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Geometric phases in action

Cats achieve a net rotation by deforming their bodies 
through a sequence of shapes.

The sequence traces out a closed path in the space  
of all possible “cat shapes.”

Due to the nonholonomic geometry of this path, the final  
orientation of the cat differs from the initial one by a net  
rotation angle called an anholonomy.

*R. Montgomery, Fields Inst. Commun. 1, 193-218 (1993)

The effect can be described by a gauge theory where the  
base space is the space of “cat shapes” and the gauge  
group is SO(3) - the group of rigid rotations in 3D.*

Example 1: Falling cats



Geometric phases in action

Like the cat, a molecule can go through a sequence of distortions.   
This is called a pseudorotation when it does not lead to an overall 
rotation of the molecule.

Instead, the anholonomy occurs for an “internal” degree of freedom,  
namely the nodal plane of the electronic wavefunction [Longuet-Higgins 1961].
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Example 2: Floppy molecules



Geometric phases in action

Kopie von subito e.V., geliefert für MPI für Mikrostrukturphysik (SLS06X00063)

Longuet-Higgins, Adv. Spectrosc. 2, 429 (1961)

Example 2: Floppy molecules
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General theory of the Berry phase

Suppose we are given a Hamiltonian          depending parametrically on  
a set of variables                                    Consider a closed path
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in adiabatically-driven closed quantum systemsH(R)
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dynamical phase factor
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in adiabatically-driven closed quantum systems

if         is single-valued on the closed path
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generalized Stokes’s theorem

effective vector potential

Example: two-level system
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(“Berry connection”)

General theory of the Berry phase

M. V. Berry, Proc. R. Soc. Lond. A, 392, 45 (1984)



• Path dependent:  depends on the history of the dynamics 

• Gauge invariant.          is invariant to the gauge transformation 

•          can be interpreted as the flux of an effective (induced) 
magnetic field 

• Mathematically, it is the holonomy of         fiber bundle over 
parameter space; the adiabatic theorem defines the parallel-
transport Berry connection [Simon PRL 51, 2167 1983].
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Observing the Berry phase

Berry phases can be observed in several ways.

They are observable as shifts in the interference fringes in experiments 
involving superpositions of multiple pathways.

They modify the energy spectrum as observed in vibrational spectroscopy 
[von Busch, et al., PRL 81, 4585 (1998)].
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Generalizations of the Berry phase

• Open-path geometric phase                                                                     
[Samuel Bandari PRL 60, 2339 (1988); Mukunda Simon Ann. Phys. 228, 269 (1993)] 

• Non-adiabatic geometric phase                                                              
Aharonov-Anandon phase [PRL 58, 1593 (1987)] 

• Non-Abelian geometric phase                                                            
[Wilczek Zee PRL 52, 2111 (1984)] 

• Geometric phase of Bloch functions in the Brillouin zone                 
[Thouless et al PRL 49, 405 (1982); Zak PRL 62, 2747 (1989); King-Smith Vanderbilt PRB 47, 1651 
(1993)] 

• Molecular geometric phase                                                                     
[Longuet-Higgins et al. Proc. R. Soc. London, Ser. A 244, 1 (1958); Gidopoulos Gross Phil. Trans. Roy. Soc. A 
372, 20130059 (2014); Min Abedi Kim Gross PRL 113, 263004 (2014); RR Tandetzky Gross PRA 93, 042108 
(2016)]
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*Longuet-Higgins, Opik, Pryce & Sack, Proc. R. Soc. London, Ser. A 244, 1 (1958)

conical intersection of 
Born-Oppenheimer 

potential energy surfaces

Molecular geometric phase
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electronic and nuclear coordinates

Born-Oppenheimer approximation
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can be made single-valued by multiplying by a Dirac phase factor*
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Molecular geometric phase

Born-Oppenheimer 
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Example:            Jahn-Teller model
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Born-Oppenheimer Hamiltonian
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polar coor.’s

Two degenerate electronic states      and      coupled to 
two degenerate vibrational normal modes      and

Born-Oppenheimer potential energy surfaces

 
elecX

i

p

2
i

2me
+

ˆVee +
ˆVnn �

elecX

i

nuclX

n

Zne
2

|ri �Rn|

!
�

R

(r) = E(R)�

R

(r)

|oddi, |eveni

ˆHBO
=

K

2

(Q2
2 +Q2

3) + g

✓
Q2 �Q3

�Q3 �Q2

◆

E± =

K

2

Q2 ± gQ

=

K

2

⇣
Q± g

K

⌘2
� g2

2K

Q =

q
Q2

2 +Q2
3

⌘ = tan

�1
(Q3/Q2)

Z

M

KdS = 2⇡�(M)

� =

K =

� = 2� 2g

g =

Rn = (R0 +Q0)
ˆ⇠n +Qv̂n

ˆ⇠n =

⇣
cos

2⇡n

3

, sin
2⇡n

3

, 0
⌘

v̂n =

⇣
cos

⇣
↵� 2⇡n

3

⌘
, sin

�
↵� 2⇡n

3

⌘
, 0
⌘

Q✏ $ ↵ = 0

Q✓ $ ↵ = ⇡/2

4

�(C) = �
I

C

A · dR A = (A1,A2, . . .)

An = Imh�
R

|rn�R

i

�(C) = �
ZZ

S

B · dS

= �
ZZ

S

B?dQ2dQ3

B? = 2Im

⌧
d�

R

dQ2

����
d�

R

dQ3

�

ˆHelec =
ˆTe+

ˆVen+
ˆVee+

ˆVnn+

X

n

1

2Mn

⇥
(�irn �An)

2
+ (�irn�/�+An)(�irn �An)

⇤

Q2 Q3

|�(R)|2

�(C) �BO
(C)

g

E ⌦ e

|ui |gi

| ui | gi

ˆV = V0
ˆI + ~V · ˆ~�

ˆV = V0
ˆI + qV1�̂1 + pV2�̂2 + qV3�̂3

p =

h u|�̂2| gi
hu|�̂2|gi

6

�(C) = �
I

C

A · dR A = (A1,A2, . . .)

An = Imh�
R

|rn�R

i

�(C) = �
ZZ

S

B · dS

= �
ZZ

S

B?dQ2dQ3

B? = 2Im

⌧
d�

R

dQ2

����
d�

R

dQ3

�

ˆHelec =
ˆTe+

ˆVen+
ˆVee+

ˆVnn+

X

n

1

2Mn

⇥
(�irn �An)

2
+ (�irn�/�+An)(�irn �An)

⇤

Q2 Q3

|�(R)|2

�(C) �BO
(C)

g

E ⌦ e

|ui |gi

| ui | gi

ˆV = V0
ˆI + ~V · ˆ~�

ˆV = V0
ˆI + qV1�̂1 + pV2�̂2 + qV3�̂3

p =

h u|�̂2| gi
hu|�̂2|gi

6

�(C) = �
I

C

A · dR A = (A1,A2, . . .)

An = Imh�
R

|rn�R

i

�(C) = �
ZZ

S

B · dS

= �
ZZ

S

B?dQ2dQ3

B? = 2Im

⌧
d�

R

dQ2

����
d�

R

dQ3

�

ˆHelec =
ˆTe+

ˆVen+
ˆVee+

ˆVnn+

X

n

1

2Mn

⇥
(�irn �An)

2
+ (�irn�/�+An)(�irn �An)

⇤

Q2 Q3

|�(R)|2

�(C) �BO
(C)

g

E ⌦ e

|ui |gi

Q2

Q3

| ui | gi

ˆV = V0
ˆI + ~V · ˆ~�

ˆV = V0
ˆI + qV1�̂1 + pV2�̂2 + qV3�̂3

6

�(C) = �
I

C

A · dR A = (A1,A2, . . .)

An = Imh�
R

|rn�R

i

�(C) = �
ZZ

S

B · dS

= �
ZZ

S

B?dQ2dQ3

B? = 2Im

⌧
d�

R

dQ2

����
d�

R

dQ3

�

ˆHelec =
ˆTe+

ˆVen+
ˆVee+

ˆVnn+

X

n

1

2Mn

⇥
(�irn �An)

2
+ (�irn�/�+An)(�irn �An)

⇤

Q2 Q3

|�(R)|2

�(C) �BO
(C)

g

E ⌦ e

|ui |gi

Q2

Q3

| ui | gi

ˆV = V0
ˆI + ~V · ˆ~�

ˆV = V0
ˆI + qV1�̂1 + pV2�̂2 + qV3�̂3

6



Example:            Jahn-Teller model
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Single-valued Born-Oppenheimer eigenstates
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Born-Oppenheimer molecular geometric phase
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FIG. 3. OODR spectra in the band As1, 0, 0d √ Xs0, 0, 0d for
the pump line marked in Fig. 2. Calculations with geometric
phases of 0 and p are compared to the experimental spectrum.

simple rigid-rotor picture only applied to some OODR
signals, while others could not be explained [18].
An experimental OODR spectrum obtained in

As1, 0, 0d √ Xs0, 0, 0d, which for the given pump-
line involves levels with 1 # N # 5, is presented in
Fig. 3. Shown along with it are the ab initio predictions
for the cases with and without Berry’s phase, assuming
equal intensities for both pseudorotational pump-line
components and an intensity fraction of 0.5 for the
backfluorescence As0, 0, 0d ! Xs0, 0, 0d that leads to the
secondary resonances.
In the primary resonances, two different substructure

patterns are found, depending on the rovibronic symmetry
(EyA). These patterns appear to be characteristic of
the given pump line, irrespective of which one of the
bands is examined [except for As0, 0, 0d √ Xs0, 0, 0d].
In addition to the double-resonances which match those
calculated for the 32,1 √ 21,1 pump transition, there are
some weak primary features, as must be expected since the
pump line is not completely clean. Among the secondary
resonances, those of E-symmetry origin generally appear

weaker than those of A origin. This may possibly be due
to a distribution of their intensity over more substructure
components, most of which may be too small to clearly
surpass the noise level.
Apart from the hyperfine substructure of the transitions

observed, which still awaits detailed understanding, the ex-
perimental results are well reproduced by ab initio calcu-
lations for a geometric phase of p, while the prediction
for the case without a geometric phase is clearly rejected.
We stress that this conclusion is not based on a gradual
deterioration of agreement but is drawn from the readily
identifiable ordering of the line patterns which originate
from the E and A vibronic components, respectively. A
series of OODR spectra meanwhile obtained by us with
other pump lines and in different excited vibrational bands
corroborate these findings. Thus, using the example of the
Na3 A √ X system, painstakingly optimized OODR ex-
periments together with calculations of unprecedented ac-
curacy have provided the first verification of Berry’s phase
in the alkali trimers.
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FIG. 3. OODR spectra in the band As1, 0, 0d √ Xs0, 0, 0d for
the pump line marked in Fig. 2. Calculations with geometric
phases of 0 and p are compared to the experimental spectrum.

simple rigid-rotor picture only applied to some OODR
signals, while others could not be explained [18].
An experimental OODR spectrum obtained in

As1, 0, 0d √ Xs0, 0, 0d, which for the given pump-
line involves levels with 1 # N # 5, is presented in
Fig. 3. Shown along with it are the ab initio predictions
for the cases with and without Berry’s phase, assuming
equal intensities for both pseudorotational pump-line
components and an intensity fraction of 0.5 for the
backfluorescence As0, 0, 0d ! Xs0, 0, 0d that leads to the
secondary resonances.
In the primary resonances, two different substructure

patterns are found, depending on the rovibronic symmetry
(EyA). These patterns appear to be characteristic of
the given pump line, irrespective of which one of the
bands is examined [except for As0, 0, 0d √ Xs0, 0, 0d].
In addition to the double-resonances which match those
calculated for the 32,1 √ 21,1 pump transition, there are
some weak primary features, as must be expected since the
pump line is not completely clean. Among the secondary
resonances, those of E-symmetry origin generally appear

weaker than those of A origin. This may possibly be due
to a distribution of their intensity over more substructure
components, most of which may be too small to clearly
surpass the noise level.
Apart from the hyperfine substructure of the transitions

observed, which still awaits detailed understanding, the ex-
perimental results are well reproduced by ab initio calcu-
lations for a geometric phase of p, while the prediction
for the case without a geometric phase is clearly rejected.
We stress that this conclusion is not based on a gradual
deterioration of agreement but is drawn from the readily
identifiable ordering of the line patterns which originate
from the E and A vibronic components, respectively. A
series of OODR spectra meanwhile obtained by us with
other pump lines and in different excited vibrational bands
corroborate these findings. Thus, using the example of the
Na3 A √ X system, painstakingly optimized OODR ex-
periments together with calculations of unprecedented ac-
curacy have provided the first verification of Berry’s phase
in the alkali trimers.
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Vibrational spectroscopy for Na3: 
D3h symmetry has E and A 
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Unambiguous Proof for Berry’s Phase in the Sodium Trimer:
Analysis of the TransitionA2E000000 √ X2E000

H. von Busch, Vas Dev, H.-A. Eckel, S. Kasahara, J. Wang, and W. Demtröder
Fachbereich Physik, Universität Kaiserslautern, D-67653 Kaiserslautern, Germany

P. Sebald and W. Meyer
Fachbereich Chemie, Universität Kaiserslautern, D-67653 Kaiserslautern, Germany

(Received 29 June 1998)
Precise ab initio calculations of the rovibrational structures of the A2E00 and X2E0 electronic states

of Na3 prompt a new vibrational assignment of the A √ X transition and provide the basis for the
rotational analysis of the vibrational band Asys ≠ 1, yb ≠ 0, ya ≠ 0d √ Xs0, 0, 0d by means of high-
resolution optical-optical double resonance. The calculations, which use the single-surface adiabatic
approach, reproduce our experimental data only if, as required by theory, a geometric phase of p under
pseudorotation around the equilateral configuration is imposed. We consider this the first verification
of Berry’s phase in high-resolution molecular spectroscopy. [S0031-9007(98)07707-2]

PACS numbers: 31.15.Ar, 33.15.Hp, 33.20.Kf, 33.40.+ f

The sodium trimer represents a textbook example of the
Jahn-Teller (JT) theorem according to which, in nonlinear
conformations, electronic degeneracy by symmetry is un-
stable towards the symmetry-reducing modes of vibration
[1]. In Na3, the degeneracies which occur in some of the
electronic states at equilateral geometries take on the shape
of conical intersections of two adiabatic potential energy
surfaces (PES).
If the JT stabilization is strong compared to the

vibrational energy, the internal motion of the molecule
will be confined to the lower sheet of the potential,
and a single-surface adiabatic treatment should be fully
adequate. Furthermore, an unusual kind of vibrational
motion will arise which encircles the point of degeneracy
(Fig. 1). Since theory predicts a sign change of the
electronic wave function under a full cycle of this so-
called pseudorotation around the conical intersection [2],
the nuclear wave function must also change sign. This
represents a molecular version of Berry’s geometric phase
[3], which here takes the value p . A short survey of
earlier investigations of geometric phases in molecules
can be found in a recent paper on the vibronic structure
of the Na3 X state [4]. For reviews on Berry’s phase in a
more general context see, e.g., Refs. [5] and [6].
In the Na3 molecule, the consequences of the geometric

phase would show most obviously for a free pseudorota-
tional (PsR) motion, namely, as a half-integer quantiza-
tion of the vibrational angular momentum j, with levels
of A1yA2 and E vibronic symmetry alternating according
to 2jy3 being integer or not. Such a free case is approxi-
mately realized in the B state of Na3. Indeed the first,
low-resolution spectra of this state were interpreted as
evidence for half-integer values of j [7]. However, as sub-
sequently established both by calculations [8] and by mea-
surements with rotational resolution [9], the Na3 B state
exhibits only a pseudo-JT distorted nondegenerate surface

with a pseudorotation that is integer quantized; i.e., the
geometric phase is 0.
If pseudorotation is hindered by significant barriers,

as is the case in the X and A states of Na3, E and
A vibronic levels appear in weakly split pairs. Since
the energetic order within these pairs is reversed if the
geometric phase is changed from p to 0 [10], the different
rotational fingerprints of the E and A vibronic partners give
conclusive evidence of the actual value of Berry’s phase.
The present paper treats the A √ X transition of Na3.

Both states involved have conical potential intersections

FIG. 1. Cut through the lower adiabatic PES of the electronic
A state of Na3 for E mode atomic displacements.
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In our calculations, the molecular geometric phase of     appeared to  
depend on the existence of a conical intersection, yet the point of  
conical intersection is precisely where the Born-Oppenheimer  
approximation breaks down.
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Does the interpretation of experiment depend 
on the Born-Oppenheimer approximation?

One may therefore wonder whether the experimental observations really 
observe a molecular geometric phase of   . 
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*M. V. Berry, Proc. R. Soc. Lond. A, 392, 45 (1984)

The geometric phase of a subsystem, as originally defined, depended  
on an adiabatic separation of fast and slow degrees of freedom, e.g.      
    and     , with the latter being interpreted as parameters that drive the 
quantum state of the former.*
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Exact factorization scheme

Hunter, Int. J. Quant. Chem. 9, 237 (1975); Abedi, Maitra & Gross, Phys. Rev. Lett. 105, 123002 (2010);  
Gidopoulos & Gross, Phil. Trans. R. Soc. A, 372, 20130059 (2014)
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Coupled exact factorization equations
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Exact induced vector potential: (Berry connection)
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Hunter, Int. J. Quant. Chem. 9, 237 (1975); Abedi, Maitra & Gross, Phys. Rev. Lett. 105, 123002 (2010);  
Gidopoulos & Gross, Phil. Trans. R. Soc. A, 372, 20130059 (2014)



Exact molecular geometric phase
Nonadiabatic effects are usually included through the Born-Huang expansion

…but that does not give us a way to calculate corrections to the phase

†Gidopoulos & Gross, Phil. Trans. Roy. Soc. A 372, 20130059 (2014); Min, Abedi, Kim & Gross, Phys. Rev. Lett. 113, 263004 (2014);  
RR, Tandetzky & Gross, PRA 93, 042108 (2016)
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exact molecular geometric phase†
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Exact molecular geometric phase

Gidopoulos & Gross and Min et al. posed the following question:

Gidopoulos & Gross, Phil. Trans. Roy. Soc. A 372, 20130059 (2014); Min, Abedi, Kim & Gross, Phys. Rev. Lett. 113, 263004 (2014)

In a 2D Shin-Metiu model, they found that the molecular geometric phase, 
which was     in the Born-Oppenheimer approximation, vanished in a 
numerically exact calculation. 
[Min Abedi Kim Gross, PRL 113, 263004 (2014)]
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Is it always zero?  —  No, in dynamical Jahn-Teller systems where the  
Born-Oppenheimer molecular geometric phase has been observed,  
the exact molecular geometric phase is nonzero. 
[RR Tandetsky Gross, PRA 93, 042108 (2016)]

Is the molecular Berry phase an artifact of the  
Born-Oppenheimer approximation?



Model pseudorotating triatomic molecule
Electrons: tight-binding approximation  
assuming one s-like electron per atom

Nuclei: normal mode coordinates
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Quasi-isotropic regime
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= static Jahn-Teller 
        stabilization energy
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Schrodinger equation solved by exact diagonalization in  
an electron-nuclear product basis 
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Laguerre polynomials
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Geometric phase and Berry curvature
Berry curvature

of current-carrying state
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Topological invariant vs geometric phase
Infinitesimal Aharonov-Bohm flux tube 
in Born-Oppenheimer approximation

Smeared-out flux tube 
in exact factorization

Characteristic width
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Distinguishing the Born-Oppenheimer and 
exact molecular geometric phases

measure         directly.
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nuclei to follow a specific path          we do not know how to
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Actually, the expectation value of any electronic observable is a 
           -weighted average:
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However, we can infer the difference between         and            
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through the response of the system to external perturbations,
such as magnetic fields and strain, or to additional interactions,
such as spin-orbit, hyperfine and nuclear quadrupole interactions.*

*F. S. Ham, Int. J. Quant. Chem. 5, 191 (1971)



Ham effect

*F. S. Ham, Phys. Rev. 166, 307 (1968)

Jahn-Teller models describe the coupling of electronic and vibrational 
states of given symmetry.

The symmetry of the electrons in the absence of electronic-vibrational 
coupling is determined by the nuclear geometry, e.g. the molecular  
geometry or the local crystal field of a transition metal in a bulk crystal.

Symmetry determines how a perturbation     couples to the system.
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When the electronic-vibrational coupling is turned back on, the purely  
electronic eigenstates, say      and     , transform into electronic- 
vibrational (vibronic) states        and       .
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Therefore, the form of the perturbation     remains the same but the 
parameters are renormalized — this is called the Ham effect. 
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Ham reduction factors

          means that the electronic states belong to a twofold degenerate 
irreducible representation     of the D3h point group and that the 
vibrational modes belong to the same     representation (lower case 
is used to distinguish vibrational states from electronic states).
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For example, a triatomic molecule with D3h symmetry can be described 
by an           Jahn-Teller model.
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For the     electronic states, a generic perturbation is
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For vibronic states, this becomes
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with reduction factors                           and
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Ham reduction factors     and     can be expressed in terms of 
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varies between 0 and 1, and approaches 0 in the limit

q =
h u|�̂1| gi
hu|�̂1|gi =

h u|�̂3| ui
hu|�̂3|ui

p = 2⇡

Z 1

0

dQQ|�(Q)|2

1� �(Q)

⇡

�

�(C)

M ! 1

R(t),

h | ˆOelec| i =
Z

|�(R)|2h�
R

| ˆOelec|�R

i dR

M = 100

h̄2

eV Ang2

E(Q2, Q3)

Rn = (R0 +Q0)
ˆ⇠n +Qv̂n

ˆ⇠n =

⇣
cos

2⇡n

3

, sin
2⇡n

3

, 0
⌘

v̂n =

⇣
cos

⇣
↵� 2⇡n

3

⌘
, sin

�
↵� 2⇡n

3

⌘
, 0
⌘

Q✏ $ ↵ = 0

Q✓ $ ↵ = ⇡/2

H(R) =

1

2

✓
Z X
X �Z

◆

�0(R) =

 
sin

↵(R)
2

cos

↵(R)
2

!

 1 =
1p
3

(0, 1,�1)

 2 =
1p
6

(2,�1,�1)

7

q =
h u|�̂1| gi
hu|�̂1|gi =

h u|�̂3| ui
hu|�̂3|ui

p = 2⇡

Z 1

0

dQQ|�(Q)|2

1� �(Q)

⇡

�

�(C)

M ! 1

R(t),

h | ˆOelec| i =
Z

|�(R)|2h�
R

| ˆOelec|�R

i dR

M = 100

h̄2

eV Ang2

E(Q2, Q3)

Rn = (R0 +Q0)
ˆ⇠n +Qv̂n

ˆ⇠n =

⇣
cos

2⇡n

3

, sin
2⇡n

3

, 0
⌘

v̂n =

⇣
cos

⇣
↵� 2⇡n

3

⌘
, sin

�
↵� 2⇡n

3

⌘
, 0
⌘

Q✏ $ ↵ = 0

Q✓ $ ↵ = ⇡/2

H(R) =

1

2

✓
Z X
X �Z

◆

�0(R) =

 
sin

↵(R)
2

cos

↵(R)
2

!

 1 =
1p
3

(0, 1,�1)

 2 =
1p
6

(2,�1,�1)

7

RR, Proetto & Gross, PRA 96, 062503 (2017)

Quenching of the perturbation is incomplete due to nonadiabatic effects

Deviations between          and              lead to 
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• Geometric phases arise from the nontrivial twisting of an angular 
variable (internal or external) as parameters are varied along a path 

• Molecular geometric phase is a special case of Berry phase where 
the parameters are nuclear coordinates 

• Exact factorization scheme leads to the definition of an exact 
molecular geometric phase that takes into account the full quantum 
mechanical motion of the nuclei  

• Nonadiabatic effects change the topological Longuet-Higgins phase 
into a geometric quantity that deviates from exactly 0 and 

• Deviations from the Born-Oppenheimer result can be inferred from 
Ham reduction factors, describing the quenching of external 
perturbations by electronic-vibrational coupling
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