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Introduction
Optimal design problems Linearized elasticity system
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Linearized elasticity system
Let 2 C R be open and bounded, A € L>®(€); Symﬁ) satisfying
2 -1 Lo
Ag: £ >alg”, A SIEZBEI ,  §€Symq

and f € H71(€; RY). Linearized elasticity system with homogeneous
Dirichlet boundary condition:

{ —div (Ae(u)) =f
u € Hj(%RY),

where e(u) = $(Vu+ VuT).
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Linearized elasticity system
Let 2 C R be open and bounded, A € L>®(€); Symﬁ) satisfying
2 -1 Lo
Ag: £ >alg”, A SIEZBEI ,  §€Symq

and f € H71(€; RY). Linearized elasticity system with homogeneous
Dirichlet boundary condition:

{ —div (Ae(u)) =f
u € Hj(%RY),

where e(u) = $(Vu+ VuT).

) - mixture of two isotropic elastic phases with rigidity tensors

Ay =21y + (Nl - %) L®ly, Ay =2usly+ (KJQ - %%) LI,
where 0 < p; < g and 0 < K1 < Ka.

A(x) = x(x)A1 + (1 - x(x))A2, x € L™(2:{0,1}).
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Optimal design problem

J(x) = /Q [X(x)g1(x, u(x)) + (1 — x(x))g2(x, u(x))] dx — min,
X € L>*(2;{0,1}), /Qxdx =q.

0<qg<|
condition

, and g1, g2 Caratheodory functions which satisfy growth

9172(X, u) < a‘u‘s + b(X),

forsome @ > 0,b € L}(Q) and 1 < s < 24, and u is the solution of

{ —div (Ae(u)) =f
u € HY (O RY),

where f € HH(Q; RY), A = A(x) = x(x)A1 + (1 — x(x))As.
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Definition (Composite material)

If a sequence of characteristic functions
Xn € L*(92;{0,1}) and tensors

A" (z) = xn (@)A1 + (1 — xn(2)) Az
satisfy

Xn )
A" A A
then it is said that A is homogenised tensor

of two-phase composite material with
proportions 6 of first material and

microstructure defined by the sequence (xn)-
v

Composite materials- relaxation

Definition (H-convergence)

A sequence of tensor functions A™ is said to
H-converge to A if for every f the sequence
of solutions of

—div (Ae(u,)) =f
{ u, € Hy(Q; RY),
satisfies u, — uin Hy(€; R?),
A"e(u,) — Ae(u) in L(Q; Symyq),
where u is the solution of the homogenised
equation
—div (Ae(u)) =f
{ u e Hs (% RY),

Example — simple laminates: if x. depend only on x1, then

O(A — As) ™" = (A1 — As) '+ (1—0) fa(er),

where fa(e1)€ : & = - (|€e1|* — (€er - e1)?) + 52 (€er - e1)?, forany

& € Symgq, with Ao = k2 — 2u2/d.
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Set of all composites:
4
A:={(0,A) € L™(Q;]0,1] x Symyq) : A € G(0) ae.on Q}

G—closure problem: for given 6 find all possible homogenised (effective) tensors A - open
problem
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Set of all composites:
A:={(0,A) € L=(Q;]0,1] x Sym}) : A € G(0) ae.on Q}

G—closure problem: for given 6 find all possible homogenised (effective) tensors A - open
problem

Theorem (Hashin-Shtrikman bounds on complementary energy)
Leto € Symgq. Any homogenized tensor A. € G(0) satisfies

A7'g: 0> Ay 0 o+0 max [QU:n—(Afl—A;l)fln:n—(l—ﬁ)gc(n)

mESymgy

where g°(m) is a nonlocal term given by g°(n) = max (f2(e)m:m), and
ecS4—

AT'c:o0<A7l'o:o+(1-0) min [20:n+ (AT — A 'nin—0r°(n)]

nESymq
where h°(n) is a nonlocal term given by h¢(n) = m1n (fl (e)n :m), with

fe)g: 6= Ak & — L|Aigel + % ((Azs)e ce)?,i=1,2,€ € Sym,.
Furthermore, these upper and lower bounds are optimal and optimality is achieved by a rank
- d sequential laminate with the lamination directions given by the extremal vectors in the
definition of the nonlocal terms g©(n) and h®(m).
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Original problem:

J(x) = /Q [X(x)g1(x, u(x)) + (1 — x(x))g2(x, u(x))] dx — min,
x € L>*(9;{0,1}), /Qxdx =q.

Generalized objective function is

708 = [ 1061 u(x)) + (1 = 0)() o ux)) 1 [ 660 dx
where u is the solution of the state equation

—div (Ae(u)) =f
u € H(Q;RY).
Relaxed problem:
J(0,A) — min,
(0,A) € {(6,A) € L>=°(Q;[0,1] x Sym?) : A € G(0) ae.on Q}.
(1)
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Compliance minimization

For g1 = go = f - u, it follows

J(0,A) = /Q () - u(x) dx + 1 /Q 0(x) dx. @

By the principle of minimal complementary energy we have

/f(x)-u(x): min /A T TdX,
Q TEL2(2;Symy)
—leT finQ

and the minimum on the right hand side is achieved by o = Ae(u).
Therefore, (2) can be rewritten as

J(O,A) = min /A T de+l/9( )dx  (3)
T€L2(Q;Symy) Q
—divr=finQ

and
min J(6,A) = min min / A7l de—i—l/ 0(x
(0,A)cA (0,A)€A 7€L2(Q:Symy)

—leT finQ
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Necessary conditions of optimality

Theorem

If (6%, A™) is a minimizer of the objective function (2), and if o™ is the unique
corresponding minimizer of (3), then o™ satisfies

o"=A%(u) inQ
—dive* =f inQ 4)
u=20 on 01,
withu € H§(Q, RY), and (8%, A*) satisfies, almost everywhere in §2,
A*—la* . 0'* — 9(6*70'*),

where g(0*, ™) is the lower Hashin-Shtrikman bound on complementary energy, and 0*
is the unique minimizer of the convex minimization problem

Juin (9(0,07) +10).
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Theorem

Let A:={(,A) € L=(Q;0,1] x Sym%) : A € L() ae. on Q},
where the set () is a set of all sequential laminates A with core A1 and
matrix A, in proportions 0 and (1 — ) respectively, defined by

BAT - A) T = (AT A T (18 Zmzfz (e:),
where

N b L (el (a2 a2

fa(e)€: &= " (|€eil” — (&ei - €)®) + Sy T (Ee;i - &),

m; >0,i=1,...,p,and > %, m; = 1. Then

min J(0,A) = min J(0,A).
(6,A)cA (0,A)eA
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Algorithm

Take some initial # and AY. For k from 0 to N:

© Calculate uk, the solution of

—div (AFe(uF)) = f
{ uk € H{(Q;RY),

and define 0¥ := AFe(ub).
® Forx € Q, let 0’““(){) be the zero of the function

0— 7(9 o (x)) +1,
and if a zero doesn’t exist, take 0 (or 1) in case when this function is positive (or

negative) on (0, 1).
© Let (AF+1)(x) be a sequential laminate such that (AF+1) =1 : ok = g(9F+1 oF).

Ivana Crnjac Optimality criteria method for problems of optimal design in linearized elasticity




Introduction
Optimal design problems
Optimality criteria method

Explicit calculations of Hashin Shtrikman lower bound

Explicit calculations of Hashin Shtrikman lower bound in 2D

A7'oc:0> A '0: o+ max 20 :m— (A" =AYy 'pin—(1— 0)g°(m)],

neESyma
where
g°(n) = max (f3(e)n:n),
ecst
and
1 12+ A2 2
se)n:m=An:n— —|A e2+7A e-e)”.
fa(e)n:n 2m N WI 21e| M2(2M2+/\2)( 2ame - e)
Lemma

Letn < --- < nq be the eigenvalues of the symmetric matrix 1. Then

g°(m) = Azn:n— min { (2u2m + Xatr(n))?, (2u2na + Aatr(n))*} .

_
2p2 + A2
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max [20:m— (A7 =AY Ipin—(1-0)g°(n)], (5)

MmESyma
O = 2 — p1, 0Kk = K2 — K1
AT ATH 1y 72#1u2 4 (Fam2 _ 2t1p2 + 2
(A; 2 ) min= (i +n3) 5r g5l ) (m+m2)

von Neumann: o : 1 < o171 + 0272, and equality holds when o and 7} are
simultaneously diagonalizable
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max [20:m— (A7 —Ay) g —(1-0)g°(n)], (5)
mESyma

® S = p2 — p1, 0Kk = Kg — K1
° (A—l _A—l)fln in = 2#1#2 (77 +n )+ K1K2 _ 2p1p2 ( + )2
1 2 . 2 Sk 30p m )" -

® von Neumann: o : 1 < o171 + 0272, and equality holds when o and 7} are
simultaneously diagonalizable

2uip2 , o 2 K1K2 211 pt2 5
) _ APiR2 _ _ _
(1 m) ER? (o111 + 02112) o (i +m2) oK 3op (m +m)

—(1=0)g°(m,n2)],

1
9°(m,m2) = 2p2(nf +13)+A2(m +n2)2—m min { (2uam1 + Aztrn)?, (2p2m2 + A2trn)®}
2 2
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Explicit calculations of Hashin Shtrikman lower bound

Figure: Graphs of the function F'(n1, n2) =

2(o1m1 + o2m2) —
2(o1m1 + o2n2) —
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Theorem

If dimension d = 2, then for given § € [0, 1], 0 < p11 < po, 0 < k1 < k2 and matrix o with eigenvalues
o1 and o2, the lower Hashin-Shtrikman bound on complementary energy is explicitly given as follows:

A If
(1 = 0)pa(ke — k1)|o1 + 02| < (k1(k2 + p2) + (1 — O)pa(ke — k1)) |o1 — o2,
(1 = 0)ka(p2 — p1)lor — 02| < (p1 (k2 + p2) + (1 = O)ka(pz — 1)) o1 + o3,
then
Alc:0>0A7'0:0+(1-0)A 00—
(K2 + p2) (12 (p2 — p) o1 — oo + ppa(k2 — k)lor + 02])°

—(1-6)0 .
(=9 Akapa (k1 (p2 + k) + (1= 0)(papa(ke — k1) + K1ka(pe — pa)))
B. If
(1 = ) pa(ka — K1)|or + 02| > (k1 (k2 + p2) + (1 = O)pa(k2 — k1)) lo1 — 02,
" B0 — 1) s + pz) 1 + )
- - 2 — K1) (K2 + p2)(01 + 02
A'lc:o>A 00+ fr2 — m )i .
=2 4kg (1 — 0)kopo + K1 (k2 + Ouz))
C.If
(1= 0)ka(pe — p1)|or — 02| > (u1(k2 + p2) + (1 — 0)k2(p2 — p1)) |o1 + o2,
then

0(p2 — 1) (K2 + p2) (01 — 02)?
4pus (1 — 0)kopa + p1(p2 + 0k2))”

A710:02A510:0+
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Explicit calculations of Hashin Shtrikman lower bound

Theorem (Optimal microstructure)
Letd =2,0 € [0,1],0 < 11 < po, 0 < k1 < k2 and 1, 02 eigenvalues of matrix o.
A If

(1 = O)pa(kz — K1)lor + 02| < ( 01 (k2 + p2) + (1 = ) (ke — k1)) |01 — 02,
(1= 0)ka(p2 — pa)lor — oa] < (pa(kz + pa) + (1 = O)k2(p2 — pa)) lo1 + o2,
then the optimal microstructure is a simple laminate with layers orthogonal to the eigenvector associated to the smaller

eigenvalue by the absolute value of the extremal ) in (5).
B. If

(1= O)pa(ke — K1)|o1 + 02| > (k1 (k2 + p2) + (1 — O)pa(ke — k1)) (02 — 01),

then the optimal microstructure is rank-2 laminate with lamination direction orthogonal to eigenvectors e; and ey of the
extremal 1) in (5) and lamination parameters

my = Ly et ee) + (L= Opa(se — k1)) (02 — 01)
2" 2(1 = 0) (k2 — K1)p2(01 + 02)

me = l ("1(#2+f»2)+(1 RITIG 2*'61))(0'1*02)
2= 2" 2(1 = 0) (k2 — k1) p2(01 + 02)

(1= 0)ka(p2 — 1) (o2 — 1) = (1 (k2 + p2) + (1 — O)ka(p2 — 1)) |or + o2l

then the optimal microstructure is rank-2 laminate with lamination direction orhogonal to eigenvectors e; and ey of the
extremal 1) in (5) and lamination parameters

m = 1 (1 (p2 + K2) + (1 — 0)ra(p2 — p1)) (o1 + 02)
2" 2(1 = 0) (2 — p1)ka2(o2 — 01)

m 1, (ulpz+ h) + (1= O)ralp2 — p))(01 + 02)

: 2" 2(1 = 0)(u2 — p)w2(01 — 02) ’
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Example 1.

We consider two dimensional problem of compliance minimization
J(0,A) = / f-udx — min,
Q

where Q C RZ%is aball B(0,2), 1 = 63, k1 = 58, g = 75,
ko = 139, while u is the state function for

{ —div (Ae(u)) =f
u € H}(Q; RY).

where we take f = 10e,. for the right-hand side.
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Figure: Optimal distribution of materials in a ball with volume constraint 25% of

the first material.
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. (b) ||6” — || 2 in terms of the iteration
number k.

Figure: Convergence history for compliance minimization in a ball.
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Example 2.

We consider two dimensional problem of compliance minimization
J(0,A) :/f-udx—i-/ g-udS — min,
9) I

where Q C R? is a rectangle, for u being the state function

—div (Ae(u)) =f inQ
u=20 onI'p
Ae(uin=g onT'y,

where we take f = (0, —10) " for the right-hand side and g = 0. The

boundary part I'p corresponds to
00N (B((—2,0),0.1) U B((2,0),0.1)), while I ;y corresponds to the
rest of the boundary.
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Figure: Optimal distribution of materials in a rectangle with volume constraint 50%

of the first material.
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(a) Cost functional J. (b) |0% — || 2 in terms of the iteration
number k.

Figure: Convergence history for compliance minimization in a rectangle.
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Example 3.

We consider two dimensional problem of compliance minimization
J(O,A) = / f-udx—l—/ g-udS — min,
Q on

where Q C R? is a rectangle, for u being the state function

—div(Ae(u)) =0 inQ
u=20 on'p
Ae(uin=g on 'y,

where we take g = (0, —10) " on 9Q N B((0,1),0.2).

Ivana Crnjac Optimality criteria method for problems of optimal design in linearized elasticity




Introduction .
. N Explicit calculations of Hashin Shtrikman lower bound
Optimal design problems .
Lo - Numerical examples
Optimality criteria method

theta

Figure: Optimal distribution of materials in a rectangle with volume constraint 60%
of the first material.
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(a) Cost functional J. (b) ||0%F — 0¥ || .2 in terms of the iteration

number k.

Figure: Convergence history for compliance minimization in a rectangle.
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