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f heat matrix, a(x) heat conductivity, u temperature

div(a(x)Vu)=f inQ
u=ug on

J(Q2) = sup uq(x)

x€Q

ugq solution of the elliptic equation (stationary temperature)
Note that uq is a minimizer of

/Q <%<a(x)v, Vu) — f(x)u(x)> dx
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where f: Q x R x RYN — R is a Borel function

F(u, [ JA) =\ F(u,A) Yue Wh™(Q), VA € A
iel iel

initiated by Aronsson et alt.

< existence of minimum problems via direct methods

Note that the "right” notion is that of absolute minimizer!
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Relevant notion: level convexity
H:X — Ris level convex if for any A € R {H < A} is convex

equivalently for X = RV

H(z) = min{esxses(;/p H(z 4+ V(x)) 1 o € WH2(Q)}

— validity of a suitable supremal Jensen inequality

Main problem: compute a suitable formula for the relaxation of a
general supremal functional F



Theorem Let Q be bounded and connected with Lipschitz

boundary. Let F be the §uprema| functional represented by a Borel
function f : Q x RV — R. Assume that F satisfies:
(Hq) there exists (un)nen such that, set ug(x) := & - x, it holds

lim F(u,)= inf F(eR
n|~>moo (U) Wll,ro]o(Q) ( )

limsup F(u, + ug) = F(u,) VneNlN.
£—0

Then the relaxed functional I'-(F) is a level convex functional

. . . %
when 7 is one of the topologies oo, W*, W



Characterization

Let : (x,-) be Ls.c for any x € Q and assume F satisfies (Hgq).
Then the following facts are equivalent:

(i) F is w*-lower semicontinuous in W1>(Q);

)
(i) F is wgeq-lower semicontinuous in Woe(Q);
(iii)

)

(iv) there exists a level convex normal supremand ¢ such that

F is a level convex supremal functional;

F(u) = esxse.gjp ©(x, Du(x)).

Moreover  satisfies the following property: there esists a
negligible set N C Q such that for every x € Q\ N and for

every £ € RN o(x, &) > f(x,€) .



