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Density operator techniques

The time-dependent Hamiltonian

Ĥ1...N (t) =
N∑
i=1

ĥi(t) +
N∑
i<j

Ŵij .

BBGYK-hierarchy

Instead of the full N -particle density operator, it is often
convenient to consider simple quantities, namely, the n-body
reduced density matrices

i~∂tγ̂1 = [ĥ(t), γ̂1] + 2Tr2[Ŵ12, γ̂2]

i~∂tγ̂2 = [Ĥ12, γ̂2] + 3Tr3[Ŵ13 + Ŵ23, γ̂3]
...

In Burgdörfer’s talk γ̂3[γ̂2]. In RDMFT γ̂2[γ̂1].
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ĥi(t) +
N∑
i<j
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Gilbert theorem (1975)

Gilbert theorem guarantees that the ground-state energy of a
fermionic system can be obtained by minimizing some energy
functional on γ̂1:

E[γ̂1] = 〈ĥ, γ̂1〉+
1
2

∫
dxdx′

γ1(x,x)γ1(x′ ,x′)
|r − r′ |

+ Exc[γ̂1].

Some advantages of RDMFT:

The kinetic-energy functional is exact.

The correlation-energy errors are at least an order of
magnitude smaller than B3LYP.

Superconductivity, temperature-dependent...

Some disadvantages:

Inefficient compared to DFT.

While DFT resorts to a large zoo of density functionals, only
about a dozen of 1-RDM-functionals have been proposed so far.

Carlos L. Benavides-Riveros Benasque, 29 August 2018



td 1RDM Marginal problem td NON Conclusions BBGYK RDMFT td RDMFT

Gilbert theorem (1975)

Gilbert theorem guarantees that the ground-state energy of a
fermionic system can be obtained by minimizing some energy
functional on γ̂1:

E[γ̂1] = 〈ĥ, γ̂1〉+
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Time-dependent RDMFT

γ̂1(t) =
∑
i

ni(t)|ϕi(t)〉〈ϕi(t)|.

i~∂tγ̂1(t) = [ĥ(t), γ̂1(t)] + 2Tr2[Ŵ12, γ̂2[γ̂1]],

The current ground-state reconstructions in RDMFT are very
restrictive, for they only contain the so-called two-index (direct
and exchange) Coulomb integrals (Requist 2011).
As a result, by and large,

∂tni(t) = 2=〈ϕi |Tr2[Ŵ12, γ̂2[γ̂1]]|ϕi〉 = 0.

Carlos L. Benavides-Riveros Benasque, 29 August 2018
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Quantum marginal problem

From the many-fermion wave function to the n-particle
reduced density matrices:

|Ψ 〉 −→ γ̂n

γ̂n =
(
N
n

)
TrN−n[|Ψ 〉〈Ψ |]

From the 1-particle reduced density matrix to the wave
function:

γ̂1 −→?
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Pure quantum marginal problem

Pauli exclusion principle (Coleman 1963)

This is the is the ensemble N-representability problem. The
matrix γ̂1 =NTrN−1

[∑
i αi |Ψi〉〈Ψi |

]
satisfies:

0 ≤ γ̂1 ≤ 1 and Tr γ̂1 =N.

The eigenvalues of γ̂1 obey 0 ≤ ni ≤ 1, with (n1 ≥ n2 ≥ · · · ).

Generalized Pauli exclusion principle (Klyachko 2008)

For pure states there is also a finite set of linear constraints:

D(~n) = κ0 +κ1n1 + · · ·+κdnd ≥ 0, κi integer.

Carlos L. Benavides-Riveros Benasque, 29 August 2018
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Generalized Pauli constraints for 3 electrons

N = 3, d = 6

1− (n1 +n6) ≥ 0
1− (n2 +n5) ≥ 0
1− (n3 +n4) ≥ 0
2− (n1 +n2 +n4) ≥ 0

N = 3, d = 7

2− (n1 +n2 +n4 +n7) ≥ 0
2− (n2 +n3 +n4 +n5) ≥ 0
2− (n1 +n2 +n5 +n6) ≥ 0
2− (n1 +n3 +n4 +n6) ≥ 0

N = 3, d = 8

2− (n1 +n2 +n4 +n7) ≥ 0
2− (n2 +n3 +n4 +n5) ≥ 0
2− (n1 +n2 +n5 +n6) ≥ 0
2− (n1 +n3 +n4 +n6) ≥ 0
1− (n1 +n2 −n3) ≥ 0
1− (n2 +n5 −n7) ≥ 0
1− (n1 +n6 −n7) ≥ 0
1− (n2 +n4 −n6) ≥ 0
1− (n1 +n4 −n5) ≥ 0
1− (n3 +n4 −n7) ≥ 0
1− (n1 +n8) ≥ 0

...
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Example: Borland-Dennis setting N = 3, d = 6

Borland-Dennis setting

Consider a system of three electrons and a six-dimensional
one-particle Hilbert space. Apart from the Pauli’s inequalities:

n6 +

n1 ≤ 1

n5 +

n2 ≤ 1

n4 +

n3 ≤ 1

n4 +

n1 +n2 ≤ 2
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Structural simplification

Pinning

When pinning holds D(~n) = κ0 +κ1n1 + · · ·+κdnd = 0, any
compatible wave function fullfills

(κ01+κ1n̂1 + · · ·+κd n̂d)|Φ〉 = 0

and remarkably simplifies:

|Φ〉 =
∑

{i1,...,iN }

∈ID

ci1,...,iN |ϕi1 · · ·ϕiN 〉,

for the configurations satisfying:

(κ01+κ1n̂1 + · · ·+κd n̂d)|ϕi1 · · ·ϕiN 〉 = 0.
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td 1RDM Marginal problem td NON Conclusions QMP Pure QMP Structural simplification Two news

Structural simplification

Pinning

When pinning holds D(~n) = κ0 +κ1n1 + · · ·+κdnd = 0, any
compatible wave function fullfills

(κ01+κ1n̂1 + · · ·+κd n̂d)|Φ〉 = 0

and remarkably simplifies:

|Φ〉 =
∑

{i1,...,iN }∈ID

ci1,...,iN |ϕi1 · · ·ϕiN 〉,

for the configurations satisfying:

(κ01+κ1n̂1 + · · ·+κd n̂d)|ϕi1 · · ·ϕiN 〉 = 0.

Carlos L. Benavides-Riveros Benasque, 29 August 2018



td 1RDM Marginal problem td NON Conclusions QMP Pure QMP Structural simplification Two news

Structural simplification

H

N -particle 1-particle

HD

|Ψ 〉

D(~n)

P

FD

PRA 96, 052312 (2017)

PCCP 19, 12655 (2017)1− ||P̂DΨ ||2 ≤ 2D(~n)

~n
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First news: pinning is robust!

Assume that |Ψ0〉 is the ground state of a Hamiltonian Ĥ , and
assume also that

D(~n0) = 0

(the state is pinned to that boundary).

In Rayleigh-Schrödinger perturbation theory for the ground
state of the perturbed Hamiltonian Ĥ(λ) ≡ Ĥ +λV̂ we have

∂D(~nλ)
∂λ

∣∣∣∣
λ=0

= 0.

Therefore, for pinned systems,

D(~nλ) ≈ D(~n0) = 0.

CLBR and Miguel A. L. Marques (to be published).
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Second news: quasipinnig!

Some ground states are quasipinned!

D(~n) ≈ 0 Much smalller than the distance to the HF point.

Harmonium Ĥ = 1
2
∑N
i=1p

2
i +

k
2
∑N
i=1 r

2
i +

δ
2
∑N
i<j r

2
ij

C. Schilling, D, Gross and M. Christandl, PRL 110, 040404 (2013)
F. Tennie, V. Vedral and C. Schilling, PRA 95, 022336 (2017)

Hubbard model, Lithium isoelectronic series, molecules...
CLBR, J.M. Gracia-Bondia and M. Springborg, PRA 88, 022508 (2013)

R. Chakraborty and D. Mazziotti, PRA 89, 042505 (2014)
C. Schilling, PRA 92, 155149 (2015)

R. Chakraborty and D. Mazziotti, JCP 148, 054106 (2018)

In the context of 2RDM and 1RDM theories
I. Theophilou et alt. JCP 142, 154108 (2015)

D. Mazziotti, PRA 94, 032516 (2016)
A. E. DePrince III, JCP 145, 164109 (2016)

Up-to-date review: CLBR, Chemical Modelling 14, 71 (2018).
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Time evolution of the natural occupation numbers

For the three-electron system, the rank six approximation is

|ΦBD[

~n, ~ϕ, ~ξ

]〉

=
√
n3e

iξ3 |ϕ1ϕ2ϕ3〉
−
√
n5e

iξ5 |ϕ1ϕ4ϕ5〉+
√
n6e

iξ6 |ϕ2ϕ4ϕ6〉

Time-evolution of the natural occupation numbers

∂tni = −4
∑
j,i

√
ninj sin(ξi − ξj )∫ ∣∣∣∣∣∣ ϕi(x)ϕj(x) ϕi(x′)ϕ7−i(x′)
ϕ7−j(x)ϕj(x) ϕ7−j(x′)ϕ7−i(x′)

∣∣∣∣∣∣v(x,x′)dxdx′ .
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Time evolution of the natural occupation numbers

Time-evolution of the relative phases

From the stationary of the action
A[ΦBD] =

∫ t
0 〈ΦBD(τ)|i∂τ − Ĥ(τ)|ΦBD(τ)〉dτ :

∂tξi =
∂
∂ni
E[ΦBD]

Similar equations for four-electron systems.
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Take-home messages

Pure 1-body reduced density matrix satisfies the
generalized Pauli principle.

(quasi)pinning is physically relevant: fermionic ground
states are much simpler than expected!

(quasi)pinning is robust!

we have found an equation for the time evolution of the
natural occupation numbers for three-electron systems.

Carlos L. Benavides-Riveros Benasque, 29 August 2018
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