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• Ring experiments 

• No rotation, no delta α=Ω=0: 

• Only rotation Ω: 
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ℏ = R = M = 1• Natural units: 

(natural scales:                                     ) 

• Rotating frame: 

• Stationary solution:

θ = θL − Ω tL
ψ(θ, t) = e−i μtϕ(θ)
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ϕ′�′�(θ) + g |ϕ(θ) |2 ϕ(θ) = μ ϕ(θ)

ϕ(0) − e−i2πΩϕ(2π) = 0

ϕ′�(0) − e−i2πΩϕ′�(2π) = α ϕ(0) } attractive, α < 0
repulsive, α > 0

∫
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frame
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boosts: Ω → Ω + integer
parity (θ → 2π − θ) : Ω → − Ω
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ϕ′�′�(θ) + g |ϕ(θ) |2 ϕ(θ) = μ ϕ(θ)

ϕ(θ) = r(θ)ei β(θ)
r2
J (θ) = A + B J2(k(θ − θ0), m)

β′�J(θ) =
γJ

r2
J (θ)

}
General solution: in terms of Jacobi elliptic functions
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Stability: Bogoliubov analysis
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• Add perturbation to solution & 
linearize GP 

• Expand in basis that satisfies 
delta conditions 

• Solve matrix eigenvalue problem
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Stability: Bogoliubov analysis
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Dependence on g:

-10 -5 0 5 10
-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

α

Ω

-10 -5 0 5 10
-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

α

Ω

-10 -5 0 5 10
-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

α

Ω

-0.02 -0.01 0 0.01 0.02
1.2

1.25

1.3

1.35

α
Ω

(0, g/(2π))

(0, g/(2π) + 1/4)

(−g,0)

(−
8πk3 tan(πk)

g cos(2πk) + g + 4πk2 − 2k sin(2πk)
,

1
2 ) with   g + 2πk2 − 2k tan(kπ) = 0

r2
c = Ac [1 + Bc cos(k(θ − π))2]

r2
ch = Ach [1 + Bch cosh(k(θ − π))2]

linear limit: g=0

trigonometric 
functions

Jacobi 
functions



Dependence on g: 
ground & first excited levels
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Dependence on g: 
ground & first excited levels
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Summary

• Spectrum of GP with rotating delta: 3D swallow tail 

structure, degeneracy lines, solitonic trains 

• Bogoliubov analysis: stable & unstable levels, regions 

• Adiabatic cycles: excite the BEC with rotating delta 

• Dependence of g: various g computed, linear limit

Thanks to: 
Muntsa Guilleumas, Bruno Juliá, Iván Morera


