Optimization and control of hyperbolic

balance laws on networks for
industrial applications

Gunter Leugering
Benasque VI
Session:
Modeling, simulation and control for PDEs on
graphs

SI;III‘E,IEF;ISC’:II{_I_A-_I;LEXANDER Department o ‘, ) CONTINUOQOUS

ERLANGEN-NURNBERG MATHEMATIK OPTIMIZATION




Multiscale nature of the problem: waste water
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Multiscale modeling: fresh water systems
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Gas-networks: Control of gas flow!

Erdgasleitungen in Deutschland

Gas-network in Germany:
DFG-research cluster

TRR154 since 2014
Industry: OGE
Individual pipe: =\ N _
Parameters T _aae . f] Global network:
(roughness, thickness, 7 Effective model,
bends, etc.) planning aspects
: ;:. Subnetwork:
ik environment

==t -

Control the gas flow from

Compressors, _
suppliers to customers

_ Valves, releases, _
Junctions: heaters by operating valves,
SN . A Different pipes, compressors,etc.
~ v = multijunctions and thereby keep quality

and minimze cost!
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General picture
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0 JeEITM
s.t.

(y, u,s) satisfies

Ory + OxF(y) = G(y),
R(Y(O)a)/(]-)? u, S) =0, Y(Xv O) —

={(y,u,8) Y. <yi<y, u; <u<T;, i €L,5° ¢

€1
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( .)E : //I, y,)dth—I—— Z /’uj (t)Pdt
y,u,s)cz=
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Gas networks: A hierarchy of models

0 % 2 A /
5, (Pv) + o (p+pv7) = —g55pvlv| - gph
o ( 1, %, 1, o
5 (s 4 e) + o (Gt o +m) =k -1

e Constitutive law p = RpTz(p,T).
e p density, v velocity, T its temperature and p the pressure.

e g gravitational constant, h' = h'(x) slope of the pipe, A friction coefficien
of the pipe,

e D diameter, k,, heat coefficient, T,, = T,,(x) temperature of the wall,
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Reductions to isothermal egns.

The isothermal Euler equations

0 0

L+ () =0
 (pv) + —-(p+ pv?) = —Z=pv o] — gl R
ot P O pTpuv )= 2DP gp

together with p = RpTz(p) mit z(p) = 1 + ap.

We put ¢ = pv and assume for simplicity ¢?p = p. z = k' is the slope .
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Semilinear approximations

For constant z(p) = 2o, the speed of sound is ¢ = \/g . Hence,

For small velocities |v| < ¢ we have a%(pv2) small and, hence,

0 0
g (pv) =0
0 op A , ( )
a(ﬂv) t 5. = "opP v — gph
If also 2 (pv) is small, then
9, 0
P Z(pw) =0
ot Oz (1SO3)
dp A /
e “5pPl? v| — gph'.

29.08.17

' ) KONTINUIERLICHE 8
OPTIMIERUNG



Further reductions up to algebraic equations

With A/ = 0 follows even

570 ||

R RTZO axzp (ISO3P)
\/ 83:

For stationary preocesses and z = zy we obtain the algebraic system

%([ZP)_ R (ISO4)
or “opP? |
or
p(z) \/ n /\;prv o]
(1)
20817 =T
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Model adaptivity needed

Given the flow state y(x, t) for some (sampled, measured) (x, t)

e decide which model is to be used on each edge of the graph (slow flow
— algebraic, linear or semi-linear model, otherwise the full set of
equations by a discrete decition process

e choose the appropriate coupling conditions
e generate a ‘'multiscale’ model
e obtain a stationary state

e and solve the corresponding forward simulation problem on the entire
network

e this is then used as warm-start for the optimal control problems
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Network notation

Let G = (V/, E) denote the graph of the gas network with vertices
(nodes) V = {ny,np,...,ny|} an edges E = {e1, e,...,¢eg }. Node
indices are denoted j € 7, |J| = |V/|, while edges are labelled

i € Z,|Z| = |E|. For the sake of uniqueness, we associate to each edge a
direction. Accordingly, we introduce the edge-node incidence matrix

(—1, if node n; is the left node of the edge e;,
dij = q +1, if node n; is the right node of the edge e,

. 0, else.
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The semi-linear network model

2
atpi(X7 t) + Z_I xqi(Xa t) =0
Ac? qgi(x, t)absgi(x, t)
0 Xt aX X, t) = — I ’ , ’
. 1) 4 pix, ) = — g U
gi(pi(nj, t), qi(n;, t) = u;(t), & =1, i € I},
pi(nja t) - pk(”j) t)7 VI7k 61}7 d_] > 17
Z d,-jq,-(nj, t) =0, dj > 1,

i€z

y y : 1
57 (t) [pi(nja t)ite_ — p(n;, t)kteP] + (1 = s57(t))qi(nj, t)ite_ =0, ™

L siEn (@ t)n
s¢(t) [u; — C ((—‘Zk((njf 3) = 1)]

+ (1= 57(6)) [ pilny, )iz — Pl ez
pi(X7 0) — pi,O(X)7 qi(Xa 0) — qU(X)a
ieZ, xe(0,¢), te(0,T).

O
Oy
I

i
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The optimal control problem

min  I(p, g, u) —Z//I(p,,q,)dxdt+— Z /|uj(t)]2dt

(p,q,u,s)€E=
€L JETUI:

1 v,C
+§/ > Isf ()P

0 JETM
S.t.

(p, q, u,s) satisfies (1),
=={(p,qu,5):p, <pPi<P;, 4, <q <TGy, u; <u <T, i €Z,5"° €{0,1}

We now consider the time discretization such that [0, T] is decomposed
into break points tgp =0 < t; < --- < ty = T with widths

Aty i=tn1 —th,n=0,...,N —1. Accordingly, we denote

pi(x, tn) := pin(x), qi(x, tn) := gin(x),n=0,..., N — 1. We consider a
semi-implicit Euler scheme which takes p; in the friction term in an
explicit manner.
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The time discrete model

2
1
Atpl nr1(x) + 8xq/ nr1(x) = Atpl n(x), x €(0,4;),i €L
1 )‘Clz qi,n+1(X)abSqi,n+1(X)
A_tq""ﬂ(x) + axpl,n+1(x) — _2D,-a,2 Pi,n(X)

1
+ A_tq' n(x), x €(0,¢;),i €T

gi(Pini1(n), Gins1(n)) = tjnr1, i €L, j€T°
pin1(n) = prnii(ny), Vi,k € Z;, ,j € TV
> diGinra(n) =0, j€T", 5
ez, (2)

S}fn+1 [Pi,n+1(’7j);ez— Pk n(”J)k@f} +(1— n+1)ql n+1(nj)/eI_ =0,j €.

Sf,n+1 [Pi,n+1(”j);ezj— Ui — Pk n+1(nJ)k€I+} +(1 - n+1) [P/ n—l—l(nJ)leI — Pk,n+:

pio(x) = pio(x), gio(x) = gio(x), x € (0,£;),i € L.

Qv
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Time-discrete optimal control problem

We then obtain the optimal control problem on the time-discrete level:

N L N
min _I(p,q, u,s) IZZZ/II(Pi,naqi,n)dX+% > u(n))?
0

Y Y 75 E .
(p,q,u,s)€ Pyt jeTsog.

N
1 2
T30, 2 I8
n=1 jejv/\,/lc
S.t.

(p, q, u,s) satisfies (2).

1 :
((Pins i.n) () = 511 () =PE R (1 +ain(x)=ala(x) %, x € (0,47), i € T.
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Instantaneous control

iy
. 1Y 1 ,
( T'?)gl(p’ 9, u) ::Z/’i(f’hqi)d” 5 > lul+ 5 > 15T
p,q,u, - e’ 0 JejSch Jejv/\,ﬂc
s.t.

Bipi(x) + Oxqi(x) = 1, x € (0,4), i € T
;qi(x) + Oupi(x)+&i(x; qi(x)) = £, x € (0,4;), i € T
g(pi(n), qi(n)) = uj, i €L, j€J°
pi(n) = p(nj), Vi, k € Tj, j€ TV
Z diqi(nj)) =0, je JM

i€

s/ [Pi(”j)iezj— - Pk(”j)kezf_ +(1 - Sjv)qi(”f)iezj‘ =0.5€ v

s [Pi(nj)iezj_ uj = pe(n)kezs | + (1 = 57) [Pi(”j);ezj— - pk(nj)kelf} =0,y €
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Master-slave decomposition

Given the flow state y(x, t) for some (sampled, measured) (x, t) and
given an appropriate multi-scale model simulation

e solve the discrete optimal control problem andobtain a switching
structure s (master)

e with this s, solve the continuous optimal control problem (slave) (using
e.g. domain decomposition)

e check feasibility of the solutions (need measure for mismatch)
e convey the result to the master

® prove convergence
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Consortium in Germany

http://trr154.fau.de/index.php/de/

There are currently 75
articles on the server

............. TRR Mathematical Modelling,
R Simulation and Optimization Using
1 54 the Example of Gas Networks
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