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Introduction: Structured Population Models

u population density
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Introduction: Structured Population Models

u=u(t) population density
t time
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Introduction: Structured Population Models

u = u(t, x) population density
t time
X age
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Introduction: Structured Population Models

u = u(t, x) population density
t time
X age

8tu+3xu:0
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Introduction: Structured Population Models

u = u(t, x) population density
t time

X biological age/size/(trait)

Oeu + Ox ([growth/aging] u) =0
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Introduction: Structured Population Models

u = u(t, x) population density
t time

X biological age/size/(trait)

Oeu + Ox (g(t, x, fu)u) =0
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Introduction: Structured Population Models

u = u(t, x) population density
t time

X biological age/size/(trait)

Oeu + Ox (g(t, x, [u) u) = [death]
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Introduction: Structured Population Models

u = u(t, x) population density
t time
X biological age/size/(trait)

Oeu + Ox (g(t, x, Ju) u) = —d(t, x, u, [u)
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Introduction: Structured Population Models

u = u(t, x) population density

t time
X biological age/size/(trait)
Oeu + Ox (g(t, x, Ju) u) = —d(t, x, u, [u)

u(t,0) = [birth]
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Introduction: Structured Population Models

u = u(t, x) population density
t time

X biological age/size/(trait)

Oeu + Ox (g(t, x, Ju) u) = —d(t, x, u, [u)
u(t,0) = b(t, fu)
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Introduction: Structured Population Models

u = u(t, x) population density

t time
X biological age/size/(trait)
8tu+8x( (t,x, fu) ): d(t,x,u, [u)

u(t,0) = b(t, fu)

u(0, x) = [initial datum]
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Introduction: Structured Population Models

u = u(t, x) population density
t time

X biological age/size/(trait)

Oeu + Ox (g(t, x, Ju) u) = —d(t, x, u, [u)
u(t,0) = b(t, fu)
u(0,x) = u(x)
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Introduction: Structured Population Models

u = u(t, x) population density
t time
X biological age/size/(trait)

Oeu + Ox (g(t, x, Ju) u) = —d(t, x, u, [u)
u(t,0) = b(t, fu)
u(0,x) = u(x)

Balance Law with Boundary
NonLocal flow
NonlLocal source
NonLocal boundary data
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Introduction: Conservation Laws — Keywords

‘é)tu + divy f(t, x,u) = g(t, x, u) ‘

Norm: -1l
x regularity:  x — u(t,x) L, L, BV
t regularity:  t — u(t) L' - Lipschitz

U, dependence:  u, — u(t) L! - Lipschitz
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Introduction: NonlLocal Conservation Laws

» NonLocal Conservation Laws:
» Elastodynamics

> (Chen & Christoforou: PAMS, 2007)
> (Christoforou: JHDE, 2007)
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Introduction: NonlLocal Conservation Laws

» NonlLocal Conservation Laws:

» Elastodynamics
» Granular Materials

» (Amadori & Shen: Comm.PDE, 2009)
> (Guerra & Shen: JDE, 2014)
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Introduction: NonlLocal Conservation Laws

» NonlLocal Conservation Laws:

» Elastodynamics

» Granular Materials
» Vehicular Traffic

> (Colombo, Corli & Rosini: ZAMM, 2007)
(Colombo, Herty & Mercier: COCV, 2011)
(Dong & Tong: NHM, 2011)

(Blandin & Goatin: Numer.Math., 2015)

vYvyy
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Introduction: NonlLocal Conservation Laws

» NonlLocal Conservation Laws:

Elastodynamics
Granular Materials
Vehicular Traffic
Crowd Dynamics

> (Colombo, Garavello & Mercier: M3AS, 2011)
Colombo & Mercier: Acta Math.Sc., 2011)
Piccoli & Tosin: ARMA, 2011)
Hoogendoorn et al.: Physica A, 2014)
Goatin & Rossi: CMS, 2017)

vVvyVvyYy

vvyyyey
—_~ e~~~
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Introduction: NonlLocal Conservation Laws

» NonlLocal Conservation Laws:

Elastodynamics

Granular Materials

Vehicular Traffic

Crowd Dynamics

Numerical Methods
> (Betancourt, Burger, Karlsen & Tory: Nonlin., 2011)
> (Amorim, Colombo & Teixeira: M2AN, 2015)
> (Aggarwal, Colombo & Goatin: SINUM, 2015)

vVvy v VvYyy
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Introduction: NonlLocal Conservation Laws

» NonlLocal Conservation Laws:

vVvy v VvV VvYYyYy

Elastodynamics

Granular Materials

Vehicular Traffic

Crowd Dynamics

Numerical Methods

Degasperis—Procesi, Camassa—Holm & Ostrovsky—Hunter
> (Gesztesy & Holden: Cambridge Studies, 2003)
» (Holden & Xavier: CPDE, 2007)
> (Coclite, Ridder & Risebro: Preprint, 2016)
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Introduction: Structured Population

» NonlLocal Conservation Laws:

vVVvYy vV VvV VvV VY

Elastodynamics

Granular Materials

Vehicular Traffic

Crowd Dynamics

Numerical Methods

Degasperis—Procesi, Camassa—Holm & Ostrovsky—Hunter
Measure Valued Conservation Laws

(Carrillo, Colombo, Gwiazda & Ulikowska: JDE, 2012)
(Gwiazda, Jamréz & Marciniak-Czochra: SIMA, 2012)
(Canizo, Carrillo & Cuadrado: Acta Appl.Math., 2013)
(
(

v

Piccoli & Rossi: ARMA, 2014)
Colombo, Gwiazda & Rosinska: COCV, To appear)

vvyyypy
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Introduction:

» NonlLocal Conservation Laws:

Elastodynamics

Granular Materials

Vehicular Traffic

Crowd Dynamics

Numerical Methods

Degasperis—Procesi, Camassa—Holm & Ostrovsky—Hunter
Measure Valued Conservation Laws

vV VvV vy VY VvV VY

» Structured Population
» 2 2000 items in MathSciNet (190 books)

> (Webb: Theory of Nonlinear Age-Dependent Population
Dynamics, 1985)

> (Diekmann & Heesterbeek: Mathematical Epidemiology of
Infectious Diseases, 2000)

> (Perthame: Transport Equations in Biology, 2008)

> (Broom & Richtat: Game-Theor. Models in Biology, 2013)
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Structured Population on Graphs

(in collaboration with M.Garavello)
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Role of the Graph

The standard setting:
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Role of the Graph

The standard setting:

Juvenile — Adult:

(Carrillo, Cuadrado & Perthame: Math.Biosci., 2007)
(Ackleh & Deng: SIAM Appl.Math., 2009)
(Ackleh & Ma: Numer.Funct.Anal.Opt., 2013)
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Role of the Graph

The standard setting:

Juvenile — Adult:
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A General Theorem

O + Oy ( ( u,): tx)

gi(t,0) ui(t,0+) = Bi(t, 1(t , un(t))
ui(0, x) = Ti(x )

teRT time gi growth

x € RT  age —d; death

ui € Rt  density B; birth/change
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A General Theorem

Oruj + Ox (& ( ui) = dj tx)
gi(t,0) ui(t,0+) = Bi(t, 1(t , un(t))
ui(0,x) = bi(x )

B,‘(t, Ui, ..., un) = a,-(t, U1()_<1—), ceey u,,()“(,,—))
+Bi (/ wy (x) ur(x)dx,. .. ,/ Wy (x) tp(x) dx>

h In

u; lives on [0, X;]
uj is fertile for x € I;
w; fertility of u;

«; transmission
B; natality
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A General Theorem

atu, + 3

gi(t,0) u,(t
u;i(0,x) = Ti(x)

/\

B,‘(t, Ui, ..., un) = a,-(t, U1()_<1—), ceey u,,()“(,,—))
+05; (/ wy (x) ur(x)dx,. .. ,/ Wp(x) up(x) dx)
Theorem (Colombo & Garavello: MBE, 2015)
If gi € Cl, infg;>0, sup, [TV (g,( ) + TV (8Xg,-(t))} < 400

)
di € (C1 N L), sup, TV (d(t,")) < +oo
aj, Bi,w; € CO 1 (t 0) = 0 ,(0) =0, infyw; >0
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A General Theorem

O + Oy ( i(t, x u,-) = di(t, x) u;
gi(t,0) ui(t,0+) = B;(t, ui(t),..., u,,(t))
u;i(0,x) = Ti(x)

Bi(t,u,...,up) = Oz,'(t7 ur(X1—), .-y u,,(>_<,,—))

15 (/ wi(x) w1 (x) dx/ wi(x) tn(x) dx>

I In
Theorem (Colombo & Garavello: MBE, 2015)

If gi € Cl, infg;>0, sup, [TV (g,( )) + TV (axg,-(t))} < 400
di € (C1 N L), sup, TV (d(t,")) < +oo
i, Bi,w; € CO1, a;(t,0) =0, B;(0) =0, infyw; >0
Then: Existence of a solution
Uniqueness of the solution
Continuous dependence from the initial data
Stability with respect to «;, B;, w;
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A General Theorem

Oruj + Oy (g,tx u) tx)
gi(t,0) ui(t,0+) = Bj(t, ul(t , un(t))
ui(0,x) = u,(X)

B,‘(t, Ui, ..., un) = a,-(t, U1()_<1—), ceey u,,()“(,,—))

15 ( // wi(x) 1 (x)dx, ... // wi(x) u,,(x)dx>

Theorem (Colombo & Garavello: MBE, 2015)

=14 =14
Uj = uj

-/ =11
u: — u:

Tty -y
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i) = (@)l <K 3 |

7—[(wr)i1 {
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i

o
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Example: Age & Sex Structured Population

-}

F

M males F females

(N. Keyfitz: VI Berkeley Symp. Math. Stat. Prob., 1972)
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Example: Age & Sex Structured Population

0M + 0,M = —k M

0F +0.F = —(1— k) F

M(t,0) + F(t,0) = Vmin{ﬁ " M(t,2)da, (1 — 19)/f2F(t, 2) da}
AM(E0) = (L= m) F(60) ﬂ

n relative natality in [0, 1]
K relative mortality in [0, 1]
¥ coupling habits in [0, 1]

p mortality in RT
v natality in RT
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Example: Age & Sex Structured Population

0M + 0,M = —k i M

0F +0.F = —(1— k) F

M(t,0) + F(t,0) = umin{ﬁ " M(t, a)da, (1 — 19)/f2F(t, 2) da}
AM(E0) = (L= m) F(60) ﬂ

n relative natality in [0, 1]
K relative mortality in [0, 1]
¥ coupling habits in [0, 1]

p mortality in RT
v natality in RT
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Example: Age & Sex Structured Population

0M + 0,M = —k M

0F +0.F = —(1— k) F

M(t,0) + F(t,0) = Vmin{ﬁ " M(t,2)da, (1 — 19)/f2F(t, 2) da}
AM(E0) = (L= m) F(60) ﬂ

n relative natality in [0, 1]
K relative mortality in [0, 1]
¥ coupling habits in [0, 1]

p mortality in RT
v natality in RT

k=0 no Male dies
k=1 no Female dies
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Example: Age & Sex Structured Population

oM+ 0;M=—rpuM
atF"‘aaF:—(].—K/)[l,F

m2

M(t,0) + F(£,0) = v min{ﬁ M(t, ) da, (1 — 19)/f2F(t, 2) da}
my f
n M(t,0) = (1 —n) F(t,0)

7 relative natality in [0, 1]
K relative mortality in [0, 1]
¥ coupling habits in [0, 1]

p mortality in RT
v natality in RT

k=0 no Male dies
k=1 no Female dies

n =0 no Female is born
n =1 no Male is born
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Example: Age & Sex Structured Population
oM+ 0;M=—rpuM
atF“‘aaF: —(1—K/)[1,F

M(t,0) + F(£,0) = v min{ﬂ/mM(t, a)da, (1 - ﬂ)/sz(t, 2) da}
my f
n M(t,0) = (1 —n) F(t,0)

n relative natality in [0, 1]
K relative mortality in [0, 1]
¥ coupling habits in [0, 1]

p mortality in RT
v natality in RT

k=0 no Male dies S a-aJr

k=1 no Female dies

n =0 no Female is born
n =1 no Male is born
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Example: Age & Sex Structured Population

oM+ 0;M=—rpuM
atF"‘aaF:—(].—K/)[l,F

m2

M(t,0) + F(t,0) = Vmin{ﬂ/ M(t, ) da, (1 — ﬂ)/sz(t, 2) da}
my f

nM(t,0) = (1 —n)F(t,0)

n relative natality in [0, 1]
K relative mortality in [0, 1]
¥ coupling habits in [0, 1]

p mortality in RT
v natality in RT

k=0 no Male dies (-0 fF

k=1 no Female dies

n =0 no Female is born
n =1 no Male is born
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Example: Age & Sex Structured Population

x = 0.600 n = 0.485 ¥ = 0.7067

F t=0.00 M

0
8000 7000 6000 5000 4000 3000 2000 1000 O 1000 2000 3000 4000 5000 6000 7000 8000

Age pyramid - “slowly” growing
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Example: Age & Sex Structured Population

x = 0.600 n = 0.300 ¥ = 0.7067

F t=0.00 M

0
8000 7000 6000 5000 4000 3000 2000 1000 O 1000 2000 3000 4000 5000 6000 7000 8000

Lower 7 = too many M are born = extinction
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Example: Age & Sex Structured Population

x = 0.400 n = 0.485 ¥ = 0.7067

F t=0.00 M

0
8000 7000 6000 5000 4000 3000 2000 1000 O 1000 2000 3000 4000 5000 6000 7000 8000

Lower kK = too many F die = extinction
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Example: Age & Sex Structured Population

x = 0.600 n = 0.485 ¥ = 0.5000

F t=000 M

0
8000 7000 6000 5000 4000 3000 2000 1000 O 1000 2000 3000 4000 5000 6000 7000 8000

Lower ¥ = extinction
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Example:

M&F

1000

400

Age & Sex Structured Population

Totals of A/ and F for §=0.7067

800

600

M&F

200

100 200 300 400 500
i
Totals of M and F for §=0.4647 Totals of M and F for §#=0.7772

5000
4000

[z, 3000

>

~

=~
2000
1000

100 200 300 400 500 100 2_6?) 300 400
t t



Example: Age & Sex Structured Population

f? F(t,a)da
7> M(t,a)da+ ff? F(t,a)da

my

Optimal Mating Ratio: 9(t) =

v

Optimal Fertility Rate: I

f? F(t,a)da

S M(t, a)da *

(Colombo & Garavello: MBE, 2015)
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Control
<

Management of a Biological Resource

(in collaboration with M. Garavello)
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Management of a Biological Resource

J  Juveniles ac|0,3]
S Sold a € [a,+oc|
R Reproduction a € [3, amax]
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Management of a Biological Resource

Ocd + 0a(gu(t, a)J) =d,(t,a)J
OeS + 0.(gs(t,a) S) = ds(t,a) S
R+ 0,(gr(t,a) R) = dr(t,a) R

8s(t,0)J(£,0) = [ w(@) R(t, @) da
gs(t,3) (é)—ngJ(t a)J(t,3)
gr(t,3) R(t,3) = (1 —n) g4(t,3) J(¢,3)

J  Juveniles ac|0,3]
S Sold a € [a,+oc|
R Reproduction a € [3, amax]
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Management of a Biological Resource

Ocd + 0a(gu(t, a)J) =d,(t,a)J
OeS + 0.(gs(t,a) S) = ds(t,a) S
R+ 0,(gr(t,a) R) = dr(t,a) R

8s(t,0) J(,0) = [ w(a) R(t, o) dax
gs(t,3) 5(t,3) = ngy(t,3) J(t, a)
gR(ta a) ( 75) ( ”1) gJ(taé) J(tvé)

Profit = [income from S] — [costs of J, S, R]
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Management of a Biological Resource

O0rJ + 0, (gJ(t a) J) =d,(t,a)J
OeS + 0.(gs(t,a) S) = ds(t,a) S
OeR + 0.(gr(t,a) R) = dr(t,a) R

8s(t,0)J(t,0) = ['w(a) R(t, a) da
gs(t,3) S(t.3) = n g:(£,3) J(t.3)
gr(t,3) R(t,3) = (1 —n) gs(t,3) J(¢,3)

Profit = [income from S] — [costs of J, S, R]
Find 1 to maximize the profit

Stability estimates = existence of an optimal 7
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Management of a Biological Resource

0.8

Ocd + 0a(gu(t, a)J) =d,(t,a)J
OeS + 0, (gs(t, a )—ds(t,a)S
R+ 0,(gr(t,a) R) = dr(t,a) R

—1000 ~1500|

~2000

00 0.2 0.4 0.6 08

n

(Colombo & Garavello: MBE, 2015)

8s(t,0)J(t,0) = f w(a) R(t, o) dev
gs(t,a) S(t,3) = ngy(t,a)J(t,3)
gr(t,3) R(t,3) = (1 —n) gy(t,3) J(t,3)
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Management of a Biological Resource

O0rJ + 0, (gJ(t a)J) =d,(t,a)J
OeS + 0.(gs(t,a) S) = ds(t,a) S
OeR + 0.(gr(t,a) R) = dr(t,a) R

8s(t,0)J(t,0) = ['w(a) R(t, a) da
gs(t,3) S(t.3) = n g:(£,3) J(t.3)
gr(t,3) R(t,3) = (1 —n) gs(t,3) J(¢,3)

Profit = [income from S] — [costs of J, S, R]
Find 1 to maximize the profit

Stability estimates = existence of an optimal 7

The Profit is Differentiable w.r.t n!
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Management of a Biological Resource

0:J + 0, (g_](t a) ) = dJ(t,a)J
3t5+5'(g5ta )—ds( )
9:R + 9, (gr(t,a) R) = dR(t

a)
8,(t,0)J(t,0) = [ w(a) R(t, )

t
gs(t,a) S(t,a) = n(t) gs(t,3) J(t,
gr(t,3) R(t,3) = (1 *n(t))

R
da
t,a)

(t,3) J(t,3)
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Management of a Biological Resource

0:J + 0, (g_](t a) )—dJ(t,a)J
5‘t5+5'(g5ta )—ds( a)sS
8tR+8(gRta )—dR(t )R

gJ(taO) (7 ) f ( ) (taa)da

=n(t) gs(t,3) J(t,3)
gr(t,3) R(t,a) = (1 - n(t)) g,(t,3) J(t,3)

Cy;=[[Cy(t aJ(t,a))dadt
Cs=[[ Cs(t,a,5(t,a)) dadt
Cr= [/ Cr (t,a,R(t,a))dadt
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Management of a Biological Resource

0:J + 0, (g_](t a) )—dJ(t,a)J
3t5+5'(g5ta )—ds( a)sS
OeR + 0.(gr(t, a) )—dR(t a)R

gJ(taO) ( ) )*f ( ) (ta ) o
gS(t7 5) S(tv 5) n(t) gJ( a) ( t,a
gR(tvé) R(ta 5) (1*77(‘:)) gJ(

S(t,3i+) = (1 —9i(t)) S(t,3—)

)
a) J(t,a)

Cy;=[[Cy(t aJ(t,a))dadt

Cs=[[ Cs(t,a,5(t,a)) dadt

Cr= [/ Cr (t,a,R(t,a))dadt
I=[5;9i(t) Pi(t)S(t,3—)dt
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Management of a Biological Resource

8tJ+8(gJ(t a) )—dJ(t a)J
3t5+5'(g5ta )—ds( a)sS
8tR+8(gRta )—dR(t )R

gJ(taO) ( ) )*f ( ) (tv ) o
gS(t7 5) S(tv 5) n(t) gJ( a) ( t,a
gR(tvé) R(ta 5) (1*77(‘:)) gJ(

S(t,3i+) = (1 —9i(t)) S(t,3—)

)
a) J(t,a)

Cy;=[[Cy(t aJ(t,a))dadt
Cs=[[ Cs(t,a,5(t,a)) dadt
Cr= [/ Cr (t,a,R(t,a))dadt
I=[320i(t) Pi(t)S(t,3—)dt
P=T—(C;+Cs+CRr)
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Management of a Biological Resource

8tJ+8(gJ(t a) )—dJ(, )J
3t5+5'(g5ta )—ds(t a)s
8tR+8(gRta ):dR( )R
8s(t,0)J(t,0) = [w(a) R(t, o) da
gs(t,3) S(t.3) = 1(t) g:(t,3) J(,3)
gr(t,3) R(t,3) = (1 —n(t)) gi(t,3) J(t,3)

S(t,3i+) = (1 —9i(t)) S(t,3—)

Cy;=[[Cy(t aJ(t,a))dadt
Cs=[[ Cs(t,a,5(t,a)) dadt P is Gateaux
Cr=[[ Cr (t.a,R(t,a))dadt differentiable

(
w.r.t. n and 9
T=[32;0i(t) Pi(t) S(t,3i—) dt
P=T—(C;+Cs+CRgr)

(Colombo & Garavello: ESAIM — COCV, 2017)
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Management of a Biological Resource

optimal control?

How to find the . .
maximal profit?

RMColombo



Management of a Biological Resource

optimal control?

How to find the . .
maximal profit?

Gateaux differentiability = gradient methods
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Management of a Biological Resource

optimal control?

How to find the . .
maximal profit?

Bang—Bang controls ‘

Theorem (Colombo & Garavello: ESAIM — COCV, 2017)
For any € > 0 there exists a bang—bang control (1., V) such that

P(ne,Ve) > supP(n,d) —

RMColombo



Management of a Biological Resource
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Management of a Biological Resource

08

06

04

00

08
06
02

04

00

Control:n

Control:62

Control:01

Control:63
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Management of a Biological Resource

Control:n

08

06

04

00

Control:62

08

06

02

04

Control:01

Control:63
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Management of a Biological Resource
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Management of a Biological Resource

0ed + 05(gs(t,3) J) = di(t, )J

O:S + 04(gs(t,a) S) = ds(t,a

OeR + 0,(gr(t,a) R) = dr(t, )R
R(

gy(t,0)J(t,0) = [ w(a) R(t,
gs(t,a) 5(t,3a) = n(t) gu(t, a)J(7 )
gr(t,3) R(t,3) = (1—?7(t))

1= fZﬂ(t)P()( ai—)dt
P=T—(Csj+Cs+Cgr)

Cy=[[cy(t,a)J(t,a)dadt
Cs=[[ cs(t,a)S(t,a)dadt
Cr=[[ cr(t,a) R(t,a)dadt

Theorem (Colombo & Garavello: Nonlinear An. RWA, 2017)
Ifn(t)=>:mix | and VU(t) = >, X, , then

[Ti-1,7; — 1,7l

RMColombo



Management of a Biological Resource

Ocd + 05(gy(t,a)J) = dy(t,a)J
O:S + 04(gs(t,a) S) = ds(t,a) S
O0:R + 0, (gR(t a) R) = dR( )
R(t, )

gs(t,0)J(t,0) = [ w(e)
gs(t,3) S(t.3) = 1(t) g:(t,3) J(,3)
gr(t,3) R(t,3) = (1 —n(t)) gi(t,3) J(t,3)

1= IZ Ui(t) Pi(t) S(t,a;—) dt
P=T—(Csj+Cs+Cgr)

Cy=[[cy(t,a)J(t,a)dadt
Cs=[[ cs(t,a)S(t,a)dadt
Cr=[[ cr(t,a) R(t,a)dadt

Theorem (Colombo & Garavello: Nonlinear An. RWA, 2017)
Ifn(t)=>:ni X [ and VU(t) = >, X L then
Ti—1,Ti Ti—1,Ti

P is a polynomial in n1,m2,...,01,02,...

(+ bounds on the degree)
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Management of a Biological Resource — Example
gy(t,a) =1.00 dy(t,a) =150 cy(t,a)=0.25 J,(a)=1.00
gs(t,a) =1.00 ds(t,a) =0.50 cs(t,a)=0.00 S,(a)=0.00
gr(t,a) =1.00 dgr(t,a) =0.75 cg(t,a)=0.00 R,(a)=0.00
3 =1.00 31 = 1.50 N=1
p(a)=0.00 pi(t)=800 w(a)=1

20.00 X[l.oo, 4.00] (a)
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Management of a Biological Resource — Example
gs(t,a) =1.00 dy(t,a) =150 cy(t,a)=0.25 J,(a)=1.00
gs(t,a) =1.00 ds(t,a) =0.50 cs(t,a) =0.00 S,(a)=0.00
gr(t,a) =1.00 dgr(t,a) =0.75 cg(t,a)=0.00 R,(a)=0.00
3=1.00 31 = 1.50 N=1
p(a)=0.00  pi(t)=8.00  w(a)=120.00 X[1.00,4.00](a)

n=m X[o,1] + 2 X[Lz]

P =-19.97 + 23.10m;
1+28.18 15 — 28.18 1 1o
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Management of a Biological Resource — Example

3=1.00 dy(t,a)=0.50 cy(t,a)=0.25 p(a)=1.00 J,(a)=1.00

N=1 ds(t,a)=1.00 cs(t,a)=0.25 pi(t)=8.20 S,(a)=0.00

a1 =150 dg(t,a)=1.50 cgr(t,a)=0.25 w(a)=10.00 R,(a)=0.00
N=MXg08 TR X5 T MXp 15 TR X150

P(n1,m2) = 3.65 4+ 0.46 11 — 0.8872 + 1.11 191 12 — 1.06 112 + 0.46 152
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