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The control problem

GRUSHIN’S EQUATION

Degenerate elliptic operator : ‘ A= =8y — 220y ‘
Y Q
1
Orf + Af =1yuon (0,T) X Q
T (G){ f(0)=f% € L*(©) on
w f=0on (0,T) x 0Q.
-1 0 a b 1z

> Beauchard, Cannarsa, Guiglielmi, Null controllability of Grushin-type
operators in dimension two, 2014.

2
Minimal time : T* > %

2
We want to show that T = %
— Moments method.

— Study of spectral properties of the operator in 1D : A, := —0zz + n?nw222.
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Strategy of the proof

FORWARD EQUATION
atg - 89&1‘9 - IQ@ny = 07 (t,xvy) S (0700) X Q
(F.Eq) 4 g(t,z,y) =0, (t,z,y) € (0,00) x 0Q
9(0,z,y) = g%z, y), (z,y) € Q,

OBSERVABILITY INEQUALITY

3C >0, Vg° € L2(Q),

T
/gQ(T,x,y)dxdySCQ/ /gQ(t,w,y)dwdydt (OBS)
Q 0 w

Decompose g in Fourier series : g(t, z,y) = ZneN* gn(t, 2)dn (y),

with ¢n(y) = v2sin(nry) and gn(t,z) = [y g(t, 2, y)dn (y)dy.
IF :

1 T b
Je >0, Vg® € L2, ¥n € N¥, / g2 (T, z)dx < c2/ / g2 (t,z)dxdt | (OBS.n)
0 a

then (OBS) holds.
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Strategy of the proof

1 T b
g2 (T, z)dx < 02/ / g2 (t,z)dzdt  (OBS.n)
1 0 a

Translate (OBS.n) in terms of control

Je > 0, Vg° ELQ,VnEN*,/

»  Beauchard, Cannarsa, Guiglielmi, Null controllability of Grushin-type
operators in dimension two, 2014.
Otgn — Ozagn + (n7r)2x2gn =un(t,z)lu(z), (t,2)€(0,T)x (=1,1),
gn(t,£1) =0, t€(0,7), (1)
1
900.2) = [ ao(an)on(w)dy re(-1,1).
IF :

Je > 0, Vn € N*, ||un||L2((0’T)Xw) S c

then (OBS.n) holds.
— Infinite number of control problems !
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The moments method

Definition: Biorthogonal family

Let 3 := (ox)x>1 be a sequence of positive real numbers.
Biorthogonal family for X, (qu)j21 g

T
Vk,j > 1, q; € L*(0,T), /O e~ T2 (t)dt = b ;.

Let n € N*, denote by Ay := (Ag,n)r>1 the spectrum of Ap 1= —0za + n2n2g?
and (gx,n)r>1 the corresponding eigenfunctions. Take :

un(tv x) = Z (1(a,b) (z)gj,n(x)) q?n (t)aj,n’

j>1
with
1
/ n0(@) g5, (@) dz
NjnT -1

X b
/ 92 (z)do
a

Qjp = —e

Then u, solves the null-control problem (1).
O Existence of (q}\”’)j21 ?

@ Uniform bounds on (un)p>1 ?
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The moments method

Definition: Biorthogonal family

Let ¥ := (ox)r>1 be a sequence of positive real numbers.
Biorthogonal family for X, (qjg)j21 2

T
Wk, j > 1, ¢F € L2(0,T), / =Tk T=0Z ()dt = &y, ;.
0

Let n € N*, denote by Ay := (Ag,n)r>1 the spectrum of Ay, := —0zz + n2mw2g2
and (gx,n)r>1 the corresponding eigenfunctions. Take :

un(tv I) = Z (1(a,b) (I)gj,n(x)) qé\n (t)aj,ny

j>1
with

1
/7 91.0(2)g;(x)de

b
/ gin (z)dz
a

2T

Qjp 1= —e

Then u, solves the null-control problem (1).
@ Existence of (q?” )i>1 7

“22T g

@ lunll2goryxay < 1901220 Sy e 2002y /950122 )
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The moments method

Definition: Biorthogonal family
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@ lunll2goryxay < 1901220 Sy e 200y M50 022 )
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The moments method

Definition: Biorthogonal family
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“22T g

@ lunll2goryxay < 1901220 Sy e 2002y /950122 )
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Existence and bound on the biorthogonal family

Definition : set of sequences L(p, N)

Let p>0and N : Rt — N.
Denote by L(p, ') the set of sequences 3 = (0 )x>1 such that :

o Vk>1, opy1 — 0k 2 p,
=01
e Ve >0, — <e.
D, =<
k=N (¢g)

Theorem [Fattorini-Russel, 1974]

Let p>0and M : Rt — N.

Ve >0, 3K >0, | VS € L(p,N) |, 3(a)k>1, VE > 1, |lg7 || L2 < K- exp(eoy).
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Recap : What we need to do

@ Lower bound for : ng>"||2L2(a,b)'

@ UNIFORM (!) gap condition :

3c>0,Vn € N*, Vk € N*, Ajy 1.0 — Apn > C

@ Existence of N such that : Ve > 0, Vn € N*| ZZOZN(E) ﬁ <e.

2. and 3. = Vn € N*, A, € L(p,N) = existence + uniform bound on (q?")jzy
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1. Lower bound on eigenfunctions

Just use Proposition 4.5 of :

> Beauchard, Miller, Morancey, 2D Grushin-type equations : minimal time and
null controllable data. J. Differential equations, 259(11): 5813-5845, 2015.

Proposition

Let L > 1 and § € (0,a) such that a+ 35 < 1. There exists C > 0 such that for all
6 >0, g€ CH[-1,1],RT)\ {0}, (wo,w1) € H} x L2(—1,1), we have :

~ L “
H“"O”il(}—’—”wl”iz < C(A+lgllpoo (=1,1))Ow (a, q,6,5)/ (w? + w?)(s, z)dzds
L

Wa,1
(2)
where :

© G:z € (-1,1) = q(@) + 6%llall Loo(—1,1),
@ Ow(a,q.8,6) = max (e o T IM @) +2y a(v)ldy efgafza[A'T(U)Jr?\/ci(y)]dy) with

Mize(-1,1)~ L@ o, = (-1,-a)U(a,1),

@ and finally w is the solution of the wave equation :

Wss — Wz + q(:I?)w =0, (S,I) € (—L, L) X (—].7 1),
w(s, £1) =0, s € (—=L,L), (3)
(w,ws)(0,z) = (wo,w1)(z), =€ (—1,1).
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1. Lower bound on eigenfunctions

Take q = (nm)%222, wo = 0 and w; = Ak,ngk,n- Then we have :
w(sr I) = Sin( \/ )‘k,ns)gk,n (I)

Ce—nfr(a+25)2

and we get :

1
< / 92 (@)da @)

n2m2
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tence of uniform g

gap (normbre de peets du malage = 50000)
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2. Existence of uniform gap : Agj1n — A >c?

We define py 1= 2k — 1.
A general inequality

Vk,n>1, Xg,>nm(2k—1)
Low frequencies

Let 7 € (0, g) There exist ng € N*, ¢1 > 0 and c2 > 0, three constants which only
depend on 7, such that for all n > ng, k < 7n,

k,n

pi < < pk + can®/tem 2,

nm

Hence :

5/4e—c2n

‘ >\k+1,n — >\k,n Z 2nm — c1in

(Small improvement : the same bound holds for k < on— (:rz,]/3+5.)
High frequencies
When k > Zn +1,

‘ Aktln — Akn =T ‘

Intermediate frequencies
When gnf enl/3te < < gn 2 777
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Existence of function

Can be established easily.
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