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1D Elliptic

We consider the following one dimensional steady-state convection
diffusion problem as

Lu(z) = —eu' (x) — a(x)u'(z) + b(z)u(z) = f € (0,1)

with B.C. u4(0) = a,u(1) = S, € is a small positive parameter and = €
0, 1]. Without loss of generality, we consider b(x) > 0 and a(x) can
change the sign (as in the case of turning point problem) in the given
domain [0, 1]. For a(x) > ~ > 0, the above problem has unique solution

and exhibit a boundary layer of O(¢) at z = 0.
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Entropy production

2u X Lu = 2u X f;

Let we define
S = u”(Entropy)

S" = 2uu’ ;8" =2 + (uv)?)
= 2uu” = 8" — 2(u')?
= —e2uu’ — 2auu’ + 2bu® = 2uf
= —e(S” —2(v)?) — a8’ (z) + 2bS = 2uf
= P = —eS" — a8 (z) — 2uf = —2¢(u)? —2bS < 0

We label the linear operator on the left hand side (LHS) in the above equation, as the entropy production operator with analogy to similar
operators in hyperbolic conservation laws. The continuous operator should obviously be negative for all z € [0, 1] (as right hand side (RHS)
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Example

We consider 1D linear convection-diffusion problem as
—eu” —2u' =0;2 € (0,1),0 < e << 1,

with boundary conditions
u(0) =1and wu(l) = 0;
The exact solution is
exp(—2x/€) — exp(—2/¢)
1 — exp(—2/¢) .
This problem has regular boundary layers of width O(e) at = 0. When we apply central
difference scheme on uniform mesh for this problem, we get

—€ 1 2€ —€
(= + —)us—1 + it (h—2

1 —_—
2 h — Ui =0
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Results using Central difference operator
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Turning point problem

We consider another 1D linear convection-diffusion problem as
—eu —au' =0;z € (—1,1),0 < e << 1,
with boundary conditions

u(—1) =1and wu(l)=2;

This equation has a interior layer at x = 0.
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Compu. Sol. for epsilon = 0.001
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The central idea is:

(1) Just as the second law of thermodynamics separates unphysical
solutions from the physical ones by finding the sign of an entropy
variable, it is possible to identify unphysical portions of a numerical
solution by finding the sign of an appropriately defined discrete entropy
production.

(2) Discretization of entropy inequality is done by exactly repeated the
discretization of the original equation operator by operator.

Vivek Kumar, Aug. 2017 — p.12/47



If we calculate the discrete analogue of the left hand side equation in
using the same central difference operator by taking S; = u?, where u;
IS the central difference computed solution for equation, we observe
that LHS is negative wherever the solution is smooth enough and
positive where we have boundary layers (or oscillation in the computed
solution of equation. After investigation, we have found that if we write
the RHS term —2bu? — 2¢(u’)? of equation in difference operator at the
ith mesh point, we get

—Qbi(uiui_l) — QE(UZ — ity i T

Li — Tj—1 Li41 — Xy
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Adaptive mesh Generation Algorithm

To generate the adaptive mesh for the convection dominant SPP, we
follow the following algorithm:

Step 1: Calculate the entropy with a minimum number of initial uniform
mesh points (minimum 3 points in our case).

Step 2: Locate the mesh points where entropy S is positive and then
choose the mesh point with the maximum entropy.

Step 3: Add one mesh point on the left and the right side of the
location found in step 2.

Step 4: go to Step 1 till all the entropy becomes non positive over the
complete mesh.

The resulting mesh is our adapted mesh which is represented by N,.
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Entropy production at the boundaries points

we introduce a ghost point say x( at the left of the node x;, and x,, 1
on the right of the node xr, then we calculate

—652”&1 — a1D0u1 + b1u1

fi

—ed%uy, — anDup + bpu,, = fn

As we already know the computed values of uy,us and then we cal-
culate ug at the ghost point xy . Then we can find the entropy at the

node z; as usual. Similarly we can calculate the entropy at the right

boundary node zx.
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Resultsfor B.L. on theleft
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Resultswith interior layer

Compu. Sol. for epsilon = 1e-05
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Turning point problem with B.L. at both ends

We consider 1D linear convection-diffusion problem with turning point
as

—eu'" +22x — )u' +4u=0;2 € (0,1),0 < e << 1,
with boundary conditions
u(0) =1and wu(l) =1;

The exact solution is

—2x(1 — x)

).

u = exp(
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System of coupled equations

We consider system of coupled convection-diffusion problem as

—equf —uy +2u; —us = e%,u1(0) =0,u1(1) =0

—€aUy — 2uh +4ug —u; = cos(z),uz(0) =0,u2(1) =0

which shows two overlapping layers near x = 0. The exact solution of
this equation is not known. The results for various values of ¢; and ¢5 for
adaptive meshes have been shown. In the figure, we have generated

the adaptive mesh by taking maximum of the entropies Sy, 5.
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Results of coupled eguations
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Results of coupled eguations
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Non Linear Case

We also consider the nonlinear singularly perturbed boundary value problem
—eu’(z) —u(z)(u'(z) = 1) =0 € (0,1),u(a) = a,u(b) = Bja <z <b

The resulting finite difference equations give a system of non-linear equations. We use
Newton-Raphson iterations to determine the solution of the non-linear system. The initial
guess for the solution is the approximate solution given by

u(x) = x — T + wo tanh(wo(x — ) /(2¢))

where
z2=05(a+b—a—pF),wo=0.5(a —b+ 5 — ).

This problem shows an interior layer at = 0.25fora =0,b = 1,aa = —1 and g = 1.5,
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Ilts conservative form can be written as

u?(z)

2

—eu' () — ( ) +u(z)=0¢€ (0,1),u(a) =a,ud) =B;a<x<b

There are several choices for the entropy production equation. Again,
In analogy to the entropy equation in hyperbolic conservation laws, we
use the conservative of the entropy equation which can be obtained as

2u> ()
3

—eS"(z) — (

) +285(z) = —2¢(u/(2))"
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Non Linear Case
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Non Linear Case
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2D dliptic Problems

—eAu(z,y) + a(z,y)u, + b(z, y)uy, + c(z,y)u = f(z,y),

S =u? ; S, = 2uu, ; Sy = 2uu,,

P = —eAS +aS, +bS, —2uf = —2¢e(u +u2) —2¢S <0 (forc>0).

Let us take example

—eAu — (x — %)uw = 0; (x,y) € ((0,1) x (0,1)),0 < e << 1,

with boundary conditions

u(0,y) =1; u(l,y) =2; and u(z,0) = u(x,1) = 0.
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Par abolic Problems

us(x,t) + a(x)ug(x,t) + b(x)u(x,t) — f(z,t) = euge(x,t),
S =u® : S, =2uu ;S = 2uu,
2uuy = 2u(€Ugy — auy, — bu) + 2uf,
which, on expanding, can be written as

Uy = €2UlUy, — a2ul, — b2uu + 2uf.

St = €(Spz — Qui) —aS; — 2bS + 2uf.
P=S5; €S, +aS, —2uf = —2eu> —2bS <0 (forb>0).
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Parabolic Example

ur + (1 +x(1 —2))ue — f(x,t) = €Ugy; (x,t) € (0,1) x (0,1],0 < e << 1,
with boundary conditions are given as

u(0,t) =0and wu(l,t) =0;
The exact solution is

u(z,t) =e e Vet (1—e Vex — e I72)/€),
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Par abolic Results
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Figure 8: Results for e = 1072.
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Par abolic Results
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Par abolic Results
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Figure 10: Results for e = 10~1.
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Par abolic Results
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Par abolic Results

Generation of the adaptive mesh Adaptive mesh after first iteration Computed solution on adaptive mesh
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Let N, be the proposed adaptive mesh which is completely arbitrary in
nature. Let us assume that z; is the ' mesh point and

hy=xip1 — x5, hpy =2 — 231

be the right hand and left hand side mesh points with distances k¢ and
hy. Since we are working with the Crank Nicholson (CN) scheme, which
Is second order in time and space for a uniform mesh, we can claim that

the proposed method is of O(hy — hy, At?).
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Crank Nicolson

We use fully implicit Crank Nicolson (CN) scheme because it is unconditionally stable
and also ensures that the time step remains fixed. Let we represent u(z;,t;) = u?, the
CN scheme can be written as

ulr Tl —yn
7 At/Q 3 — (52un T 52 n—l—l) . (anDOu + an—l—an—l—l :L—l—l)
— Pl T T 1<i< NG - 1.
j+1 3+1 j+1 3+1 j+1,,9+1 ] j S+
Ti_qU;_q T + i z+1—"" 1Y 1""’"“ +rz—|—1uz—|—1+ 2
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Crank Nicolson

J
Tt

—€ a;
(i —xi—1)(Tit1 —Ti—1)  2(@ig1 — Ti—1)
1 4 € n b;
At (acz — xi—l)(fvi—l—l — :Ez) 2
—€ a;
+
(Tit1 — @) (@Tig1 —@i—1)  2(Tip1 — Ti—1)
™
-7
1 € b;
At (acz — xi—l)(fvi—l—l — :Ez) 2
™
—r*17+1.

The above equations can be written as a system

AUt = BUY 4+ F
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Stability

Now we show the stability in the norm ||z|[2, a» = (SN 7' 22Az)/2. Here we take
Ax = maximum step size in our adaptive mesh N,. Rewritten as (considering

f(z,t) = 0)

1 i1 .
,,QJ—I—,U;H—_g

' ' ' 1 1 1 1
; J g: J J J—l- J—l- —I—r J g+1,9+

L S B A z—l—luz—l—l — Tl Wit

1 g . . 1 1
E(U‘Z+ — UZ) = 7"17_1(1‘ 1T u3+ ) + rz—l—l(uz—l—l + uZ—tl)
b;
- - + DT pul)for1 <z < Ny —1
(i —zi—1)(@ig1 —x5) 2
ug+1 = ug =0, u?{zl =uy. = 0(B.C).
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Stability

380 < AtAXT[-S7 "1 (B; — Bij1)® — B3] <0,

U7 12,00 — U7

provided T" > 0. Finally we get

U772, 00 < U713 A0

which shows that the scheme is stable under the norm ||z|2.A. =

(e, w?Ax) /2,
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Graph Topology
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SPP on graph

We consider linear convection-diffusion problem as
—eul +u,=1;k=1,2,3
with boundary conditions as u(0) = 0. We have continuity condition
u1(1) = uz(1) = us(1) = z(say)

and Kirchhoff’s law at the coupling node

3

> erup(1) =0

k=1
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SPP on graph

We solve it with central finite difference scheme. We introduce ghost
points near the boundary = = 1. Using Kirchhoff’'s condition at z = 1

Z ek(uk,nk+1 - uk,nk—1)/2hk =0
k=1

and the differential operator at x = 1,

—ek52uk —+ Douk =1

we are able to find the value of z and the solution at the ghost points.
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Adaptive mesh on Graph
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Solution on Graph
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