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Transduction of olfactory signals

The molecular machinery that carries out this job is in the olfactory cilia
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Olfactory mechanism

Depolarization of olfactory neurons
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Experimental measurement of the probability of opening for a CNG channel

P depends on the concentration w of [cAMP] by means of a Hill type-like function

o

ol

w=[AMF,]

Typical values for n are n >~ 2
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A difusion model for w = [cAMP]

ow Pw 0
ot or? 5
w(t,0) = wp D 6_w(taL) =
w(0,z) = .
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An approximate explicit expression for w

ow Pw 0
ot or? 5
w(t,0) = wp D 6_w(taL) =
w(0,z) = .

Under the hypothesis of an infinitely long cilium, we have

w(t, x) ~ w(t,x) = wy erfc (ﬁ)

2

where erfc(z) =

z
= /e ™ dr (complementary error function).
0
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A direct and an inverse problem

e Total average current as a function of p (direct problem)

L

1() = o [ p(P(w(z. )

0
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A direct and an inverse problem

e p as a function of the total average current (inverse
problem)

L

1)(t) = a0 / p(x)B(w(t, x))dx

0
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A direct and an inverse problem

e p as a function of the total average current (inverse
problem)

L

1() = o [ p(P(w(z. )

0

If P is smooth, the inverse problem is ill-posed

Proof.- The operator p — I[p] is compact from LP(0, L) into

LP(0, T). Thus, p — I[p] cannot be at the same time injective
with a left inverse continuous, because if so, then the identity map
in LP(0, L) would be compact, which is knowingly false.
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A new inverse model

[P is replaced by its following non-smooth version :

H(x) = P(x) Ii<a+ Locx<wes

where a is a real parameter in (0,wp); imposed saturation level.
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Figure: The Hill function P and its disruptive version H (dashed line)
a=0.157, wo=.9, w € [0,wo]
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A new inverse model

[P is replaced by its following non-smooth version :

H(X) = P(X) ]]-Xga + ]]-a<x§w07

where a is a real parameter in (0,wp); imposed saturation level.

The new inverse model consists of finding p = p(x) > 0;

L
vVt >0, I[p](t) = a0 /p(X)H(W(t,X))dX
0
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A quick user’s guide to the Mellin transform

Definition

e For g € R, we denote g+ /R ={g+it,t € R}
e For pe R,p > 1, we define

o0
e 1/p
L7 ([0,00),x%) = { £: [0,400) = R | [[fl],s (d:f)(/|f(x)v’qux) < 400
0

o Let f be in L!([0,00),x9). The Mellin transform of f is a complex
valued function defined on the vertical line g+ 1 4+ /R by

Mf(s) D / ()&
0

X

VII PDE’s, Optimal Design and Numerics * 2017, August 20 — September 1 * Centro Pedro Pascual



A quick user’s guide to the Mellin transform

Basic user's operational properties

e Theorem #1
The Mellin transform is a linear continuous map from L! ([0, 00), x9) into
C%(g+1+iR;C) < L>=(q+ 1+ iR;C); its operator norm is 1.

e Main operational properties

function Mellin transform
f(at), a>0 a s Mf(s)
F(t7), a#0 la| T Mf(aLs)
f(")(t) (—1)*(s — k)MF(s — k)

where, Vx € R Vk > 1 we write

k—1
(X=x--(x—k+1)= H(X —j) (Pochhammer symbol)
j=0
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The Mellin multiplicative convolution

e For two functions f, g, the multiplicative convolution (f * g) is

()= [ e (j) i

e Proposition #1

M(f + g)(s) = Mf(s) Mg(s),
whenever this expression is well defined.

Proof.- A careful and appropriate used of integration by parts.
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Our inverse problem as a convolution equation

L L
Ve>0  Ipl(t) = | pO)H(w(t,x))dx = [ p(x)H(wo erfe(—e—))dx
O/ 0/ 2v/Dt

o115

we have I[p](t) fp x)G( %)dx Thus, by extending p by zero to

Defining G as

[0, +0o¢], and rescallng time t in t2,

1) = [ xo(96 (£) L = (xp(0) + 6

which is a convolution equation in xp(x).
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Our inverse problem as a convolution equation

Taking Mellin transform on both sides and using its operational
properties, we formally obtain

MG($)Mp(s +1) = M (I[p1(2)) () = 5 MI[e](s/2)

or equivalently,

_ 1 Milp](s/2)

e Plancherel’s Identity

The Mellin transform extends, in a unique manner, to an isometry
from L2 ([0, 00), x?971) into the classical L?(q + iR) space, i.e.,

M £ (g1 (g + )

where L3__; is a short notation for L2 ([0, 00), x?971)
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Continuity of I[p] in time weighted L2space

Continuity of the measured electrical transmembrane current

Theorem#2

Let a > 0 and r < 1 be given. Assume that the Mellin transforms
of p and I[p] satisfy ().

o pc L%([0,00),x") = 3C >0s.t.
T 0.0y %) = €12l 20,00y 0

where C = ﬂsupse%lMR |IMG(s)] < +o0

e p € L%(]0,00),x") and a is small enough = 3C > 0 s.t.

N oy 41 < € Pl

)t 2

where C = \@supse%lﬂ-ﬂ{ |(5) MG(s)| < +o0
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Existence and uniqueness of p in a weighted L?space

Determination of a unique distribution of CNG ion channels

Theorem#3

Let a > 0 and r < 1 be given. Assume that the Mellin transforms
of p and I[p] satisfy (%), i.e.

1 MI[p) (5/2)

Mols+1) = 5=16()

then

o IfT€ [2([0,00),t2), T' € L2([0, 00), t*72") and a is small
enough, then 3! p € L%([0,00),x7),3C > 0 s.t.
I

10 20 > Clloll,,

o0), 21 20)

r—3
0,00),t 2 )

where C = ﬁinfse%HR ‘(%) MG(s)| >0
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Theorem+#2 and #3, Sketch of the proof

Two main steps :

@ Appropriate algebraic manipulation of (x) using operational
properties of the Mellin transform

@ Come back to the original variables using Plancherel's isometry
From (x) it follows that
MI[p](s) =2 MG(2s) Mp(2s+1)
and hence,

(s — k) MI[p](s — k) =2(s — k)xk MG(2(s — k)) Mp(2(s — k) + 1)
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Theorem+#2 and #3, Sketch of the proof

@ Come back to the original variables using Plancherel’s isometry

As the Mellin transform is an isometry (up to the factor 1/4/27) from
L5, onto L2 (g + iR), for s in g+ iR we have

D@, = = 2 = R0 Ml = 0
_ \/% s = k)i MG(2(s = K)) Mp(2(s = k) + 1)l o
- \/% () MG(28) Mp(2s + D)l
1 s
=7 1G), me@Mus ]
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Theorem+#2 and #3, Sketch of the proof

@ Come back to the original variables using Plancherel’s isometry

As M is an isometry of L (2(q — k) + 1+ iR) onto L, we have

q—k)+1’

[Mp(s + 1)HL2(2(q—k)+i]R) = [[Mp(s )||L2 (2(q—k)+1+iR) = V2 HPH

4(q—k)+1

Gathering together the above inequalities, the definitions of Cy, C, yield,

< (k)
Gloll, ., < |[@eh

<Gy ||p||L§

—k)+1
Sq—1 (g—k)+

Taking r = 4(

'Zl, provides the result.
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Our original inverse problem as a convolution equation

V>0 1)) = / p(xVP(w(t, x))dx
0

G(z)=P (wo erfc (2;)> )

and rescaling time t in t?, we obtain a convolution equation very similar

to (%) :

Defining G as

1 M1 (5/2)

(%) Mp(s+1) = 2 ME()
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Stability and non-observability

Theorem#4
Let r < 1 be fixed.

@ pe L?([0,0),x") = 3IC >0st.

LM 2 g ey e52y < € lollz -

@ Vk € N AC, > 0 such that the observability inequality :

| aten®

>
Lz([O,OO),tz“';f) > Ck ”/’H/_g )

holds for every function p € L2([0, 00), x").

Remark This result shows that I € £ (LE; L2,,3>, and if the inverse

2
problem is identificable (i.e, I is injective), then I cannot be

continuous, as shown by the second inequality below.
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|dentificability result without stability

Theorem#5

Let r < 0 and p € L1(]0,00), x") be arbitrary. We consider the
operator I[p] defined by

1)(r) = / p)P(w(t,x))dx ¥t >0
0

If there exists a non empty open set U of (0, 00) s.t.
I[p](t) =0 Vte U,

then p =0 a.e. on (0,0).
Proof.- Lebesgue’'s dominated convergence theorem for analytic
functions allows us to prove that I[p] is analytic in (0, +00).
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Proof of ldentificability

Proof.- (cont.) As I[p] vanishes on U, the principle of permanence
implies that it vanishes on the connected set (0, +o0), i.e.,

vVt € (0,400) I[p](t) =0

To conclude, we take here Mellin transform and use the

Lemma (Holomorphy and rapid decay of the Mellin transform)

Let f € 8]0, 00). Its Mellin transform Mf is holomorphic on the
right half-plane, and it decays faster than any negative power of t
over every vertical line, i.e.,

Vg >0vVke NdC >0 s.t.
1
|IMf(q+it)] < Ct7 Vte R
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Measured current is a sigmodial function with short delay,
similar to the profiles in some applications (Chen et al., BioPhysical J. 76, 1999)

0 te (0, tDe/ay)

nq —1
Kt
IMax |:]- + <—> :| t> tDe/ay;
t— tDeIay

with tpeay, = 30ms, np ~ 2.2, Iyax = 150pA and Ki ~ 100ms.
y

120} 15

100

I(t) =
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1 2 3 T

Figure: I(t), a sigmodial function FIgU €. Numerical reconstruction of p
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Path forward

@ More accurate numerical simulations, a stronger validation of
the inverse mathematical model
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Thank You for your Attention !
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