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Introduction:  Atomtronics

Amico, Aghamalyan, Aukstol, Crepatz, Kwek, Dumke SREP 2014.

Spatial Light Modulators

An Atomtronic Flux Qubit: A ring lattice of Bose-Einstein condensates interrupted by three weak links15

Figure 8. Our feedback algorithm. Starting at the top left the initial phase and
target are used in the MRAF code. This generates the phase guess, �i, which is
uploaded to the SLM and an image captured by the CCD camera, Mi. This is used to
calculate the discrepancy between the image and the original target, and a new target
Ti+1 is created. The loop then repeats.

Figure 9. Left: Final image of the ring lattice after completion of the feedback
algorithm. Right: Azimuthal Profile. The solid line plots the target profile. This is
compared to the result after the 1st and 5th iteration of the feedback algorithm (red
and blue lines respectively).

most cases) and outputs a phase kinoform, �i. The kinoform is now applied to the SLM

and an image recorded on the camera in the monitoring arm of our system, Mi. The

discrepancy, Di, between the original target and the measurement is calculated and used

Aghamalyan, Nguyen, Auksztol, Gan, Martinez Valado, Condylis, Kwek, 
Dumke, Amico NJP 2016

 Aghamalyan, Cominotti, Rizzi, Rossini, Hekking, Minguzzi, Kwek,  
Amico NJP 2015.

Superimposing a spacial modulation: Lattice ring

ATOMIC CIRCUITS: many quantum particles in ring-shaped optical lattices

QUANTIZED SUPERCURRENT DECAY IN AN ANNULAR . . . PHYSICAL REVIEW A 86, 013629 (2012)

FIG. 2. (Color online) Preparation of metastable supercurrent
in an annular condensate. (a) The optical ring trap is created by
intersecting a horizontal “sheet” laser beam with a vertical “tube”
LGℓ beam; the absorption image shows a BEC in an ℓ = 10 trap.
(b) Two-photon Raman transfer of atoms into a metastable q = ℓ

state is achieved using the LGℓ trapping beam (red dashed arrow)
and a copropagating Gaussian beam (blue solid arrow). An atom
undergoing an internal state transfer, |↑⟩ → |↓⟩, also absorbs angular
momentum ℓh̄ from the LGℓ laser beam.

discernible thermal fraction of the gas [38]. The sheet beam
provides a nearly isotropic trapping potential in the xy plane,
with trapping frequencies of 6, 7, and 400 Hz along the x̂, ŷ,
and ẑ directions, respectively. The depth of the ring trap Vr is
set by the power of the LG beam. For ℓ = 3, the ring radius
is ≈ 12 µm, and the radial trapping frequency varies between
75 and 190 Hz for the Vr values used in our experiments. For
higher ℓ the trap radius increases approximately linearly [39].

To set the superfluid into rotation via a two-photon Raman
transition, we briefly (∼ 200 µs) pulse on an auxiliary 805-nm
Gaussian beam, copropagating with the trapping LG beam.
As illustrated in Fig. 2(b), the atoms are transferred between
two internal atomic states, |↑⟩ and |↓⟩, and simultaneously
pick up angular momentum ℓh̄. The |↑⟩ and |↓⟩ are two
Zeeman levels of the F = 1 hyperfine ground state, mF = 1
and 0, respectively. The mF = − 1 state is detuned from the
Raman resonance by the quadratic Zeeman shift in an external
magnetic field of 10 gauss.

We first perform a set of interferometric experiments in
order to verify the optically imprinted phase winding (see
also [40–42]). As depicted in Fig. 3, we apply a π/2 Raman
pulse which coherently transfers only half the population into
the rotating |↓⟩ state. A subsequent π/2 radio-frequency (rf)
pulse, which carries no angular momentum, mixes the |↑⟩ and
|↓⟩ states so that in each spin state we get an interference of
rotating (q = ℓ) and nonrotating (q = 0) atoms. This matter-
wave interference converts the phase winding into a density
modulation, with the number of density peaks around the ring
equal to ℓ. In Fig. 3 we show the observed interference patterns
for ℓ = 3, 5, and 10.

For our main studies (Secs. IV and V) we transfer all the
atoms into the rotating |↓⟩ state. If we then ramp down Vr

and transform the ring trap into a simply connected sheet trap,
the phase-imprinted q = ℓ vortex decays into singly charged
vortices [see Fig. 4(a)]. Note, however, that in this case L/N

FIG. 3. (Color online) Interferometric detection of the imprinted
phase winding. A combination of Raman and rf π/2 pulses results
in matter-wave interference between stationary and moving atoms,
with the number of density peaks equal to ℓ. Absorption images of
the |↑⟩ state, taken 3 ms after releasing the atoms from the trap, show
matter-wave interference for ℓ = 3,5, and 10.

is no longer quantized, its exact value depending on the spatial
arrangement of individual vortices [43]. In the sheet trap the
q = 3 vortex breaks up into three vortices within 1 s; one
vortex leaves the condensate within 10 s, and the last one
typically survives for about 15 s.

To quantify L/N for the annular condensate, we release
the atoms without letting the vortex break up in a reconnected
trap. As seen in Fig. 4(b), the centrifugal barrier due to rotation
of the superfluid results in a central hole in the atomic density
distribution observable even after long time-of-flight (TOF)
expansion [17]. We quantify the rotation of the cloud by fitting
the radius R of the high-density ring surrounding this central
density hole [44].

IV. METASTABILITY AND QUANTIZED DECAY

A. Supercurrent quantization

The first main result of this paper is the direct experimental
demonstration of the quantized nature of the supercurrent
decay, shown in Fig. 5 for a system initially prepared in the
q = 3 state. In Fig. 5(a) we plot the evolution of the radius
R with time after the superfluid was set into rotation. The
quantization of R is strikingly obvious, and we can assign a q
state to each individual image with >99% fidelity.

We consider the quantization of the supercurrent decay the
primary experimental evidence for the vortex-induced phase

FIG. 4. (Color online) Detection of superflow. (a) If the ring trap
is transformed into a simply connected sheet trap, the q = 3 vortex
breaks up into three individual vortices. (b) Absorption images of
nonrotating (left) and rotating (right) BECs after 29 ms of TOF
expansion from the ring trap. We use the radius R to quantify the
rotation of the cloud.
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Figure 1(a) shows the combined trapping potential in the
y-z plane at x ! 0. Since our TOP trap is not rotationally
symmetric, neither is the combined potential. Hence the
toroidal potential has (two) local minima [red region in
Fig. 1(a)]. However, a continuous toroidal-shaped BEC
[see Fig. 1(b)], characterized by a single order parameter,
can still be made in this trap, since the variation in the
depth around the potential is about !=3 [20].

We create circulation in the toroidal trap by transferring
the orbital angular momentum (OAM) of a Laguerre-
Gaussian (LG) laser beam to the atoms using the experi-
mental procedure described in [22]. The transfer of OAM
is accomplished by a resonant two-photon stimulated
Raman process with a Gaussian (G) laser beam propagat-
ing along x and a LG beam, carrying @ of OAM, propagat-
ing along "x. Atoms that absorb a photon from one beam
and stimulatedly emit a photon into the other beam acquire
both the linear momentum (LM) and OAM difference of
the beams [22], which in this case is 2@k and @, respectively
(k is the magnitude of the photon wave vector). To achieve
OAM transfer without net LM transfer, we initially transfer
all of the atoms to the 2@k LM state using counterpropa-
gating G beams [19] along x and then rapidly (within
#50 !s) transfer the atoms back to the zero LM state
using the G and LG beam pair. The entire process results
in about 50% of the atoms with @ of OAM. To remove the
atoms moving at 2@k=m (6 cm=s) we wait for a quarter of
the trap oscillation period ("=2!x) and then optically
pump these atoms into the untrapped F ! 2 hyperfine
states using a spatially localized laser beam [22]. The
whole process takes only 7 ms. Excitations from the
OAM transfer thermalize in a few hundred ms and are
partially removed by the rf, which was kept on since
forming the BEC.

Figure 1(c) shows the time-of-flight (TOF) expansion
image of the nonrotating BEC taken 18 ms after instanta-
neously (<100 !s) extinguishing the toroidal trap. The
initial hole in the BEC [see Fig. 1(b)] is filled in during
expansion [23]. In Fig. 1(d), we show the corresponding
TOF image of a circulating BEC after transfer of @ of
OAM. The hole is clearly visible, providing a simple way
to detect circulation [22,24].

In order to investigate persistent flow in a condensate,
we measured the decay of the circulation as a function of
time in the toroidal trap. For this experiment, the plug

beam power was 113 !W (V0=h ! 3:6 kHz) and the av-
erage number of atoms was about 2:5$ 105. In Fig. 2, we
plot the probability of observing the circulating state [25]
as a function of time held in the trap. The circulation in the
toroidal trap persists without decay for up to 10 s. In
contrast, the circulation in only the TOP trap (without the
plug beam) decays in about 0.5 s [26].

The persistence of the flow, which can be understood
from the energy argument given above, can also be under-
stood as the flow velocity being less then the superfluid
critical velocity, which for a uniform system is given by the
sound velocity vs!

!!!!!!!!!!!
!=m

p
[24]. For our typical experi-

mental conditions (!=h # 0:5 kHz), where the inner di-
ameter r0 (#10 !m) of the torus is very much greater than
the healing length @=%

!!!
2
p
mvs& [23], the flow velocity for

unit winding number, vf ! @=mr0, is 0:29 mm=s, while
vs! 2:9 mm=s where the density is highest. The flow
velocity is much less than the sound velocity and therefore
less than the critical velocity, so the stability condition is
satisfied.

In Fig. 2 (inset) we show the survival probability of the
flow as the relative position of the plug beam and the TOP
trap center is varied. In this case, we first establish circu-
lation in the toroidal trap, waiting 500 ms for the flow to
stabilize, and then increase the voltage to external mag-
netic coils (over 200 ms) to displace the TOP trap center
(0:8 !m=V). The atoms held in the misaligned plugged
trap for 500 ms were then released for TOF imaging. As the
flow becomes spatially constricted due to misalignment,
the local flow velocity at the constriction has to increase for
constant circulation of atoms, and the critical velocity
decreases due to the decrease in local density. If the local
flow velocity exceeds the critical velocity, the flow will no
longer be superfluid, resulting in the observed decay of the
flow.

A similar misalignment is responsible for the decay of
persistent flow after 10 s, as seen in Fig. 2. This misalign-
ment is due to a relative drift (0:4 !m=s) between the
position of the plug beam and the center of the TOP
magnetic trap, which drifts due to thermal cycling during
each realization of the experiment. We substantially com-
pensate for this drift by applying a linear voltage ramp to
the external coils to generate a linear temporal shift in the
location of the TOP trap center, but the residual drift
eventually (after 10 s) leads to a loss of flow. Thus, it

FIG. 1 (color). (a) Toroidal trap from the combined potentials of the TOP trap and Gaussian plug beam. (b) In situ image of a BEC in
the toroidal trap. (c) TOF image of a noncirculating BEC released from the toroidal trap. (d) TOF image of a circulating BEC, released
after transfer of @ of OAM.

PRL 99, 260401 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
31 DECEMBER 2007

260401-2

Toroidal trapping potential

C. Ryu, PRL 99, 260401 (2007)

S. Moulder,  PRA 86, 013629 (2012)
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G. Campbell, W. Phillips, C. Clark and co-workers@NIST,  (2014–2015)

The condensate can be put in motion!

Introduction:  Atomtronics

Amico, Osterloh, Cataliotti, PRL 2005.

Performing absorption imaging (Invasive measurement), we can obtain the 
momentum distribution and rotation can be detected!

Momentum 
Distribution

Non-Rotating Rotating

stirring



Introduction - Solitons
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Bosons with attractive interaction

Harmonic 
confinement

S. Gardiner (2012), experiment with ultra-cold Rubidium85
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N-particles problem is not exactly solvable: still a lot of open questions!

Bose-Hubbard Model

attractive
interactions

space

J ~ hopping term U ~ interaction term

Ĥ(U) = �J

X

j

⇣
b
†
jbj+1 + b

†
j+1bj

⌘
� |U |

2

X

j

nj (nj � 1)

Bose-Hubbard model: interacting bosons in a lattice

Density Matrix Renormalization Group
S. R. White, PRL 69 2863 (1992) A. Feiguin, S. R. White, PRB, 72, 020404 (2005)

Numerical 
Solution
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Bose-Hubbard Model: band structure and correlations

Bound and Scattering states can be characterised by Density-Density correlations.
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Bose-Hubbard Model

4

bound states are populated.
The dynamical evolution is governed by H(U) obtained

by removing the pinning potential. In Fig. 4 (a-b-c) we
show the expansion dynamics of the density for three
cases: U < Uc, U ⇡ Uc and U > Uc. At increasing
the interaction strength, we see that the density pro-
file stays closer and closer to the shape of the initial
state, only its small fraction spreading into the chain.
This can be seen more quantitatively by studying the
expansion velocity: v(t) = (d/dt)

p
R2(t)�R2(0), with

R2(t) = (1/N)
PL

i=1 ni(t) (i�i0)
2. In Fig. 4 (d-e) we
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FIG. 4: Upper row (a-b) : expansion of a soliton composed
by N=5 particles, pinned to the center of a chain with L = 41
sites for di↵erent regimes. Panel (c): expansion velocity v(t)
for di↵erent interaction strengths. The black line divides the
gapless (upper) regions from the gapped (lower) ones. Panel
(d-e): asymptotic expansion velocity v1 as a function of
U � Uc(N) and of (U � Uc(N))

p
N .

show, respectively, v(t) and its asymptotic value, v1,
at large times.

While for U < Uc no oscillations are visible within the
simulation time considered, at increasing U � Uc the
velocity displays typical oscillations with period scaling
as ~/U .

The asymptotic expansion velocity v1 is identified by
fitting it to a phenomenological expression, v(t)⇡ v1 +
cos(At)/tB , where A and B are fitting parameters. The
inspection of v1 in Fig. 4 (e) further shows the di↵erence
between the two regimes.

Interestingly enough, close to Uc, we find that v1 dis-
plays scaling behaviour; the results are not a↵ected by
the size of the system. While there is no criticality in the
system, the observed feature is due to a diverging time
scale associated to the soliton thermalization: as critical
slowing down implies scaling, here, the scaling is due to
the fact that the soliton cannot equilibrate to the state
with uniform density.

Conclusions. In this work, we studied the spatial cor-
relations and dynamical properties of attractive bosons
in one-dimensional lattices. The presence of the lattice
induces a characteristic energy band structure, for which
bright solitons display specific properties with distinc-
tive correlation functions. Such features can a↵ect the

dynamics of the system substantially. We have demon-
strated how a bright solitonic bound state can be created
in the system and, by studying the expansion dynamics,
we have provided a way to test its stability against ex-
ternal perturbations.

filling

Bose Gas
U >UcU <Uc

Bose-Hubbard

Thermalization
in the GGE

Non integrable

Non ergodic Canonical thermalization
Canonical thermalization

Non integrable

Low filling

Integrable

FIG. 5: Schematic diagram of the system as a function of the
filling at varying interaction strength.

Our work can be relevant for fundamental studies
on the ergodicity of quantum systems. Thermalization
in quantum many-body systems is usually expressed in
terms of the well-known Eigenstates Thermalization Hy-
potesis (ETH) [48, 49]: if the expectation values of local
observables for individual eigenstates are a smooth func-
tion of energy, then the system behaves ergodically and
one can exchange, for such observable, the long-time av-
erage by the Gibbs ensemble average with no memory
of the specific initial state except its energy. The bi-
modal distribution of correlations of Fig 3 (a), (b) with
co-existence, for U < Uc, of the two families of states at
the same energy leads to a clear violation of the ETH.
Our understanding of the system can be summarized in
Fig 5, where three regimes may occurr.

I) Since lattice spacing � results to be vanishing pro-

portionally to the filling factor ⌫ = N/L, at su�ciently
small ⌫, our bosonic system is integrable (described by
the Bose-gas field theory[44, 50]). According to the gen-
eral theory, in this limit the system is expected to ther-
malize to a Generalized Gibbs Ensemble.
II) By increasing the filling facctor, the system does not
remain integrable, being described by the Bose-Hubbard
model. For such system, when bound states and scatter-
ing states coexist with equal energies (i.e. for U < Uc),
the long-times asymptotic states strongly depend on the
initial states.
III) At larger filling, the system is far from integrability,
as the Bose-Hubbard corrections to the Bose-gas grow
stronger. In this case, the solitonic band is nearly flat,
making the coexistence between bound and scattering
states impossible. In this limit, therefore, the system is
ergodic. Such a scenario indicates that going from I) to

III), the integrability, controlled by the filling (instead of

the perturbation added to the Hamiltonian, in the frame-

work of more standard approaches), is destroyed by en-

tering an intermediate regime, in which the system keeps

some trace of integrability in that the dynamics is not

ergodic. In this sense then, we contribute to the search
of a quantum analog of the KAM theorem [51] which is
one of the key challenges in contemporary research (see

The band structure has important implications!!!
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While for U < Uc no oscillations are visible within the
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the long-times asymptotic states strongly depend on the
initial states.
III) At larger filling, the system is far from integrability,
as the Bose-Hubbard corrections to the Bose-gas grow
stronger. In this case, the solitonic band is nearly flat,
making the coexistence between bound and scattering
states impossible. In this limit, therefore, the system is
ergodic. Such a scenario indicates that going from I) to

III), the integrability, controlled by the filling (instead of

the perturbation added to the Hamiltonian, in the frame-

work of more standard approaches), is destroyed by en-

tering an intermediate regime, in which the system keeps

some trace of integrability in that the dynamics is not

ergodic. In this sense then, we contribute to the search
of a quantum analog of the KAM theorem [51] which is
one of the key challenges in contemporary research (see

The asymptotic value of the 
expansion velocity acts as an 

“order parameter”!

NO GAP GAP

Short time dynamics: expansion of pinned solitons.
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Introduction: One BOSON & rotation 

Rotating bosons in a ring

This mimes the presence of ROTATION or of any external FLUX.
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The periodicity of the persistent current is given by flux quantum. 
It does not depend on the details of interaction or local disorder.

DEPHASING AND NON-DEPHASING COLLISIONS IN 
NANOSTRUCTURES 

A. J. Leggett 

Department of Physics and Astronomy 
University of Minnesota, 116 Church St., S.E. 
Minneapolis, MN 55455 

and 

Departrnent of Physics* 
Uni versity of Illinois 
Urbana, Illinois 61801 

INTRODUCTION 

When I was originally asked to give two lectures at this workshop, one on this subject 
and one on "charge quantization" effects, I felt that there was at best a tenuous link between the 
two topics. Now I feel that there is a fundamental connection, and that it is absolutely essential 
to understand what we mean by "dephasing" before we can assess many of the results obtained 
in the last few years on charge quantization and related effects. 

As you know, one of the major advances in mesoscopic physics in the last decade has 
been the realization that the observation of single-electron interference effects in mesoscopic 
systems is much less difficult than had naively been thought. To see why there had been 
thought to be a major problem, Iet us make a few order-of-magnitude estimates. Suppose for 
example that we are thinking of trying to observe an effect analogous to the superconducting 
Meissner effect in a small ring, that is, a nontrivial dependence of the free energy on flux 
through the ring. The effect only arises because the electron wave function must satisfy the 
"single-valuedness boundary condition" \}'(0) = \}'(27t) (where the argument of \}' = l\}'le1<Jl is 
the angle travelled around the ring); in particular, the phase of the wave function must change 
by exactly 2mt as we travel once around: 

<p(27t) = <p(O) + 2n7t . (I) 

Now if a small magnetic flux is applied through the ring, the expression for the electric current 
contains a term which depends on the corresponding vector potential: 
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clear that the energy Ievels are (a) periodic in <I> with period <Po (note that this does not excludc 
the possibility of periodicity with a period which is an integral function of <Po) (b) even 
functions of <I> (provided the potential terms in the Hamiltonian satisfy the condition of time-
reversal invariance). It is also clear that for the special values of flux <I>= n<I>o/2, n integral, the 
wave function "'' is real (or, in the case of degeneracy, can be chosentobe so). The simplest 
structure of the energy levels which satisfy these conditions is the familiar "band" structure 
shown in Fig. 2: more generally, we could in principle have extra maxima or minima between 
the ones which are required by the above condition, e.g. the arrangement of fig. 3 is not 
excluded a priori. It is convenient to visualize this in the spirit of the well-known weak-
coupling model of band structure in solids, although it should be emphasized that the role of 
the independentvariable <I>, here an externally controlled c-number, is conceptually completely 
different from that in the crystalline problern (where it is k, the crystal momentum, which is a 
dynamical variable). For completely free particles (V(e) = 0) we should have the trivial band 
structure4 shown in fig. 4 : At the points <I> = (n + l/2)<I>o two bands are exactly degenerate 
and can be split by an arbitrarily small potential V(O) into even and odd combinations: note that 
the matrix element doing the Splitting is simply the lowest nontrivial Fourier component 

V 1 = f V(8) ei8 d8 . 

\J\,L\,1\; 
<11-

t E (9) 

Fig. 2 Sehemarie diagram of energy "bands" in a rnesoscopic ring. 

<11-

Fig. 3 A possible energy-band structure. 

(24) 

Supp?se we have N spinless fermians on the ring. Then, assuming that the 
groundstate ts nondegenerate and the bands therefore correspond qualitatively to the form 
shown in fig. 2, we see that the total energy as a function of <I> is likely tobe dominated by the 
behavior of the last filled "band," lower bands tending to cancel one another out. Thus for N 

4 Note that for given <I> the various bands correspond to different winding numbcrs (in 'I', not 'I''). 
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Energy bands in mesoscopic rings: Leggett Theorem
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N particles with delta interaction: Lieb Liniger

H =
NX

i=1

p̂i
2

2m
+ ⌦L̂Z,i
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GO AWAY!!

repulsive interactionsg>0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Particles repel 
each other

Energy

Angular momentum
per particle

E(⌦) =
~2

2mR2
Nl2 �N~ ⌦ l + E+

int
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Periodicity of persistent current 
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Lieb-Liniger model is integrable: exact solution through Bethe-Ansatz
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N particles with delta interaction: Lieb Liniger

Energy

Angular momentum
per particle

E(⌦) =
~2

2mR2

l2

N
� ~ ⌦ l + E�
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I LOVE YOU

Particles cluster together 
generating “molecules”

attractive  interactionsg<0
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The Angular Momentum 

is FRACTIONALIZED: 

it varies in unit of  1/N.
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LIEB LINIGER results

The FRACTIONALIZATION is a pure quantum effect
and it completely disappears in GPE analysis!!!

Mean field Gross-Pitaevskii description.
It’s a good approximation for weak interactions!
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Fractionalization in the Bose-Hubbard Model
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N=4

… the periodicity depends on 
the value of the interaction!

For large interactions we restore
the 1/N periodicity!!

For large interactions, particles 
cluster together over a length 

comparable to the lattice spacing

U large U small

NON INTEGRABLE 
MODEL

H = �

LX

l=1

✓
Je�2⇡i⌦/L b†l+1bl + h.c.+

U

2
nj(nj � 1)

◆
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Time of Flight (TOF)

n(~k) = |w(~k)|2
X

j,l

ei
~k·(~xj�~xl)hb†jbli
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TOF allows us to measure 
the angular momentum!!

Each step in the mean-square radius 
corresponds to a step in Lz

Momentum distribution

M
ea

n-
sq

ua
re

 r
ad

iu
s
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vs

Quantum solitons behave better?

Can they outperform classical systems?



Thank you for your attention!
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Other solitonic news are going 
to arrive in the next future!
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Who am I?
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Numerical Simulations: Density Matrix Renormalization Group 

Exact Diagonalization

Our Lab

PostDoc in LPMMC - Grenoble, FRANCE

Main Subjects of research: One dimensional strongly correlated systems

Spin chains with long range interactions

Disordered interacting Fermions

Systems of attractive Bosons

PRL 120, 050401 (2018)

PRB 95, 245111 (2017)

SciPost 1, 010 (2016)
arxiv: 1810.09779

PRA 90, 043606 (2014)

arxiv: 1804.10133

FRANCE

Grenoble

arxiv: 1901.09398
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Bose-Hubbard Model       attractive Bosons in a lattice.

attractive
interactions

space

J ~ hopping term U ~ interaction term

Ĥ(U) = �J

X

j

⇣
b
†
jbj+1 + b

†
j+1bj

⌘
� |U |

2

X

j

nj (nj � 1)

-6

-4

-2

 0

 2

 4

-50 -40 -30 -20 -10  0  10  20  30  40  50

E

n

Scattering

Bound

Scattering States

Bound State
�E

�E 6= 0 Energy GAP 
between bands

L bound state
One bound state 
each lattice site

center of mass momentum
if |U | > 4

Exact solution: center of mass & relative frame

2 
pa

rt
ic

le
 p

ro
bl

em



Thermalization in presence of Solitons
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LONG TIME DYNAMICS: THERMALIZATION

Ergodicity Long time dynamics is determined by some 
MACROSCOPIC quantities of the system 

(temperature, number of particles….)!
(simple version)

During the dynamics the system looses information 
on the microscopic details of the initial state!

ONLY EXTENDED

BOTH EXTENDED
AND BOUND

ONLY BOUND
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For interactions 0<U<Uc we have three regions in the spectrum:

This regime is “mesoscopic”: 
it disappears increasing the 

number of particles!

momentum
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Thermalization in presence of Solitons

| 0i =
X

S

PS |Si+
X

B

PB |Bi

| (t)i =
X

S

e�iEStPS |Si+
X

B

e�iEBtPB |Bi

initial state

time 
evolution

Mesoscopic violation of ergodicity in the attractive Bose-Hubbard model

Piero Naldesi
Université Grenoble-Alpes, LPMMC, F-38000 Grenoble,
France and CNRS, LPMMC, F-38000 Grenoble, France⇤
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⇤ Electronic address: piero.naldesi@lpmmc.cnrs.frtime evolution of 
density density correlations!
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If we can initialize the system at the same energy but with different PB 
and PS we will have really different long time evolutions!!
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On going research

Mesoscopic violation of ergodicity

DANGER - WORK IN PROGRESS!

filling

Bose Gas
U >UcU <Uc

Bose-Hubbard

Thermalization
in the GGE

Non integrable

Non ergodic Canonical thermalization
Canonical thermalization

Non integrable

Low filling

Integrable


