropic stress ⇧

ij

⇠ @
i

�@
j

�, which in turn creates gravitational waves (GW), as
we will see next. Gravitational waves correspond the transverse and traceless (TT) degrees
of freedom of metric perturbations,

ds2 = �dt2 + a2(t) (�
ij

+ h
ij

) dxidxj . (2.10)
4For example, in the case of a quartic potential V (�) = ��4/4, Eq. (2.6) states that q = g2/�, matching

exactly the resonance parameter definition in the Lamé equation [7]. Therefore, in this case, there is no need
to add any proportionality constant. However, in the case of a quadratic potential V (�) = m2

�

�2/2, with
m

�

some mass scale, one normally defines the resonance parameter as q ⌘ g2�2
i /4m

2
�

, introducing the extra
factor 1/4 to match the resonance parameter definition in the Mathieu equation, see [6].
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field mode functions in the integrand of
��Ĩ

(x)

�� oscillate, and hence the smaller the amplitude
of
��Ĩ

(x)

�� should be due to ’phase erasing’ effects. Let us recall that the mode functions �
k

have dimensions of (energy)�1/2, and hence the Ĩ
(x)

functions have dimensions of (energy)�1.
However, let us note that the original I

(x)

functions Eq. (2.22) have dimensions of (energy)�2.
Therefore, the natural value for the spectral index, just based on dimensional considerations,
is n = �2. Using eq. (2.30), we expect then
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where we have introduced the parameter �

n ⌘ �2(1 + �) , (2.34)

to account for possible deviations with respect our educated guess of n = �2. In the case of
V / '2 (or for this matter of any potential different than V / '4), we can reabsorb the scale
factor dependence (a

f

/a
i

)3/4+� into the dimensionless constant A, i.e. A2(a
f

/a
i

)3/4+� �! A2.
We can then write F

f

(
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) ⇠ A2q
3
4+� for any potential V (') / 'n, understanding that such

proportionality constant characterizes not only the amplitude of the antsaz Eq. (2.32), but
also the expansion history a

f

/a
i

during the GW production.
We can infer the scaling of the final GW peak amplitude at z = z
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and from here the corresponding amplitude of the GW peak today, as
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Using that h2⌦
rad

⇠ O(10�5), (g
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/g⇤)
1/3 ⇠ O(0.1), and 1
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4 ⇠ O(10�3), no note that the
total prefactor 1
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in Eq. (2.35), is of order O(10�9).
In the following Sections we will quantify the goodness of this peak parametrization as a

function of q, measuring � and A2 from actual numerical simulations, where we sample a wide
range of q values within each scenario considered. Anticipating our results, for a massless
scalar field with q > 1, we find that the (�)-correction of the power index in Eq. (2.36),
amounts to a ⇠ XXX% relative deviation with respect to the 3

2

power expected for exact
n = �2, whereas the correction for a massive scalar field with q > 1, goes up to ⇠ Y Y Y%.

Using Eq. (2.30), the frequency today Eq. (2.25) of the GW peak, is given by
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Depending on the potential, the resonance parameter may be written as proportional to the
expression provided in Eq. (2.6), with a proportionality factor4 of order ⇠ O(1). However,
this is purely conventional, and what really matters is, of course, the dimensionless ratio
/ g
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captured in Eq. (2.6).
In most relevant situations in the early Universe where parametric resonance takes place,

the oscillatory field � is considered to be initially in a homogeneous classical field configuration,
whereas the field � is considered to be a quantum field, initially in vacuum. The scalar field �
can be promoted into a quantum operator by means of the standard quantization procedure

�(x, t) ⌘ a(t)X(x, t) =

Z
dk

(2⇡)3
e�ik·x

h
â
k
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(t) + â†�k
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(t)
i
, (2.7)

where the creation/annihilation operator satisfy the canonical commutation relations

[â
k

, â†
k

0 ] = (2⇡)3 �(3)(k� k

0), (2.8)

with other commutators vanishing. The (initial) vacuum state is defined as usual, given by
â
k

|0i = 0. Given our choice of Eqs. (2.7), (2.8), we note that the mode functions �
k

have
dimensions of (Energy)�1/2. From Eq. (2.5) we obtain the EOM for the latter as
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where we have discarded the term / 1
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2 in the rhs of the equation, as it is negligible
at sub-horizon scales 2 � 1
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2 . Given the oscillatory nature of ', Eq. (2.9) can
exhibit unstable solutions of the type �



⇠ eµq

()z, with µ
q

() some complex exponent.
For certain values of {q,}, Re[µ



] > 0, causing an exponential growth of the given field
mode amplitude. It is precisely this unstable behavior, occurring only within finite-momenta
’resonance bands’ with Re[µ



] > 0, that we call parametric resonance. For a thoughtful
description of the phenomena of parametric resonance in the early Universe see [15]. For a
fit-parameter analysis based on numerical simulations of parametric resonance in the early
Universe, see [59].

2.1 Spectrum of gravitational waves

The exponential growth of the �
k

modes experiencing parametric resonance, generate a sig-
nificant anisotropic stress ⇧

ij

⇠ @
i

�@
j

�, which in turn creates gravitational waves (GW), as
we will see next. Gravitational waves correspond the transverse and traceless (TT) degrees
of freedom of metric perturbations,

ds2 = �dt2 + a2(t) (�
ij

+ h
ij

) dxidxj . (2.10)
4For example, in the case of a quartic potential V (�) = ��4/4, Eq. (2.6) states that q = g2/�, matching

exactly the resonance parameter definition in the Lamé equation [7]. Therefore, in this case, there is no need
to add any proportionality constant. However, in the case of a quadratic potential V (�) = m2

�

�2/2, with
m

�

some mass scale, one normally defines the resonance parameter as q ⌘ g2�2
i /4m

2
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, introducing the extra
factor 1/4 to match the resonance parameter definition in the Mathieu equation, see [6].
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field mode functions in the integrand of
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�� oscillate, and hence the smaller the amplitude
of
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(x)

�� should be due to ’phase erasing’ effects. Let us recall that the mode functions �
k

have dimensions of (energy)�1/2, and hence the Ĩ
(x)

functions have dimensions of (energy)�1.
However, let us note that the original I

(x)

functions Eq. (2.22) have dimensions of (energy)�2.
Therefore, the natural value for the spectral index, just based on dimensional considerations,
is n = �2. Using eq. (2.30), we expect then
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where we have introduced the parameter �

n ⌘ �2(1 + �) , (2.34)

to account for possible deviations with respect our educated guess of n = �2. In the case of
V / '2 (or for this matter of any potential different than V / '4), we can reabsorb the scale
factor dependence (a
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)3/4+� into the dimensionless constant A, i.e. A2(a
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)3/4+� �! A2.
We can then write F
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proportionality constant characterizes not only the amplitude of the antsaz Eq. (2.32), but
also the expansion history a
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during the GW production.
We can infer the scaling of the final GW peak amplitude at z = z
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and from here the corresponding amplitude of the GW peak today, as
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Using that h2⌦
rad

⇠ O(10�5), (g
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in Eq. (2.35), is of order O(10�9).
In the following Sections we will quantify the goodness of this peak parametrization as a

function of q, measuring � and A2 from actual numerical simulations, where we sample a wide
range of q values within each scenario considered. Anticipating our results, for a massless
scalar field with q > 1, we find that the (�)-correction of the power index in Eq. (2.36),
amounts to a ⇠ XXX% relative deviation with respect to the 3

2

power expected for exact
n = �2, whereas the correction for a massive scalar field with q > 1, goes up to ⇠ Y Y Y%.

Using Eq. (2.30), the frequency today Eq. (2.25) of the GW peak, is given by
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Depending on the potential, the resonance parameter may be written as proportional to the
expression provided in Eq. (2.6), with a proportionality factor4 of order ⇠ O(1). However,
this is purely conventional, and what really matters is, of course, the dimensionless ratio
/ g
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captured in Eq. (2.6).
In most relevant situations in the early Universe where parametric resonance takes place,

the oscillatory field � is considered to be initially in a homogeneous classical field configuration,
whereas the field � is considered to be a quantum field, initially in vacuum. The scalar field �
can be promoted into a quantum operator by means of the standard quantization procedure
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where the creation/annihilation operator satisfy the canonical commutation relations
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with other commutators vanishing. The (initial) vacuum state is defined as usual, given by
â
k

|0i = 0. Given our choice of Eqs. (2.7), (2.8), we note that the mode functions �
k

have
dimensions of (Energy)�1/2. From Eq. (2.5) we obtain the EOM for the latter as
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where we have discarded the term / 1
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2 in the rhs of the equation, as it is negligible
at sub-horizon scales 2 � 1
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2 . Given the oscillatory nature of ', Eq. (2.9) can
exhibit unstable solutions of the type �



⇠ eµq

()z, with µ
q

() some complex exponent.
For certain values of {q,}, Re[µ



] > 0, causing an exponential growth of the given field
mode amplitude. It is precisely this unstable behavior, occurring only within finite-momenta
’resonance bands’ with Re[µ



] > 0, that we call parametric resonance. For a thoughtful
description of the phenomena of parametric resonance in the early Universe see [15]. For a
fit-parameter analysis based on numerical simulations of parametric resonance in the early
Universe, see [59].

2.1 Spectrum of gravitational waves

The exponential growth of the �
k

modes experiencing parametric resonance, generate a sig-
nificant anisotropic stress ⇧

ij

⇠ @
i

�@
j

�, which in turn creates gravitational waves (GW), as
we will see next. Gravitational waves correspond the transverse and traceless (TT) degrees
of freedom of metric perturbations,

ds2 = �dt2 + a2(t) (�
ij

+ h
ij

) dxidxj . (2.10)
4For example, in the case of a quartic potential V (�) = ��4/4, Eq. (2.6) states that q = g2/�, matching

exactly the resonance parameter definition in the Lamé equation [7]. Therefore, in this case, there is no need
to add any proportionality constant. However, in the case of a quadratic potential V (�) = m2

�

�2/2, with
m

�

some mass scale, one normally defines the resonance parameter as q ⌘ g2�2
i /4m

2
�

, introducing the extra
factor 1/4 to match the resonance parameter definition in the Mathieu equation, see [6].
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field mode functions in the integrand of
��Ĩ

(x)

�� oscillate, and hence the smaller the amplitude
of
��Ĩ

(x)

�� should be due to ’phase erasing’ effects. Let us recall that the mode functions �
k

have dimensions of (energy)�1/2, and hence the Ĩ
(x)

functions have dimensions of (energy)�1.
However, let us note that the original I

(x)

functions Eq. (2.22) have dimensions of (energy)�2.
Therefore, the natural value for the spectral index, just based on dimensional considerations,
is n = �2. Using eq. (2.30), we expect then
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where we have introduced the parameter �

n ⌘ �2(1 + �) , (2.34)

to account for possible deviations with respect our educated guess of n = �2. In the case of
V / '2 (or for this matter of any potential different than V / '4), we can reabsorb the scale
factor dependence (a

f

/a
i

)3/4+� into the dimensionless constant A, i.e. A2(a
f

/a
i

)3/4+� �! A2.
We can then write F
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(
p

) ⇠ A2q
3
4+� for any potential V (') / 'n, understanding that such

proportionality constant characterizes not only the amplitude of the antsaz Eq. (2.32), but
also the expansion history a

f

/a
i

during the GW production.
We can infer the scaling of the final GW peak amplitude at z = z
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and from here the corresponding amplitude of the GW peak today, as
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Using that h2⌦
rad

⇠ O(10�5), (g
o

/g⇤)
1/3 ⇠ O(0.1), and 1

8⇡

4 ⇠ O(10�3), no note that the
total prefactor 1

8⇡

4 (
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in Eq. (2.35), is of order O(10�9).
In the following Sections we will quantify the goodness of this peak parametrization as a

function of q, measuring � and A2 from actual numerical simulations, where we sample a wide
range of q values within each scenario considered. Anticipating our results, for a massless
scalar field with q > 1, we find that the (�)-correction of the power index in Eq. (2.36),
amounts to a ⇠ XXX% relative deviation with respect to the 3

2

power expected for exact
n = �2, whereas the correction for a massive scalar field with q > 1, goes up to ⇠ Y Y Y%.

Using Eq. (2.30), the frequency today Eq. (2.25) of the GW peak, is given by
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Dufaux et al 2010

What’s going on !?

Cosmic Strings are formed

(Topological Defects         5th Lecture)
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Several Peaks !
(particle physics 
spectroscopy)

f
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GW ⇠ 10�11 , @

… but at high Frequency !

Very unfortunate… no high frequency detectors !

Large amplitude(s) !
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