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Introduction Problem formulation
Reference
P Cannarsa, G. F, A. Y. Khapalov, Multiplicative controllability for semilinear
reaction-diffusion equations with finitely many changes of sign , Journal de
Mathématiques Pures et Appliquées, (2017), DOI: 10.1016/j.matpur.2017.07.002
ArXiv: 1510.04203.
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Introduction Problem formulation
Reference
P Cannarsa, G. F, A. Y. Khapalov, Multiplicative controllability for semilinear
reaction-diffusion equations with finitely many changes of sign , Journal de
Mathématiques Pures et Appliquées, (2017), DOI: 10.1016/j.matpur.2017.07.002
ArXiv: 1510.04203.

ur — (a(x)ux)x = a(x, tyu+ f(x,t,u) in Qr :== (=1,1) x (0, T)

Bou(—1,1) + pra(—1)ux(—1,t) =0 t€(0,7)

(for WDP) (1)
vou(1,t) + y1a(1)ux(1,t)=0 te(0,T)
a(x)ux(x,t)[x=x1 =0 te(0,T) (for SDP)
u(0, x) = up(x) x e (—1,1).
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Introduction Problem formulation

Reference

P Cannarsa, G. F, A. Y. Khapalov, Multiplicative controllability for semilinear
reaction-diffusion equations with finitely many changes of sign , Journal de
Mathématiques Pures et Appliquées, (2017), DOI: 10.1016/j.matpur.2017.07.002
ArXiv: 1510.04208.

ur — (a(x)ux)x = a(x, hHu+ f(x,t,u) in Qr := (—1,1) x (0, T)
Bou(—1,t) + Bra(—1)ux(—1,t) =0 t€ (0, T)
(for WDP) (1)
vou(1,t) + y1a(1)ux(1,t)=0 te(0,T)
a(x)ux(x,t)[x=x1 =0 te(0,T) (for SDP)
u(0, x) = uo(x) xe(—1,1).

a € L*=(Qr), (bilinear control), up € L2(—1,1);
f: Qr x R — R is such that
@ (x,t,u) — f(x,t,u)is a Carathéodory function; u — f(x, t, u) is differentiable
at u = 0; t — f(x, t, u) is locally absolutely continuous;
@ Jv. > 0,9 >1andv > 0 such that, for a.e. (X,Q € Qr,Vu,v € R, we have
[£(x, £, )] < ful”,
—v (14 u” VP (W= v < (F(x, 8 u) — F(x, 8 V) (U — v) < v(u— V),
f(x, tuyu> —vu?;
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Introduction Problem formulation

Semilinear degenerate problems

ur — (a(x)ux)x = a(x, t)u+ f(x,t,u) in Qr := (=1,1) x (0, T)

Bou(—1,1) + pra(—1)ux(—1,6) =0 t<(0,7)

(for WDP)
vu(l,t) + y1a(1)ux(1,t)=0 te(0,T)
a(x)ux(x, t)|x=+1 =0 te (0, T) (for SDP)
u(0, x) = up(x) xe(=1,1).

acC’([-1,1)nC'(]—1,1]) : a(x) >0V¥x e (—1,1), a(-1) = a(1) = 0.

We distinguish two cases:

* 1el'(-1,1) (WDP), eg.a(x)=v1—x2 agC'([-1,1])

(Bof1 <0, voy1 > 0);
* 1 1'(-1,1) (SDP)

e.g. a(x) = 1 — x? (see later Budyko-Sellers climate
1

model) ae C'([-1,1]) (assume that [ -5 ds € L9 (—1,1), for same gy > 1).

a(s)
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Introduction Problem formulation

(SD) Hi(—1,1):={u e [3(—1,1) : uloc. abs. continuous in (—1,1), vVaux € L?};
(WD) Hi(—1,1) := {u € L?(—1,1) : u absolutely continuous in [-1, 1], vaux € L*}.

H(—1,1) == {u € Hy(—1,1)|aux € H'(-1,1)}
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Introduction Problem formulation

(SD) Hi(—1,1):={u e [3(—1,1) : uloc. abs. continuous in (—1,1), vVaux € L?};
(WD) Hi(—1,1) := {u € L?(—1,1) : u absolutely continuous in [-1, 1], vaux € L*}.

Hi(=1,1) := {u € Hy(—1,1)| aux € H'(=1,1)}
Given T > 0, let us define the function spaces

B(Qr) := C°([0, T]; L3(—1,1)) N L3(0, T; Hi(—1,1))

H(Qr) := L2(0, T; D(A)) N H'(0, T; L3(=1,1)) n C([0, T]; Hi(—1,1))
Theorem

For all uy € Hl(—1,1) there exists a unique strict solution u € H(Qr) to (1).

Theorem

For all uy € L?(—1,1) there exists a unique strong solution u € B(Qr) to (1).

Reference

G. F., Approximate controllability for nonlinear degenerate parabolic problems with
bilinear control, Journal of Differential Equations (2014).
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Introduction Climate motivations

Energy balance models

The effect of solar radiation on climate

Energy Balance

=i =]

€ Net Energy
Balance
S ncoming < Spacm;:

heat variation

€ Reflected

== Ra — Re + D
Solar Energy

\ j A AP Q(;‘ree;hnuse Y Ra — absorbed
Eaﬂh:Armn!sph re

. Reflectivity

energy

@ R, = emitted energy
@ D = diffusion
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The Budyko-Sellers model (1969)

M compact surface without boundary (typically S?)
Ut — Apu = Ra(t, x, u) — Re(t, x, u)
where u(t, x) = temperature distribution

Q = insolation function

® Ra(x,u) = Q(t, x)5(u) { B = coalbedo = 1 — albedo

@ o Ro(x,u)=A(tx)+ B(t, x)u Budyko

® Re(x,u) = cu* Sellers
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Introduction Climate motivations

One-dimensional BS model

_ g2 1 g0 (. Ou 1 d%u
on M=1%", AMUfm{%(Slnd)—)—&—,ii}
¢ = colatitude A = longitude

-50 -40 -30 -20 -10 0 10 20 30
Annual Mean Temperature
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Introduction Climate motivations

One-dimensional BS model

e = 1[0 (gingduy, 1 &u
DR OSERE AM“*sin¢{a¢(3'”¢a¢>+sin¢ax2}

¢ = colatitude A = longitude

-50 -40 -30 -20 -10 0 10 20 30
Annual Mean Temperature

taking average at x = cos¢ BS model reduces to

ur— (1 = X®)ux) = g(t,x) h(u) + f(t,x,u) x €] —1,1]
(1 - XZ)UX\x:ﬂ =0

Reference
P. Cannarsa, P Martinez, J. Vancostenoble, Memoirs AMS, 2016
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Introduction Climate motivations

A prophecy by J. von Neumann

Nature (1955):

Microscopic layers of colored matter spread
on an icy surface, or in the atmosphere above
one, could inhibit the reflection-radiation pro-
cess, melt the ice and change the local cli-
mate.
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Introduction Climate motivations

A prophecy by J. von Neumann

Nature (1955):

Microscopic layers of colored matter spread
on an icy surface, or in the atmosphere above
one, could inhibit the reflection-radiation pro-
cess, melt the ice and change the local cli-
mate.

= rather than J
u—Apu=g(t, x ,u)+f(tx)

use 0 as control variable

Reference

Charles L. Epstein, Rafe Mazzeo, Degenerate Diffusion Operators Arising in
Population Biology, book by Princeton University Press, 2011

Other degenerate models: Wright-Fisher models in population genetic and general
Kimura diffusion
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Introduction Additive vs multiplicative controllability

Controllability: heat equation (linear case)

u = Au +wvu + h(x, H1l u = Au +w u = Au +v(x, Hu
Uppe =0 Upg = a(t) U =0
U, =t Uy = Uo Uy = Uo

Additive controls Boundary controls  Bilinear controls

( distributed source terms) (multiplicative controllability)
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Introduction Additive vs multiplicative controllability

Controllability: heat equation (linear case)

u = Au +wvu + h(x, H1l u = Au +w u = Au +v(x, Hu
Uppe =0 Upg = a(t) U =0
U, =t Uy = Uo Uy = Uo

Additive controls Boundary controls  Bilinear controls

( distributed source terms) (multiplicative controllability)

Definition (Approximate controllability)

VU € Ho, u* € H* ,(Ho, H* C LZ(Q) ),Ve > 0,3"a control function”,T > 0 such that
lu(, T) = U™l 2 < e

Multiplicative controllability and Applied Mathematics

= rather than 1
u—Au= v(x,t) u+h(x,t)
use 0 as control variable
RS & : “control” — “solution”
Additive controls vs Bilinear controls
& : h—— uis a linear map; & : v— u is a nonlinear map.
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Introduction Additive vs multiplicative controllability

Additive controllability by a duality argument (J.L. Lions, 1989): observability inequality
and Hilbert Uniqueness Method (HUM).

Reference

P Baldi, G.F., E. Haus, Exact controllability for quasi-linear perturbations of KdV,
Analysis & PDE, vol. 10 (2017), no. 2, 281-322 (ArXiv: 1510.07538).

@ nonlinear problem: Nash-Moser theorem (Hérmander version);
@ controllability of the linearized problem;

@ observability inequality by classical Ingham inequality
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Introduction Additive vs multiplicative controllability

Additive controllability by a duality argument (J.L. Lions, 1989): observability inequality
and Hilbert Uniqueness Method (HUM).

Reference

P Baldi, G.F., E. Haus, Exact controllability for quasi-linear perturbations of KdV,
Analysis & PDE, vol. 10 (2017), no. 2, 281-322 (ArXiv: 1510.07538).

@ nonlinear problem: Nash-Moser theorem (Hérmander version);
@ controllability of the linearized problem;
@ observability inequality by classical Ingham inequality

Some references on bilinear control of PDEs
@ Ball, Marsden and Slemrod (1982)

[rod and wave equation]
@ Coron, Beauchard, Gagnon, Laurent, Morancey
[Scrédinger equation, .. .]
@ Khapalov (2002—2010)
[parabolic and hyperbolic equations, swimming models]
@ Ouzahra, El Harraki, Tsoulli, Boutoulout
[Heat and wave equations]
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Introduction Additive vs multiplicative controllability

u = Au + v(x,tu in Qr:=Qx(0,T)
Ujpe = 0 te(0,7) 2)
U, = o
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Introduction Additive vs multiplicative controllability

u = Au + v(ix,iu in Qr:=Qx(0,T)
Upg =0 te(0,7) (2)
Uy, = Uo

Definition (Approximate controllability)

An evolution system is called globally approximately controllable, if any initial state uy
in Hy can be steered into any neighborhood of any target state u* € H* attime T, by a
suitable control.
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Introduction Additive vs multiplicative controllability

u = Au + v(x,tu in Qr:=Qx(0,T)
Upq = 0 te(0,7) 2)
U,y = to

Definition (Approximate controllability)

An evolution system is called globally approximately controllable, if any initial state uy
in Hy can be steered into any neighborhood of any target state u* € H* attime T, by a
suitable control.

Strong Maximun Principle and obstruction to multiplicative controllability: H* # Hg ()

Up(x) = 0=u(x,t)=0

Up(x) > 0=u(x,t) >0
If up(x) > 0in Q, then the SMP demands that the respective solution to (2) remains
nonnegative at any moment of time, regardless of the choice of v. This means that
system (2) cannot be steered from any nonnegative u, to any target state which is
negative on a nonzero measure set in the space domain.
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Introduction Additive vs multiplicative controllability

u = Au + v(x,tu in Qr:=Qx(0,T)
Upq = 0 te(0,7) 2)
U,y = to

Definition (Approximate controllability)

An evolution system is called globally approximately controllable, if any initial state uy
in Hy can be steered into any neighborhood of any target state u* € H* attime T, by a
Suitable control.

Strong Maximun Principle and obstruction to multiplicative controllability: H* # Hg ()

Up(x) = 0=u(x,t)=0

Up(x) > 0=u(x,t) >0
If up(x) > 0in Q, then the SMP demands that the respective solution to (2) remains
nonnegative at any moment of time, regardless of the choice of v. This means that
system (2) cannot be steered from any nonnegative u, to any target state which is
negative on a nonzero measure set in the space domain.
Controllability:

@ Nonnegative states

@ Sign changing states
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Introduction Additive vs multiplicative controllability

Definition

We say that the system (2) is nonnegatively globally approximately controllable in
L2(Q), if for every ) > 0 and for any uy, u* € [3(Q), o, u* > 0, with uy # 0 there are
aT = T(n,u,u") >0 and a bilinear control v € L>(Qr) such that for the
corresponding solution u of (2) we obtain

1u(T, ") = U2y < -
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Introduction Additive vs multiplicative controllability

Definition

We say that the system (2) is nonnegatively globally approximately controllable in
L2(Q), if for every ) > 0 and for any uy, u* € [3(Q), o, u* > 0, with uy # 0 there are
aT = T(n,u,u") >0 and a bilinear control v € L>(Qr) such that for the
corresponding solution u of (2) we obtain

|u(T,-) = u"lle@) < m-
Reference

P. Cannarsa, G. F., Approximate multiplicative controllability for degenerate parabolic
problems with robin boundary conditions, , CAIM, (2011).

Reference

P. Cannarsa, G. F., Approximate controllability for linear degenerate parabolic
problems with bilinear control, Proc. Evolution Equations and Materials with Memory
2010, vol. Sapienza Roma, 2011, pp. 19-36.

Reference

G. F., Approximate controllability for nonlinear degenerate parabolic problems with
bilinear control, Journal of Differential Equations (JDE, Elsevier, 2014).
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Inspired by

Reference

P Cannarsa, G. F, A. Y. Khapalov, Multiplicative controllability for semilinear
reaction-diffusion equations with finitely many changes of sign , Journal de
Mathématiques Pures et Appliquées, (2017), DOI: 10.1016/j.matpur.2017.07.002
ArXiv: 1510.04208.
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Inspired by

Reference

P Cannarsa, G. F, A. Y. Khapalov, Multiplicative controllability for semilinear
reaction-diffusion equations with finitely many changes of sign , Journal de
Mathématiques Pures et Appliquées, (2017), DOI: 10.1016/j.matpur.2017.07.002

ArXiv: 1510.04203.

let us consider (with Carlo Nitsch and Cristina Trombetti)

Bou(—1,1) + pra(—1)ux(—=1,6) =0 t<(0,7)
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(for WDP)

vou(l,t) + y1a(l)ux(1,t)=0 te(0,T)
a(x)ux(x,t)|x=+1 =0 te(0,T) (for SDP)
u(0, x) = uo(x) xe(—1,1).
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Inspired by

Reference

P Cannarsa, G. F, A. Y. Khapalov, Multiplicative controllability for semilinear
reaction-diffusion equations with finitely many changes of sign , Journal de
Mathématiques Pures et Appliquées, (2017), DOI: 10.1016/j.matpur.2017.07.002
ArXiv: 1510.04208.

let us consider (with Carlo Nitsch and Cristina Trombetti)
ur — (a(x)ux)x = a(x, u+ f(x,t,u) in Qr := (=1,1) x (0, T)

Bou(—1,1) + pra(—1)ux(—=1,6) =0 t<(0,7)

(for WDP) 3)
You(l,t) + vra(l)ux(1,t) =0 te(0,T)
a(x)ux(x, t)|x=+1 =0 te(0,T) (for SDP)
u(0, x) = to(x) xe(—1,1).

We assume that 1y € Hi(—1,1) has n points of sign change, that is, there exist points
—1:=x§ <x{ << x¥ < x2, =1 such that

Uw(x)=0 <= x=xP, I=1,...,n
UO(X)UO(y) < 07 Vx € <X10717X/0> ) V}/ € <X/07X/(3H> -
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Let up € HX(—1,1) have finitely many points of sign change.

Theorem (G.F., C. Nitsch, C. Trombetti, 2017)

Consider any u* € Hi(—1, 1) which has exactly as many points of sign change in the

same order as uy. Then,

Vp>03T >0, a € L(Qr) <) u(-, T) = U* lliz_11) < 7.

u

X{

Figure 1. Control of two points of sign change.
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Control strategy: main idea of the proof

Given N € N (N will be determined later) we consider the following partition of [0, Tx]

in 2N intervals:

[07 S1] U [81, T1] U---u [Tk,hSk] U [Sk, Tk] y---u [TN71,SN] U [SN, TN].

a1 #0 0 ok #0 0
u.
= Xq X5
T \__\_/-
S\\

No—-——N-\o ————————————————————— Q-------- ®
. S ’L ———————— <
o O i ( Smmmmoses °
= -- ; ------------------ + --------- 4

Ww.

SZ v
W1

S o ;

To SO LS
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Construction of the zero curves
@ On [Sk, T«] (1 < k < N) we use the Cauchy datum
wx € C®HV([ay, by]) N HA(—1,1), [a5,bg] cc (—1,1)in
wr = (a(X)wx)x + f(x,t,w), in Qg = (—1,1) x [Sk, Tx],
B.C. t €[Sk, Tkl,
W li=s, = Wi(X),
as a control parameter to be chosen to move the curves of sign change.
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Construction of the zero curves

@ On [Sk, Ti] (1 < k < N) we use the Cauchy datum
Wi € Cz+ﬂ([a87b3])mH;(_1a1)v [ag,bg] ccC (_171) in

w = (a(X)w)x + f(x,t,w), in Qs = (—1,1) x [Sk, Tkl

BC te [Sk-, Tk]s
W |i—s, = Wi(X),

as a control parameter to be chosen to move the curves of sign change.

@ The ¢-th curve of sign change (1 < £ < n) is given given by solution &5
§ult) = — =L — (D), €[Sk T
€(Sk) = X

where the x/’s are the zeros of wy and so w(&k (1), t) = 0.
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The control parameters wj’s will be chosen to move the curves of sign change in the
following way

: — _ag®)wax(&(1),0) o1
{§E2>— e~ O EEBT e, = 0
t =X

a(&1(Sk))w (&1(S0))
w;(&(Sk))
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—€(Sk) = - —d(&(Sk) = san(x" — x7)




@ To fill the gaps between two successive [Sk, Tk]'s, on [Tx—1, Sk] we construct the
bilinear control a that steers the solution of

u = (a(x)ux)x + ak(x,t)u + f(x,t,u) in (—=1,1) X [Tk—1, Tk—1 + ok,
B.C. t € [Tk—1, Tkt + 0],
U |t=1_y = Uk—1 +Ik—1 € Hi(—1,1),

from ux_1 + rk—1 to wy, where ux_¢ and wy have the same points of sign change,
and ||fic—1|l,2(0,1y is small. cu(x, t) piecewise static
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@ To fill the gaps between two successive [Sk, Tk]'s, on [Tx—1, Sk] we construct the
bilinear control a that steers the solution of

= (a(X)ux)x + ak(x,t)u + f(x,t, u) in (—=1,1) X [Tk—1, Tk—1 + ok,
B.C. t € [Tk—1, Tk—1 + ok],
U =T, 4 = Uk—1 + Ik—1 € H;(*"J)»

from ux_1 + rk—1 to wy, where ux_¢ and wy have the same points of sign change,
and ||fic—1|l,2(0,1y is small. cu(x, t) piecewise static

Sketch of the proof. In the particular case: ry_1 = 0 and

o . wik(x) "
36" >0: 6" < Vxe(-1,1 X},
S 1(X) (-1, )\g{ 1}
let us consider ax(x, t) := Tax(x), where
Wi (X) _ _
Salx) = log (), for x# 1,1, (I=1...,n)
0, for x=—-1,1,x (I=1...,n).

(T-7)
T

u(x, T) = ey _1(x) + / Te&km ((@a(x)ux)x(x, 7) + f(x, 7, u(x,7))) d7

0
= |Ju(, T) = W) llEz-1m < T I @), + (0, 0) [z -
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-
Closing the loop

@ The distance-from-target function satisfies the following estimate, for some
Ci,Co>0and0< g <1,

n n N N
* * 1 1N o)
OSZK?’(TN)—XHSZ|X2—Xe|+C1ZW—C2Z K —% —o0
=1 =1 1 k' 2 k=n+1

@ So the distances of each branch of the null set of the solution from its target
points of sign change decreases at a linear-in-time rate while the error caused
by the possible displacement of points already near their targets is negligible

n
@ This ensures, by contradiction argument, that Z IEM(Tw) — 7| < e within a
£=1
finite number of steps.
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Corollary (G.F., C. Nitsch, C. Trombetti, 2017)

Consider any u* € H}(—1, 1), whose amount of points of sign change is less than or
equal to the amount of such points for uy and this points are organized in any order of
sign change. Then,

Vn>03T >0, acL®Qr) :u(-,T) =" |lz—11y) < 0
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Open problems

Open problems

@ 1-D degenerate reaction-diffusion equations on networks;

@ To investigate reaction-diffusion equations in higher space
dimensions with initial states that change sign on domains with
specific geometries;

@ To extend this approach to other nonlinear equations of parabolic
type:

* Porous media equation (??7?).

G. Floridia (University of Naples Federico Il) Controllability of degenerate reaction-diffusion equations 25/26



Open problems

Thank you for your attention!
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