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L∞-optimization problems

In many applied problems there is the frequent appearance of a

Selection of shapes that minimize the maximum value of some
quantities.
e.g.: maximum stress in elasticity, maximum loss in economy,
maximum pressure in problems from fluidodynamics

min{J (Ω) : Ω ∈ A}

J (Ω) a cost functional depending on a state-variable u and
accounting for the worst possible situations that involve pointwise
evaluations/estimates
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Some Examples

f heat matrix, a(x) heat conductivity, u temperature

{
div(a(x)∇u) = f in Ω
u = u0 on ∂Ω

J (Ω) = sup
x∈Ω

uΩ(x)

uΩ solution of the elliptic equation (stationary temperature)
Note that uΩ is a minimizer of

ˆ
Ω

(1

2
〈a(x)∇,∇u〉 − f (x)u(x)

)
dx
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Some Examples

Fracture activation criterium
Ω region occupied by a given elastic (brittle) material, u
deformation of the body, W (x ,Du(x)) stored energy at x ,
g(x , u(x)) external forces

J (Ω) = sup
x∈Ω

W (x ,Du(x)) + g(x , u(x)) : u deformation

Dielectric breakdown
Ω non-homogeneous body obtained as mixture of different
materials giving on the deformations u the differential constraint

|∇u(x)| ≤ C (x) x ∈ Ω
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L∞ functionals involving the gradient

F : W 1,∞(Ω)×A → R̄ of the form

F (u,A) = ess sup
x∈A

f (x , u(x),Du(x)),

where f : Ω× R× RN → R̄ is a Borel function

F (u,
⋃
i∈I

Ai ) =
∨
i∈I

F (u,Ai ) ∀ u ∈W 1,∞(Ω), ∀Ai ∈ A.

initiated by Aronsson et alt.

↪→ existence of minimum problems via direct methods

Note that the ”right” notion is that of absolute minimizer!
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Lower semicontinuity and relaxation issues

Relevant notion: level convexity

H : X → R is level convex if for any λ ∈ R {H ≤ λ} is convex

equivalently for X = RN

H(z) = min{ess sup
x∈Q

H(z +∇ϕ(x)) : ϕ ∈W 1,∞(Q)}

↪→ validity of a suitable supremal Jensen inequality

Main problem: compute a suitable formula for the relaxation of a
general supremal functional F
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Theorem Let Ω be bounded and connected with Lipschitz

boundary. Let F be the supremal functional represented by a Borel
function f : Ω× RN → R̄. Assume that F satisfies:
(HΩ) there exists (un)n∈N such that, set uξ(x) := ξ · x , it holds

lim
n→∞

F (un) = inf
W 1,∞(Ω)

F (∈ R̄)

lim sup
ξ→0

F (un + uξ) = F (un) ∀ n ∈ N.

Then the relaxed functional Γτ (F ) is a level convex functional
when τ is one of the topologies τ∞,w

∗,w∗seq.



Characterization

Let f : (x , ·) be l.s.c for any x ∈ Ω and assume F satisfies (HΩ).
Then the following facts are equivalent:

(i) F is w∗-lower semicontinuous in W 1,∞(Ω);

(ii) F is w∗seq-lower semicontinuous in W 1,∞(Ω);

(iii) F is a level convex supremal functional;

(iv) there exists a level convex normal supremand ϕ such that

F (u) = ess sup
x∈Ω

ϕ(x ,Du(x)).

Moreover ϕ satisfies the following property: there esists a
negligible set N ⊂ Ω such that for every x ∈ Ω \ N and for
every ξ ∈ RN ϕ(x , ξ) ≥ f (x , ξ) .


