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FLATNESS FOR A STRONGLY DEGENERATE 1-D
PARABOLIC EQUATION

IVAN MOYANO

ABSTRACT. We consider the degenerate equation
Of(t,z) — 0 (%05 f) (t,z) = 0,

on the unit interval x € (0,1), in the strongly degenerate case « € [1, 2)
with adapted boundary conditions at x = 0 and boundary control at
x = 1. We use the flatness approach to construct explicit controls
in some Gevrey classes steering the solution from any initial datum
fo € L*(0,1) to zero in any time T > 0.

Keywords— partial differential equations; degenerate parabolic equation;
boundary control; null-controllability; motion planning; flatness.
1. INTRODUCTION

We consider the following control system

Opf(t,x) — Oy (x°0) f(t,2) =0, (t,2) € (0,T) x (0, 1),

(1 1) (:Eaaiﬂ) f(t7x)|$:0 = 07 t € (O,T),
' f(t,1) = u(t), te(0,7),
f(0,2) = fo(z), x € (0,1),

where the state is the solution f(¢,z) and the control is the function wu(t).
The parameter « € [1,2) is fixed through the whole article.

The aim of this work is to construct explicit controls u for the null-
controllability of system (1.1) in finite time 7" > 0, using the flatness method.

1.1. Main result. We will make use of the Gevrey class of functions.

DEFINITION 1.1. Let s € RT and t1,to € R with t1 < t3. A function
h € €>([t1,t2]) is said to be Gevrey of order s if

M(n!)®

dM, R > 0 such that sup R

t1<r<ts

IO

We then write h € 9°([t1,t2]).

Before stating the main result, we have to recall the notion of weak solu-
tions of the inhomogeneous system (1.1).

DEFINITION 1.2 (Weak solutions). Let fo € L*(0,1), T > 0 and u €
H'Y(0,T). A weak solution of system (1.1) is a function f € €°([0,T]; L?(0,1))
1



2 I. MOYANO

such that for every t' € [0,T] and for every

(1.2) v € ¢ ([0,¢);L2(0,1)) N €°([0,¢); H*(0, 1))
such that

(1.3) (2°02) (1, 2)]om0 = ¥(t,1) = 0, VL€ [0,7],
one has

' rl
/0 /0 ft,x) (Op) + 0x(2%021)) (¢, x) dt dx

1 1 t
_ /0 P 2o, z) dz — /0 Fol2)0b(0, 7) dz + /0 w()Dy(t, 1) dt.

As we show in Section 2 (see Corollary 2.2), system (1.1) has a unique
weak solution under suitable assumptions. Our main result is the following.

THEOREM 1.3. Let fo € L?(0,1), T > 0, 7 € (0,T) and s € (1,2).
Then, there exists a flat output y € G°([1,T]) such that the control

0, ift €[0,7],
(1.4) u(t) = 0 y ™ (1) ]
Zk:O (2—04)2]“’?!1_[?:1(14'%)7 th € (TnT )

steers to zero at time T the weak solution of system (1.1). Furthermore, the
control u belongs to 4°(]0,T1).

1.2. Previous work.

1.2.1. Null-controllability. The null-controllability of system
atf(t7x) - av ($aax) f(t,l‘) = 1w($)v(tv$)7 (t,l‘) € (OvT) X (07 1)7

(xaax) f(tv$)|m=0 =0, te (O’T)v
f(t71) =0, te (07T)7
f(07x) = fO(x)v T e (07 1)7

where w C (0,1), has been studied by P. Cannarsa, P. Martinez and J. Van-
costenoble in [8]. Their strategy relies on appropriate Carleman estimates.
To deal with the degeneracy at {z = 0}, they use an adequate functional
framework that we recall in Section 2, and Hardy-type inequalities.

The null-controllability of system (1.1) is a consequence of the internal
null-controllability and the extension principle, since the control is located
on {x = 1}, away from the degeneracy. The interest of the present article is
to provide explicit controls.

In the case of a control located on {x = 0}, an approximate controlla-
bility result for € [0,1) has been proven by P. Cannarsa, J. Tort and
M. Yamamoto in [10] using Carleman estimates. The exact controllability
was later proven by M. Gueye in [13] again in the weakly degenerate case
a € [0,1) by using the transmutation method.
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Other related one-dimensional problems have been treated: see [0, 7, 2],
see [5] for a non-divergence setting, see [20] for a system with a singular
potential. A multi-dimensional case has been studied in [9].

1.2.2. The flatness method. The main interest of the flatness method is to
provide explicit controls. It has been developed for finite-dimensional sys-
tems (see [12]) and then generalised to some infinite-dimensional systems; see
[17] for the heat equation on a cylindrical domain with boundary control,
[18] for one-dimensional parabolic equations with varying coefficients and
[19] for the one-dimensional Schrédinger equation. However, the strongly
degenerate case « € [1,2) considered in Theorem 1.3 does not belong to the
class concerned in [18]. Our goal is to adapt the flatness method to this
case.

1.3. Open questions and perspectives. The flatness method may also
be successful on similar equations, for instance in non-divergence form as in
[5]. For the time being, this is an open problem.

1.4. Structure of the article. In Section 2 we recall a well-posedness
result and the functional framework. In Section 3 we derive, thanks to
an heuristic method, an explicit solution of system (1.1) consisting on a
formal series development. We prove its convergence, provided that the
corresponding flat output is in a Gevrey class. In Section 4 we discuss
the spectral analysis of the associated stationary problem. In Section 5 we
study the regularising effect of system (1.1) when u = 0. In Section 6 we
construct an appropriate flat output steering the solution of (1.1) to zero,
which concludes the proof of Theorem 1.3. Finally, we give in Appendices
A and B a brief account of some results concerning the Gamma and Bessel
functions needed in the proofs.

1.5. Notation. Since all the functions appearing in the article are real-
valued, we omit any explicit mention by writing, for instance, L?(0,1) in-
stead of L2((0,1);R). If h € €*([t1,ta]), for some t1,ty € R with t; < to
and k € N*, we will denote by h/(t) and h”(t) its first and second derivatives
and by h(™ (t), for every n € N, 2 < n < k, the n—th derivative.

If hi,hy : R — R are two real-valued functions and u € R, we will write

hi ~ hg as x — p to denote that lim;_,, Z;—Eg =1.

We will denote by (-,-) the inner product in L?(0,1).

2. WELL-POSEDNESS
We consider, for T > 0 and fo € L?(0,1), the following system

atf(t7x) - 8£B (xaax) f(t,l‘) = h(t,ﬂj‘), (t7$) € (07T) X (07 1)7
(xaam) f(tv$)|m=0 =0, te (O’T)v
f(t71) =0, le (07T)7
f(07x) = fO(x)v T e (07 1)

(2.5)
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We recall below a well-posedness result for system (2.5) proven originally
in [7]. The strategy of the proof consists in a semigroup approach and the
introduction of adequate weighted Sobolev spaces, that we recall below. We
refer to [7, 4] for further details.

We introduce the weighted Sobolev space

HL(0,1) := {f € L?(0,1); f is loc. absolutely continuous on (0, 1],

2 [ € L(0,1) and f(1) = 0},
endowed with the norm
1121 0y = I a0y + 103 2200y VF € HA(O,1).

We remark that H.(0,1) is a Hilbert space with the scalar product

1 1
(2.6) (f. g1 = /0 f(@)g(z) dz + /0 2 (2)g (x) de, Vg€ HY0,1).

PROPOSITION 2.1 ([7], Proposition 3.2 and Theorem 3.1). Let

D(A) == {f € HL(0,1); 2°f" € H'(0,1)} .
Af = —(z*f").

Then, A : D(A) — L*(0,1) is a closed self-adjoint positive operator with

dense domain. As a consequence, A is the infinitesimal generator of a

strongly continuous semigroup, and for any fo € L*(0,1), and h € L*((0,T)x

(0,1)) there exists a unique weak solution of system (2.5), i.e., a function
fe€°(0,T]; L?(0,1)) N L?(0,T; HL(0,1)) such that

(2.7)

f(t)=S(t)fo+ /Ot S(t —s)h(s)ds, in L*(0,1), Vte[0,T].

As a consequence, using classical arguments (see for instance [11, Section
2.5.3]), we deduce the following result.

COROLLARY 2.2. Let T > 0, fo € L*(0,1) and uw € H'(0,T). Then,
system (1.1) has a unique weak solution (see Definition 1.2).

Proof. Let fo € L?(0,1), w € H'(0,7T) and
0(z) =22 z€l0,1].
We consider the system

(O — 0z (%0;)) g(t,x) = H(t,x), (t,z) € (0,T) x (0,1),

(x%0;) g(t, x)|p=0 = 0, t € (0,

g(t,1) =0, t € (0,

9(0,2) = fo(z) — u(0)6(x), z €
with

H(t,z) = —u/(t)0(x) —u(t)Ab(x), V(t,z) <€ (0,T) x (0,1).
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Since H € L%((0,T) x (0,1)), by Proposition 2.1 there exists a unique weak
solution g € €°([0, T]; L?(0,1)) N L2(0,T; H}:(0,1)) of this problem. We set

ft,x) = g(t,z) + u(t)d(x).

Then, using the integral formulation associated to g, one shows that f is a
weak solution of system (1.1) in the sense of Definition 1.2.

The uniqueness follows since, if f; and fy are weak solutions of (1.1), then
f1 — fo is the unique weak solution of system (2.5) with h = 0, and then by
Proposition 2.1, fi — fo = 0. U

3. EXPLICIT SOLUTION

3.1. Heuristics. We consider the following formal expansion
© |_a\2k
=Y e (+77F) 7, V(@) € (0,7) x (0,1),
k=0

where (cox(t))ren is a sequence of real numbers. We formally have

0y (240, f) (t,x) = chm )2 —a)?(k+1) [k;+1+g_1] (azl‘%>2k,

o) = 3 dult) (a2)".
k=0

If f solves (1.1), then the following recurrence relation holds

Ch(t)
(2-a)2(k+1) (b+1+42)

Co(t1) (1) = , VkeN.

Choosing a flat output ¢o(t) := y(t) and iterating, we readily have

yW(t)
(2 - a2 I, (J+£2)

This gives a formal solution of (1.1),
o0 (2-5)"
=0 (2— )k T, (J + a—;>7

and a control given by u(t) = f(¢,1), which is

e (k) (t)
(3.9) Y .
0= 2 2 T, (5 +452)

con(t) = Vt € (0,T), Vk € N.

Mg

(3.8)
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3.2. Pointwise solutions. The goal of this section is to introduce a notion
of pointwise solution of system (1.1) to give a sense to the heuristics made
in the previous section.

We define

%2(0,1) := {f € €°([0,1]) N €*((0,1)) such that z*f'(z) € €°([0,1))} .

DEFINITION 3.1 (Pointwise solution). Let t1,ty € R with t; < to. Let
fr, €6°(0,1) and u € €°([t1,t2]). A pointwise solution of system

8tf(tv$) - am (xaamf) (t,l‘) = 07 (t7$) € (t17t2) X (07 1)7
(3 10) l‘aaxf(t,iﬂﬂm:o =0, t e (tl,tg),
) f(tv 1) = ’LL(t), le (t17t2)7
f(tlyx) :ft1($)7 T e (071)7

is a function f € €°([t1,t2] x [0,1]) N € ((t1,t2) x (0,1)) such that
) f(t,) € €2(0,1), Vt € (t1,t2),

2) Ouf — 0x(20yf) = 0 pointwisely in (t1,t2) x (0,1),

3) lim, g+ 20, f(t,x) =0, Vt € (t1,12),

4) f(t,1) = u(t), Vt € (t1,12),

5) fltn,2) = fu(2), V2 € (0, 1).

REMARK 3.2. The usual energy argument proves that, givenu € €°([t1,ta]),
the pointwise solution of system (3.10) is unique. We observe that, changing
parameters adequately in Definition 1.2 a pointwise solution of (3.10) is also

a weak solution.

(1
(
(
(
(

3.3. Convergence. The goal of this section is the proof of the following
result.

PROPOSITION 3.3. Let t1,t2 € R, with t; < to. Ify S gs([tl,tg]) fOT’
some s € (0,2), then
(1) the control u given by (3.9) is well defined and belongs to 4°([t1,t2]),
(2) the function given by (3.8) is a pointwise solution (see Definition
3.1) of system (3.10) in (t1,t2) x (0,1) with u given by (3.9) and
initial datum

= § )"

=@ (+ 52t

YV € [0,1].

Proof. Let M, R > 0 be such that |y (t)] < & R" ,forany n € N, t € [t1,ta].
Step 1: We prove that u is well defined and belongs to €°([t1, t2]).

For any t € [t1,ts], k € N*, we have, as % >0,
ly™®) (1)] ME!*® M

<
- 2 %2 Pk Pk 2—s
(2 — a2k H] 1< o a) RF(2 — a)?) k! RF(2 — a)?*k
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Hence, the series in (3.9) converges uniformly w.r.t. ¢ € [t1, 2] and
u € €°([t1,ts]). Furthermore, for any n € N*, the function &, x(t) :=
y I (t)
(2—a)?* KR! TTE_, (5=

) satisfies

M(k+n)!®

|£n,k( )| = Rn+k(2 — OZ)2kk"27 Vt € [t17t2], k’,n € N.

Thus, ), &, k(t) converges uniformly w.r.t ¢ 6 [tl, ta]. Whence, u €

€ ([t1,t2]) and for every n € N, t € [t1,ta], ul™ (t) = 3222 o Eni(t).
Step 2: We prove that u is Gevrey of order s.
Let n € N. We deduce from last inequality that

n (k+n)t*
‘u( )(t)‘ = Z RR( 2_2)2kk|2

O

where we have used (A.41). The D’Alembert criterium for entire
series shows that, whenever s € (0,2), the series above converges,
which shows that u € 4*([tq,t2]).
Step 3: We show that the function f given by (3.8) is well defined and
fe ([t ta] x [0,1]) NE((t1,t2) x (0,1)).
Let, for every k € N,

o0 (%)

M

(3.11)

IN

2k

,X) 1= y v , L s 0,1.
M L (i +5=) e
Then,
k
e < g () + 0 € ot < 0.1

This proves that ), f; converges uniformly w.r.t. (t,z) € [t1,t2] X
[0,1]. Thus, f € €°([t1,t2] x [0,1]).

We observe that 3kg = ko(a) € N* such that (2 — «) kg > 1. Then,
for every k > ko, fx(t,-) € €1([0,1]) and

o

2k—1
y(k)(t)Qk 1—2)2 2 (272
00 filt, )| = ( 2>k )
(2— )R T, (7 +522)

« k 1 K
oM (1—5) e <R(2_a)2> . Vzelo1],

since (1— %) (2k —1) — § > 0. This proves that > k>ko O fre con-
verges uniformly w.r.t. (t x) € [t1,t2] x [0,1]. Thus, f(¢,-) €

IN



8 I. MOYANO

€'((0,1]) for every t € [t1,t2]. Note that f may not be differ-
entiable w.r.t. = at x = 0 because of the finite number of terms
',zO:O Oz fre. Moreover, O, f(t,2) = > Oufi(t, x) for every (t,x) €
(t1,t2) x (0,1).
A similar argument shows that, for every z € (0,1), f(-,z) €
(gl(tl,tg) and

(3.12) O, f(t,x) Zatfk t,x), Y(t,z) € (t,t2) x (0,1).

Finally, since the partlal derivatives of f exist and are continuous in
(tl,tg) X (0, 1), f S Cgl((tl,tg) X (O, 1))
Step 4: We show that f(¢,-) € €2(0,1), for every t € (t1,t2).
Let k1 = ki(a) € N* such that k(2 — «) > 2. Working as in
Step 3, we see that Y, -, 07 fi converges uniformly w.r.t. (¢,z) €
(t1,t2) x (0,1). Thus, f(t,-) € €%(0,1), ¥t € (t1,t2). Furthermore,

N 2(k—1)

y® () (21%)
a0k~ DT (5 + 52
for every (t,z) € (t1,t2) x (0,1). From Step 3, we obtain
k) (¢ 02k (1-2)z 2k(1-2)+a-1

0. f(t,2)| =
; (2 - @) T, (5 +572)

0o k
< 2 (1-5) % [kz!];—s (R(21—a)2> ]3’

(3.13) 9y (2%0,f) ( Z
1

for all (t,z) € (t1,t2) x (0,1), which implies, since a € [1,2), that
%0, f(t,x) -0, asxz— 0.
Therefore, f(t,-) € €2, for every t € (t1,t2).

Step 5: According to (3.12) and (3.13), an straightforward computa-
tion shows that the equation in (3.10) is satisfied.

O
4. SPECTRAL ANALYSIS

The goal of this section is to give the explicit expression of the eigenfunc-
tions and eigenvalues of the spectral problem

Ap(x) = Ap(x) x € (0,1)

4.14 ’ T

) ¥

where A is given by (2.7). We will make use of several results about Bessel
functions recalled in Appendix B. Form now on, we use the notation

1
(4.15) =

2—a’
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PROPOSITION 4.1. Let

2 -« l-a . 1—a
4.16 )= ————x2 J,(jurx 2], Vxe(0,1),kecN".
(116) (o) = 7= 5, (') 0.1)
Then,

(1) Pk € D(A)7 Vk € N¥,
(2) ¢k satisfies (4.14) with
— aN? o %
(4.17) A 1= (1 - 5) P24 VkEN

(3) (¢r)pen~ is a Hilbert basis of L*(0,1),
(4) for every fo € L*(0,1) the solution of (2.5) with h = 0 writes

(4.18) flt) = f: e fo, on)or  in L2(0,1), YVt € [0,T].
k=1

Proof. We will note for simplicity by := #% and Qg 1= bikgok, for every
k € N*.
Step 1: We prove that ¢, € D(A), for every k € N* and that Ay —
Akpr = 0.
Let k € N*. We observe that ¢, € €°°((0,1]) N €°([0,1]), for any
ke N* and z € (0,1). We have

l—a _1ta

~ . _a . « 1_ . )
(419) Gh(2) = 52~ 2 L Guar'™ D)+ (1= 5 ) 27 (s’ 2).
Whence, using (B.48) and Lemma B.3, we deduce
2@, =(1—a) O (a;%_l) + O (azl_%> .

z—0t z—0t

It follows that z2 ¢/, € L%(0,1). Thus ¢ € HL(0,1). Moreover,
from (4.19), a direct computation shows

_ 1« 2 a—3 . _a
(z°¢}) = —< 5 > 2 J,(jupr'T?)

a\? . _1 . _a
+<1—§) Jukx” 2, (G gz T 2)

a2 . 1-a . _a
(420) +<1—§) jiklﬂ 2 Jlljl(]l/,kxl 2).

Then, evaluating equation (B.47) at z = j, pa!

=2 and multiplying
by xanS, it follows
. l-a . _a
]E,kx 2 Jz///(]u,k‘fl 2)
_a . 1-a . _a
! 2) _]B,k‘r 2 Ju(ju,kxl 2)

2
a—1 a—3 . _a
+ (2_a> xr 2 JV(]V,k$1 2)'

R
= —JvkT 2JV(]V7k‘T
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Substituting in (4.20), this gives

2 —x o
- (513(195;@)/ = <1 - %) jg,kxlTJu(jmkxl_E) = A\ Pk-
Then, we readily have (z@,)" € HL(0,1) C L?(0,1). Thus, ¢ €
D(A). Moreover, Apr = Ap@k-
Step 2: We check the boundary condition of (4.14) at = = 0.
We observe first that the case o = 1 is straightforward. From
(4.19), (B.48) and Lemma B.3, we have

a—1
o ().

Then, it follows that lim,_,o+ %@, () = 0. This shows, combined

with Step 1, that ¢y satisfies (4.14).
Step 3: We prove that (¢y)cn+ is an orthonormal family in L?(0, 1).
Let n,m € N*. Then, changing variables and using (B.46), we get

|2 ()

T

1
| ente)enia)da
b dvGun®™5) Iy Guma' %)
= (2 — / xl—oe v Vm‘ v I/,m‘ da
( ) 0 ‘Jl/—i-l(]u,n)‘ ‘Ju—i-l(]l/,m)‘
2

1
= - - yJI/ ju,ny JI/ jl/,my dy = 6n,m7
TG oGl Jy s i)

where 6, ,, stands for the Kronecker delta.
Step 4: We prove that (¢),cn- is a Hilbert basis of L?(0,1) by check-
ing the Bessel equality. Let f € L?(0,1) and let

1
(4.21) ay ::/0 f(z)pr(z)dz, VEe N

Then, using Lemma B.1 and changing variables twice, we get

V2= a .
Z|ak|2 B / (@ Ji'axlTJ” <j1/7k331_§) dz
k=1 1 /0 | Jut1 (k)|
2 /1 as1,1 2 V2y 2
= yre 2 fyre ) Lo Uney) dy
2_ak§::1 ( ) Ju—i-l(]u,k)’ v(iy)
2 ! 2y a2
= 2_a/0 y 2o +1‘f(y27a) dy

1
_ /0 £ dz = 1£12200)-

Step 5: Finally, (4.18) is a consequence of [3, Theorem 8.2.3, pp.237—
240].

O
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5. REGULARISING EFFECT

We use the orthonormal basis obtained in Proposition 4.1 and some prop-
erties of Bessel functions to quantify the smoothing of the solution of system
(1.1) when u = 0.

PROPOSITION 5.1. Let fo € L?(0,1), T > 0 and let f € €°([0,T]; L*(0, 1))
be the unique weak solution of system (2.5) when h =0, according to Propo-
sition 2.1. Then, there exists Y € €>°((0,T]) such that for every o € (0,T),

Y € 9Y([0,T))
and

o\ 2n
oY) (o)
(5.22) f(t,z)=> — . V(t,2) € [0, 7] x [0,1].
n=0 (2 — a)**n!J}_, <J + (21——(1>

Moreover, f solves system (3.10) pointwisely (see Definition 3.1) in (o, T') X
(0,1) with u = 0 and initial datum f,(x) = f(o,x).

Proof. Let v be given by (4.15) and ay, as in (4.21). Let o € (0,T) be fixed
but arbitrary. Let t € [o,T] be fixed. By (4.18) and (B.43), we have, for
a.e. x € [0,1],

o0
2_ — [e]
f(t,z) = Ze_Aktaki VaxlTJV (jy’n$1_5>

— | Jo+1 (i)
. o\ 2ntv
_ ie_Akt apVv2 —a kaa i (_1)" ]u,k:pl 2
— | Jo41 (k)| =l (n+1+v) 2
o0 o0
(5:23) = Y > Bultx),
k=1n=0

where, for every (n,k) € N x N*,

a\ 2n
R G
nIT(n+ 14 )220 [T, 41 (Gug)|

Bmk(t,x) = e_)\ktbk

and by := apv/2 — a, Vk € N*,
Step 1: We show that

(5.24) i ( 3 ]Bmk(t,a:)]) < oo, Vxel01].
k=1

n=0
Indeed, since \x, > 0, we have for every (n, k) € NxN* and z € [0, 1],

by | j2 T e~ Mke

<
= 22n+un!I‘(n + 14+ V)‘Jy—i-l(jlj,k)‘

| Br k(7))
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1
Moo 2ntrts
Cl|bk|e kU]V,k ’

2
(5:25) - 22ql(n+1+v)’

for a constant C'; > 0, using Lemma B.4.
We fix n € N and we define the function h% € >°(R*;R™) by

a2
R (z) = e~(1=8) a0 mtvey vy e [0, 4+00),

which satisfies that

(5.26) (%hg(:n) >0, Ve € (0, N) and d;dxhg(x) <0, Vz € (N, 0),

where N := ﬁ\/% (n + ﬁ) Hence, from (5.25) and (4.17),

S C supy, |bg| s '
5.27 B, ik (t, < K,
( ) kZ:l | ,k( 33)| 22nnlr(n +1+ l/) ; (] ,k)

Introducing Ky :=sup {k € N*;j,, < N}, we write

(5:28) > h(vk) = " (v rg) + b (g 41) + > he (Guk)
k=1 keN*—{Ko Ko+1}

On one hand, we have

by (v, o) + hiy (Ju e 11) < 2Ry (N))

. — 271"t ey
<9 (") (1 PR B R
- 42— a) c\2—a«
n—i—L
o N [1/ 2 \?| "9
5.29 < oy — 4+ = —
(5:20) = <n+4(2—a)+2> [0(2—@)] '
for a constant C > 0, using Lemma A.1 with a = 1,b = % On the
other hand, using (5.26), we write
Z hay () <
keEN*—{Ko Ko+1}
Ky—1 1 Ju k41 > 1 Juk
< 7/ hy(x)dx + 7/ hy(x) dx
=1 Jvk+1 = Jvk Jj, g Ko+l Jvk — Jvk—1 Juk—1

IN

1 Ju, K& 00
sup {7 - } / hi(x) dz + / hi(x) dz
keN* ]V7k‘+1 - ]I/,k Juv,1 J

K41
< [ K@
0
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for a constant C > 0, using (B.45). Moreover, we have

/ e (z)dx = / o~ (1-8) 0, 2% 3055
0

0

/OO i 2 \/? 2n+2(2cia) 1 < 2 ) dt
= e — _—
0 2—alVo 2vVot \2 — «

2n+4 55— +1
il _2 L) / IS T gt
2 \/E 2 —« 0
1

_ 1 2 2ty r o 1
B ANACEY "Tie—a T2)

where we have used (A.38) with p = n+5 ( )+2 Hence, combining
this with (5.28) and (5.29), we get

Saati < (e i) [ (52)] (e ).

which, according to (5.27), implies

N+ 5o - T §
S [Bus(tia)| < C 2 ]z D(n+ i + )
n{ : \/_ 2 - o 20T (n+v+1)°

k=1

Henceforth, the D’Alembert criterium for entire series gives (5.24).

Step 2: We find Y € ¥'([o, T]) such that (5.22) holds.
Thanks to Fubini’s theorem, (5.23) and (A.39), we may write

< ya(t) (wl_%>2n
2 =)l [} (G +v)

f(t,l‘) =

n=0

where, for every n € N,

2n 00 2n+v
—1)"2—a(l—¢
i) = = Y

T ( ) TGl

and v is given by (4.15). Putting
o0 -V
V2 a ak]”j’f e_(l_%)zjikt’ te o],
21/1“( ) = [Ty 1(r)]
we have that, since o > 0, Y is analytic in [0, T]. Moreover,
Y (t) = yu(t), Vtel[o,T), VneN.

Hence, we obtain (5.22) with this choice. Since o € (0,7") is arbi-
trary, we have in addition that Y € €°°((0,7]).

vt € [0, T,

(5.30)  Y(t):=
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Furthermore, applying Proposition 3.3 to (5.22) with t; = o and
to = T, we deduce that f solves (1.1) pointwisely in (o,7") x (0,1)
with v = 0 and f,(x) = f(o, ).

O

6. CONSTRUCTION OF THE CONTROL

Let s € R with s > 1. The function (see [17, Section 2] and [21, Theorem
11.2, p.48])

1, ift <0,
—L
(6.31) s (1) = U0 7T fo<t<l,
e—(1—t) =T 4 —¢ 5T
0, ift>1,
belongs to ¥°([0,1]) and satisfies
(6.32) $s(0) =1, ¢s(1) =0, ¢P(0) = 0P (1) =0, Vi € N*.

Proof of Theorem 1.3. Let fo € L?(0,1), T > 0. Let f and Y be given by
Proposition 5.1.
We pick 7 € (0,7), s € (1,2) and we set the flat output

t—1T7
= s Y t 9 7T7
)= 0. (=2 ) Y. vee .1
which belongs to €°°(0,T"). Moreover, for every o € (0,7), y € 4°([0,T]),

as it is a product of two functions in ¥°([o,T]). We define accordingly the
function

o ) (2"
PR S (t) (%)

k=1 (2 —a)?n! [, (j + %)

and the control

0, t € 0,7],
(6.33) u(t) :{ ft,1), te(rT]

Since y € 9°([o,T]) for some s € (1,2), Proposition 3.3 shows that

Vo € (0,T), f is the pointwise solution of (3.10) with
t1=o0,ta =T, fi, = f(0,-) and (6.33).

As a consequence of (6.32), we have
y(t) = Y(t), ¥t e (0,7],
(6.35) y(T) = 0.

Whence, f(t,z) = f(t,z), for every (t,x) € (0,7) x (0,1). Thus, as f €
%°([0,T]; L*(0,1)), we deduce

(6.36) fe°(0,T); L*(0,1)),
(6.37) f(0)=fo in L%*(0,1).

, Y(t,x) € (0,T] x [0,1],

(6.34)
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We have to check that f is the weak solution of system (1.1) on (0,7). To
do so, and according to Definition 1.2, let ¢ € (0,7) and let ¢ satisfying
(1.2) and (1.3). Then, by (6.34) and since a pointwise solution is a weak
solution (see Remark 3.2), we have, for every o > 0,

v rl
/ /0 f(tvx) (O) + O (2%0,0)) (t, ) dt dx

1 1
:/0 f& )0t x) d:v—/0 flo,z)Y(o,x) da:—i—/ u(t) (x*0.) (t,1) dt.

o

Then, from (6.33), (6.36), (6.37) and (1.2), taking o — 0T, we get the
conclusion. B
Finally, by construction (6.35) implies that f(7,z) = 0, for every x €
(0,1).
O

Acknowledgements. I thank Karine Beauchard for suggesting me this
problem and for many fruitful discussions.
APPENDIX A. SOME PROPERTIES OF THE GAMMA FUNCTION

For any p € R™, the Gamma function is defined (see [I, 6.1.1, p.254]) by
(A.38) [(p) := /0 h e~ tP~Lat,
which is a monotone increasing function on (0,00). Furthermore, (see [I,
6.1.15, p.256])
(A.39) Iz +1)=2zI'(z), Yz e (0,00).
We have the following asymptotics of the Gamma function.
LEMMA A.1 ([1],6.1.39 ). Let a € R and b € R. Then,
(A.40) laz+b) ~ V2% (qz)* o3

We show an inequality used in Proposition 3.3.
LEMMA A.2.
(A.41) (n+k)! < 28 mplkl, Vn, ke N.
Proof. Let us observe first that
(A.42) (2n)! < 2*"n!?, Vn e N.
This inequality follows by induction, since, for every n € N,

2(n+1))! = 2n)!(2n+1)(2n+2)

< (2n)122(n +1)? < 220 (4 1)1,
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To show (A.41), we assume, w.l.o.g., that n < k. Then, using (A.42),

k—n
n+k)! = ) | 2n+7)
7=1
k—n
< @n)2 " [T (n+4) <27 Fnlk!.
j=1

APPENDIX B. SOME PROPERTIES OF BESSEL FUNCTIONS

Let v € R. The Bessel function of order v of the first kind is ([1, 9.1.10,
p.360))

o0
(_1)" 2\ 2n+v
B.43 ) =S ——— (—) . Wz e [0,00).
(B.43) =3 T 3 2 € [0,00)
We denote by { jy,n}neN* the increasing sequence of zeros of .J,,, which are

real for any v > 0 and enjoy the following properties (see [1, 9.5.2, p.370]
and [15, Proposition 7.8, p.135]).

(B.44) V< Jun < jun+1, Vn € N¥,
(B.45) Junt1 — Jun — T, as n — 00.

We also have the integral formula ([1, 11.4.5, p.485])

1
. . 1 . *
(B.46) /0 Yy (o) Iy (Jumy) dy = §\Ju+1(,7u,n)!25n,m7 Vn,m € N*.

This allows to show the following.

LEMMA B.1. [14, p.40] Let v > 0. The family {wy,},cn- defined by

V2z

7.‘]11 jl/,nz ’ VZ € 071 ’
’JI/-I-l(]V,n)’ ( ) ©.1)

wn(z) =
is an orthonormal basis of L?(0,1). In particular, if f € L*(0,1) and d,, =
fo z)dz, Vn € N*, then ||f||L2(0 1 =30 |dnl?.

We recall that Vv € R, the Bessel function J, satisfies the following
differential equation (see [1, 9.1.1, p.358])

(B.47) 2JN2) + 2 (2) + (22 — 1) J,(2) =0, Yz e (0,+00),
and the recurrence relation (see [1, 9.1.27, p.361]),
(B.48) 2J,(2) = Jy—1(2) + Jy41(2), Vz € (0,+00).
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Asymptotic behaviour. We recall the asymptotic behaviour of J, for
large arguments and near zero.

LEMMA B.2. [15, Lemma 7.2, p.129] For any v € R,
2 vm T 1
T = e (=T = 3) +.9, <m> -

LEMMA B.3. [1, 9.1.7, p.360] For any v € R\ {—N*},

Ju(z)

ZV

S0 2T+ 1)

The following asymptotic result is important in the proof of Proposition
5.1. We give the proof for the sake of completeness.

LEMMA B.4. Let v € RT. Then,

2 1
B.49 i k|, j =4\/— o (— .
(B.49) Vvl Jv41 (k)| —+ 0 <ju,k>
In particular, there exists a constant Cy > 0 such that for all k € N*,
1
w1 < C1\/juk-
| Ty41(Jv k)| "

Proof. Using Lemma B.2, for v + 1 and x = j, 1,

‘ . 2 . Tv+1) =« 1
V ju,k’a]u-i-l(]l/,k)’ = \/; COSs <]l/,k — T — Z) ‘ + kgoo <m>

\/5 . ( , TV 7r>‘ Lo 1
= — |sin - — = = .
™ vk 2 4 k—o0 ju,k

Using again Lemma B.2 with v and x = j, ;, we have that

( . TV 71') o 1
cos - — = = —
Juk 2 4 k—o0 jVJf ’

which gives

. . o m 1 1
(3P4, () =1+, 0. ()

and then (B.49).
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