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190 The dynamics of Cosserat nets
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Figure 1.2 . The map r(t,s) for an extended rigid junction. The node
ν has three lines λ1, λ2 , and λ3 attached to it. The net on the left is
mapped into the Cosserat net on the right.

If ν is a point junction, then r(t,ν) = rλ(t,ν) for all lines λ which con-
nect to ν. If all the junctions are point junctions, then r(t,s) is a contin-
uous function of s. If ν represents an extended junction, then there will
be a difference between r(t,ν) and rλ(t,ν) which is given by the vector
ξ(t,ν,λ) such that

rλ(t,ν) = r(t,ν) + ξ(t,ν,λ), (1.1)

where

ξ(t,ν,λ) =
3∑

i=1
ξdi (ν,λ)di(t,ν), (1.2 )

so the components ξdi (ν,λ) are independent of t.
The directors are in general discontinuous at the nodes. (See Figure

1.3 .) We write dj |λ(t,ν) as the value of the jth director at the endpoint of
line λ at ν (the vertical bar is used simply to distinguish subscripts). Fur-
thermore, dj(t,ν) is the jth member of a rigid body frame at ν. If there is
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a) b) c) d)

Fig. 1. Cosserat nets are graph-like structures that consist of elastic joints linked by elastic rods. In this paper, we propose to employ CORDE to model
such objects. Cosserat nets have a broad spectrum of applications in the field of animation. a) An animation of a chain modeled from linked elastic rings. b)
Close-up of the chain. c) Animation of two heavy objects falling on two trusses. d) CORDE is suited for simulating coarse nets.

that is focused on hair interactions, where the hair strand is
modeled from clusters linked by bending springs. Brown et al. [1]
published an approach to simulate knotting of ropes, including
a robust collision handling scheme. They model the rope from
a chain of masses and springs. However, in contrast to our
deformation model, neither of these models is able to handle
torsional torques.

A deformable model that handles torsional torques has been
presented by Wang et al. [13]. Similar to [1], they model a thread
from a chain of springs. In addition, they link the segments
by torsional springs. In contrast to their work, we employ an
energy-based approach to compute the restoration forces. Choe
et al. [14] proposed to model hair strands from rigid bodies
linked by springs, where the torques are computed from the
relative orientations of the rigid bodies. A similar model for the
simulation of cables in virtual environments has been proposed
in [15]. Recently, Hadap [16] describes a methodology based
on differential algebraic equations to simulate chains of rigid
bodies that includes torsional stiffness dynamics. In turn, this
approach is computationally expensive and thus less suitable for
interactive applications. The large stretching stiffness of elas-
tic rods usually limits the efficiency. This problem is partially
alleviated by Kubiak et al. [17] who combine the position-
based cloth-simulation approach of Mueller et al. [18] with a
simple mass-spring approach to represent the rod. Similar in
spirit is the approach of Selle et al. [19] that employs a concept
they call ”altitude springs” to handle twisting deformation in
the simulation of hair. For both approaches, material torsion is
supported. However, since the twisting and bending moments are
not coupled, many torsional effects cannot be reproduced.

Terzopoulos [2] has been the first who considered a continuous
energy formulation of the curve in space subject to geomet-
ric deformation. Later, Qin and Terzopoulos [20] proposed a
physically-based deformation model of a NURBS curve. They
derive continuous kinetic and deformation energies, and evolve
the curve by employing Lagrangian mechanics. A finite element
analysis enables the simulation of the curve at interactive rates.
Similar in spirit is the approach of Remion et al. [21]. They
employ successions of spline segments to model knitted cloth. In
contrast to [20], they consider the control points as the degrees
of freedom of the continuous object. The use of splines was also
suggested by Lenoir et al. [3] and by Phillips et al. [22] in order
to model threads. These approaches can also handle complex
collision configurations, as recently shown by Kaldor et al. [23]
in the context of the simulation of knitted cloth. Here, the authors
model the yarn with one single spline, which is in contrast to [21].
These approaches have in common that material torsion can not

be represented. In contrast, our deformable model handles both
bending and torsion of rods in contact.

The Cosserat theory for elastic rods has first been introduced
to the community by Pai in 2002 [6]. He models the statics
of thin deformable structures such as catheters or sutures. He
assumes the rod to be unshearable and inextensible. The con-
figuration of the rod is obtained by solving the resulting BVP.
This approach provides an efficient and physically correct way
to animate continuous elastic rods. However, the model does
not handle dynamics. Furthermore, self-contact and interactions
require numerically sensitive shooting techniques to solve the
differential equations.

Recently, Bertails et al. [24] proposed an important extension
of Pai’s work. They simulate hair strands as chains of helical
segments. The Darboux vectors constitute the DOFs of the strand.
To evolve the hair strands, they employ Lagrangian dynamics.
The configuration of the hair strand is reconstructed from the
generalized coordinates that conform to twist and curvature of
the segments. Still, as their approach has complexity O(N2)
with N the number of segments, the approach is less suitable
for handling contacts that require a large number of DOFs. In
contrast, our scheme is linear in the number of elements, and
designed to handle complex contact configurations such as knots.
Further, we replace the viscous dissipation energy of [24] by a
term that additionally considers internal friction without affecting
the rigid body motion of the rod.

Similar in spirit is the approach earlier proposed by Wakamatsu
et al. [25] in the field of robotics. In contrast to Bertails et al., they
employ the three Eulerian angles together with a stretch parameter
as DOFs of the rod. The geometric configuration of the rod is then
reconstructed by integrating the orientation field. However, it is
unclear how the singularities of the Eulerian angles at the poles
are handled. Moreover, the proposed model is limited to static
equilibria.

It is obvious to combine spline-based methods with the
Cosserat approach. Theetten et al. proposed a geometrically
exact, dynamic spline model which supports both geometric and
material torsion [8], [26]. In contrast to Bertails and similar to
us, they employ the spline control points as DOFs of the rod.
Material torsion is modeled by a single roll parameter. This
model is accurate, efficient, constraint-free and does not exhibit
the ’ghost inertia’ problem of CORDE (see Sec. V). However,
a concept of material orientation cannot be easily handled with
this formulation, as laid out in Sec. III. Moreover, their dynamic
formulation is as well an approximation of the exact dynamics,
as detailed in Sec. V.

The research on elastic rods cumulates with a recent publication
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Fig. 13. We vary the end-to-end rotation of a spheroidal object that consists of four elastic rods. This experiment illustrates the rich deformations that are
achieved by employing CORDE to model such networks of joints and elastic handles.

stability of the green truss that is induced by the non-existing
torsional shearing resistance.

To show that the difference comes exclusively from the tor-
sional shearing resistance, the same experiment is performed, but
the trusses are rotated about their main axes. Now, the deformation
in the gravity field does not induce a shearing deformation.
Consequently, no torsional torques are exerted, and the resulting
resting configurations of the two trusses do not differ (Fig. 14 b).

a) b)

Fig. 14. To illustrate that torsional shearing resistance has a major influence
on the simulation of Cosserat nets, we simulate two trusses in a gravity field.
In contrast to the truss on the back, the front truss has no shearing resistance.
Therefore, its stability is reduced, resulting in a flexed resting configuration a).
To illustrate that this behavior is exclusively induced by the differing shearing
resistances, the same experiment is performed with the two trusses rotated by
90 degrees. In this setting, the trusses are not subject to torsional deformation,
and consequently the resulting resting configurations do not differ b).

To give another example of the dependency of the simulation on
the torsional shearing, we repeat the ribbon experiment (Fig. 15)
with ribbons of differing shearing resistances. Both ribbons have a
Young modulus E = 0.2MPa, a stretching modulus Es = 5MPa,
a radius r = 0.01m and a density Ω = 1300kg m°3. The internal
friction is ∞t = 20kg m3 s°1 and ∞r = 0.5kg m3 s°1. The sizes
of the ribbons are 24 £ 1m. While the blue ribbon in Fig. 15 a)
has a torsional shearing resistance G = 0.2MPa, the green ribbon
in Fig. 15 b) has no shearing resistance. The blue ribbon coils up
regularly, which is enabled by handling the torsional deformation.
This behavior cannot be reproduced by the green ribbon, it results
in chaotic loops on the ground.

Since CORDE handles both bending and twisting deformation
modes, the Cosserat nets provide a high physical plausibility. To
illustrate this, we perform an experiment where we vary the end-
to-end rotation of a spheroidal object depicted in Fig. 13. The
four rods linking the two ends successively deform until an eight-
shaped state is reached.

A net can be understood as a bundle of single threads, forming
a planar two-dimensional structure. In contrast to knitted garment,
the single threads are tied together in each crossing. Thus, we can
model a net by employing CORDE, where we consider a joint

a) b)

Fig. 15. Simulation of an elastic ribbon falling onto the ground. While the
blue ribbon a) has a resistance to torsional shearing, shearing deformation is
not handled for the green ribbon b). Consequently, the blue ribbon coils up
while the green ribbon falls in chaotic loops.

in each crossing of the net. By simulating such Cosserat nets,
we obtain the expected cloth-like behavior of the objects. While
dense nets could also be modeled and (more efficiently) simulated
by employing triangle topologies and thin shell methods, the
simulation of coarse nets is enabled by employing CORDE, as
depicted in Fig. 16. The computational effort to simulate bigger
nets is remarkable, especially since the complexity of the collision
detection grows quadratically with the number of segments. The
coarse net in Fig. 16 a) and b) is modeled from 0.8K points, 0.9K
centerline elements and 1.1K orientation elements. Computing
the deformation and integration takes 6.6ms, collision detection
takes 62.3ms in average, and collision response is cheap with
0.3ms. The dense net in Fig. 16 c) and d) is modeled from 1.2K
points, 1.5K centerline elements, and 3K orientation elements.
Computing the deformation and integration takes 14.5ms, colli-
sion detection takes 224ms, and collision response takes 10.6ms.

VIII. CONCLUSION AND OUTLOOK

We have introduced the Cosserat nets, a useful extension of the
CORDE deformation model to networks of elastic rods. We have
started with a detailed derivation of the statics and dynamics of
the CORDE deformation model. This derivation differs from the
previous work in [7] and allows for a better understanding of the
theory. We have further discussed the benefits and limitations of
the dynamics of CORDE, which should encourage researchers to
keep on investigating into dynamic elastic rod models. The dis-
cussion is accompanied with a careful validation of the CORDE
model by comparing it to a physically accurate FE deformation
model recently presented in the field of mechanics [5]. Thereby,
we have illustrated that CORDE reproduces the important effects
subject to elastic rods, such as unstable equilibrium and balance
of strain rates.

By linking elastic rods at control points and inserting orien-
tation elements with intrinsic curvature at the joints, we have

Cf. Teschner

Networks of strings and masses

Cosserat theory of (strings, beams) rods
Antman et al., Grautus et al.........
No control theory so far!
See, however, Ch. Strohmeyer PhD 2017 at FAU
And Charlotte Rodriguez current PhD student in ConFlex see Wednesday morning

Linear strings and masses: Hansen Zuazua 1995 -> asymmetric spaces
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Two strings coupled via springs

8
>>>>>>>>><

>>>>>>>>>:

uitt � Ki (u
i
x)x = 0, 0 < x < L, i = 1, 2,

m0u
1
tt(0, t) = K1(u

1
x )(0, t)� (u1(0, t)� u2(0, t)),

m0u
2
tt(0, t) = K2(u

2
x )(0, t) + (u1(0, t)� u2(0, t)),

mLu
1
tt(L, t) = �K1(u

1
x ((L, t) + h1(t),

mLu
2
tt(L, t) = �K2(u

2
x )(L,T ) + h2(t),

ui (x , 0) = �i0(x), u
i
t(x , 0) =  i

1(x), 0 < x < L, i = 1, 2.
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Two strings coupled via a Maxwell element

8
>>>>>>>>><

>>>>>>>>>:

uitt � Ki (u
i
x)x = 0, 0 < x < L, i = 1, 2,

m0u
1
tt(0, t) = K1(u

1
x )(0, t)� (u1(0, t)� u2(0, t))� ⌧(u1t (0, t)� u2t (0, t)),

m0u
2
tt(0, t) = K2(u

2
x )(0, t) + (u1(0, t)� u2(0, t)) + ⌧(u1t (0, t)� u2t (0, t)),

mLu
1
tt = �K1(u

1
x )(L, t) + h1(t),

mLu
2
tt = �K2(u

2
x )(L, t) + h2(t),

ui (x , 0) = �i0(x), u
i
t(x , 0) =  i

1(x), 0 < x < L, i = 1, 2.
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Mutliple string-spring system

uitt(x , t)� Ki (u
i
x)x = 0, i = 1, 2, 3, (x , t) 2 (0, 1)⇥ (0,T )

u1(1, t) = 0, ui (1, t) = hi (t), i = 2, 3, t 2 (0,T )

� Ki (u
ix)(0, t) +miu

i
tt(0, t) + i

0

@2ui (0, t)�
3X

j 6=i

uj(0, t)

1

A = 0, i = 1, 2, 3,

ui (x , 0) = �i (x), uitt(x , 0) =  i (x), x 2 (0, 1).

<latexit sha1_base64="tWjDA3xUw2QFORrrSEFMhu2n4vY="></latexit>

uitt(x , t)� Ki (u
i
x)x = 0, i = 1, 2, 3, (x , t) 2 (0, 1)⇥ (0,T )

u1(1, t) = 0, ui (1, t) = hi (t), i = 2, 3, t 2 (0,T )

� Ki (u
ix)(0, t) +miu

i
tt(0, t) + i

0

@3ui (0, t)�
3X

j=1

uj(0, t)

1

A = 0, i = 1, 2, 3,

ui (x , 0) = �i (x), uitt(x , 0) =  i (x), x 2 (0, 1).
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Coupling via a general viscoelastic graph

and dash-pots
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A general viscoelastic coupling
see also Rivera and Andrade Math. Meth. Appl. Sci., 23, 41-61 (2000)

8
>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>:

uitt � Ki (u
i
x)x = 0, 0 < x < L, i = 1, 2,

x = 0 : m0u
1
tt(0, t) = K1(u

1
x )(0, t)� (u1(0, t)� u2(0, t))

� @

@t

tZ

0

a(t � s)(u1(0, s)� u2(0, s))ds,

m0u
2
tt(0, t) = K2(u

2
x )(0, t) + (u1(0, t)� u2(0, t))

+
@

@t

tZ

0

a(t � s)(u1(0, s)� u2(0, s))ds,

x = L : mLu
1
tt = �K1(u

1
x )(L, t) + h1(t),

mLu
2
tt = �K2(u

2
x )(L, t) + h2(t),

t = 0 : ui (x , 0) = �i (x), uit(x , 0) =  i (x), ui (x , s) = 0,

s < 0, 0 < x < L, i = 1, 2.
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Integration of the nodal conditions....
8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

uitt � Ki (u
i
x)x = 0, 0 < x < L, i = 1, 2,

x = 0 : m0u
1
t (0, t) = G11( 

1(0),�1(0),�2(0)) + G21(u
1(0, t), u2(0, t))

+

tZ

0

G31(t, s, u
1(0, s), u2(0, s), u1x (0, s))ds,

m0u
2
t (0, t) = G12( 

2(0),�1(0),�2(0)) + G22(u
1(0, t), u2(0, t))

+

tZ

0

G32(t, s, u
1(0, s), u2(0, s), u2x (0, s))ds

x = L : mLu
1
t (L, t) = mL 

1(L) +

tZ

0

Ḡ21(u
1
x )(L, s)ds +

tZ

0

h1(s)ds,

mLu
2
t (L, t) = mL 

2(L) +

tZ

0

Ḡ22(u
2
x )(L, s)ds +

tZ

0

h2(s)ds,

t = 0 : ui (x , 0) = �i0(x), u
i
t(x , 0) =  i

1(x), 0 < x < L, i = 1, 2.
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Standard format for a scalar problem
Y.Wang, G.L. T.Li :Math. Meth. Appl. Sci. 40(10), 3808-3820, 2017

8
>>>><

>>>>:

utt � K (u, ux)x = F (u, ux , ut), 0 < x < L,

x = 0 : m0utt(0, t) = G (t, u, ux , ut)(0, t) + h(t)

x = L : mLutt(L, t) = Ḡ (t, u, ux , ut)(L, t) + h̄(t), 0  t  T

t = 0 : (u(x , 0), ut(x , 0))
T = (�(x), (x))T, 0  x  L

where we assume:

Kv (u, v) > 0, F (0, 0, 0) = 0, K (0, 0) = 0

G (t, 0, 0, 0) = 0, Ḡ (t, 0, 0, 0) = 0, T >
Lp

Kv (0, 0)

integrated version:

x = 0 : m0ut(0, t) = m0 (0) +

tZ

0

G (t, u, ux , ut)(0, s)ds +

tZ

0

h(s)ds

x = L : mLut(L, t) = mL (l) +

tZ

0

Ḡ (t, u, ux , ut)(L, s) +

tZ

0

h̄(s)ds
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Essential result on first order systems

Indeed, we look into a more general set-up:

@tu + A(u)@xu = F (u),

where F (0) = 0 and A(u) has the following structure

li (u)A(u) = �i (u)li (u), A(u)ri (u) = �i (u)ri (u), i = 1, . . . , n

li (u)rj(u) = �ij , rj(u)ri (u) = 1, i , j = 1, . . . , n

�p(u) < �q(u) = 0 < �r (u),

1  p  l , l + 1  q  m, m + 1  r  n

We define vi := li (u)u and then reformulate the system as

<latexit sha1_base64="NRVZJMZ18UUp/CJouSLyKKGW/3Y="></latexit>
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Equation in characteristic form
li (u) (@tuj + �i (u)@xuj) = li (u)F (u) =: fi (u), i = 1, . . . , n

x = 0 :vr = Gr (t, v1, .., vl , vl+1, .., vm) +

tZ

0

Hr (s, v)ds + hr (t), r = m + 1, .., n

x = L :vp = Gp(t, vl+1, .., vm, vm+1, .., vn) +

tZ

0

Hp(s, v)ds + hp(t), p = 1, .., l

t = 0 :u = �(x), 0  x  L

We require additionally:

Gr (t, 0, . . . , 0) = 0,Hr (t, 0) = 0, r = m + 1, . . . , n

Gp(t, 0 . . . , 0) = 0,Hp(t, 0) = 0, p = 1, . . . , l

and C
1 compatibility conditions.

<latexit sha1_base64="mrauZEvYcoyWmaGA0sgOEspaoOM="></latexit>
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Two-sided exact controllability

Theorem (two-sided controllability)
Let T > Lp

Kv (0,0)
. For any given initial data (�, ) and final data (�, )

with small norms k(�, )kC 2⇥C 1 , k(�, )kC 2⇥C1, there exist boundary
controls h(t) and h̃(t) with small C (0,T )-norms such that the IBVP
with initial data

t = 0 : u = �(x), @tu =  (x), 0  x  L

admits a C 2-solution u with small C 2 norm on
R(T ) := {(t, x)|0  t  T , 0  x  L} such that the final conditions

t = T : u = �(x), @tu =  (x), 0  x  L.

<latexit sha1_base64="2Ok6xbgpDSL1Pe1OI0q45VLOeVI="></latexit>
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One-sided exact controllability
Theorem (one-sided controllability)
Let T > 2Lp

Kv (0,0)
and assume

@G (t, 0, 0, 0)

@v
6= 0, t 2 [0,T ].

For any given initial data (�, ) and final data (�, ) with small norms
k(�, )kC 2⇥C 1 , k(�, )kC 2⇥C1, with h(t) ⌘ 0 there exist a boundary
control h̃(t) with small C (0,T )-norms such that the IBVP with initial
data

t = 0 : u = �(x), @tu =  (x), 0  x  L

admits a C 2-solution u with small C 2 norm on
R(T ) := {(t, x)|0  t  T , 0  x  L} such that the final conditions

t = T : u = �(x), @tu =  (x), 0  x  L.

<latexit sha1_base64="T0SeV99owKZknTmLcjbhpzxCkYA="></latexit>
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Results for system Wang, G.L., Li 
Nonlinear Analysis  49 pp. 71-89 to be published: OCT 2019  

Consider the following coupled system of 1-D quasilinear wave equations:

uitt � (K i (ui , uix))x = F i (u,ux ,ut) (i = 1, ..., n),

where u = (u1, ..., un)T is an unknown vector function of (t, x),
ux = (u1x , ..., u

n
x )

T,ut = (u1t , ..., u
n
t )

T,K i = K i (ui , v i ) are given C 2

functions of ui , v i , such that

K i
v i (ui , v i ) > 0 (i = 1, ..., n),

F i = F i (u, v,w) are given C 1 functions of u, v,w, such that

F i (0, 0, 0) = 0 (i = 1, ..., n).

Without loss of generality, we may assume that

K i (0, 0) = 0 (i = 1, ..., n).
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Nonlinear systems with masses
At the end x = 0, we prescribe the following coupled nonlinear dynamical

boundary conditions:

x = 0 : uitt = G i
(t,u,ux ,ut) + hi (t) (i = 1, ..., n),

where G i
= G i

(t,u,ux ,ut) are given C 1
functions of its arguments, hi (t)

are C 0
functions of t for (i = 1, ..., n).

Similarly, at other end x = L, the boundary conditions are given by

x = L : uitt = Ḡ i
(t,u,ux ,ut) + h̄i (t) (i = 1, ..., n),

where Ḡ i
= Ḡ i

(t,u,ux ,ut) are given C 1
functions of its arguments and

h̄i (t) are C 0
functions of t for (i = 1, ..., n), respectively.

Here, without loss of generality, we may assume that

G i
(t, 0, 0, 0) ⌘ Ḡ i

(t, 0, 0, 0) ⌘ 0 (i = 1, ..., n).
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Initial and final data

The initial condition is given by

t = 0 : (u,ut) = (�, ), 0  x  L,

where � = (�1, ...,�n)T is C 2 a vector-valued function of x with small
C 2[0, L] norm,  = ( 1, ..., n)T is C 1 a vector-valued function of x with
small C 1 norm, such that the conditions of C 2 compatibility at the points
(t, x) = (0, 0) and (0, L) are satisfied, respectively.
The final condition is given by

t = T : (u,ut) = (�, ), 0  x  L,

where � = (�1, ...,�n)T is a C 2 vector-valued function of x with small
C 2[0, L] norm,  = ( 1, ..., n)T is a C 1[] vector-valued function of x
with small C 1[0, L] norm, such that the conditions of C 2 compatibility at
the points (t, x) = (T , 0) and (T , L) are satisfied, respectively.
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Semi-global classical solutions

Theorem: Existence of semi-global classical solutions:

Under the assumptions above, for any given T > 0, suppose that
k(�, )k(C 2[0,L])n⇥(C 1[0,L])n , khk(C 0[0,T ])n and kh̄[0,T ]k(C 0[0,T ])n are small
enough (depending on T ), and the conditions of C 2 compatibility are
satisfied at the points (t, x) = (0, 0) and (0, L), respectively. Then, the
forward mixed initial-boundary value problem admits a unique semi-global
C 2 solution u = u(t, x) with small C 2 norm on the domain
R(T ) = {(t, x)|0  t  T , 0  x  L}.

[Hidden Regularity] For the semi-global C 2 solution u = u(t, x) given
in the last Theorem, if hi (t) ⌘ 0(i = 1, ..., n), or more generally,
hi (t) 2 C 1[0,T ] with small C 1[0,T ] norm, there is a hidden regularity on
x = 0 that ui (t, 0) 2 C 3[0,T ](i = 1, ..., n) with small C 3 norm.
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Controllability

Theorem: Two-sided controllability Let

T > L max
i=1,...,n

0

@ 1q
K i
v i (0, 0)

1

A .

For any given initial data (�, ) and final data (�, ) with small norms
k(�, )k(C 2[0,L])n⇥(C 1[0,L])n and k(�, )k(C 2[0,L])n⇥(C 1[0,L])n , there exist

boundary controls H = (h1, ..., hn) and H = (h̄1, ..., h̄n) with small norms
khikC 0[0,T ] and kh̄ikC 0[0,T ](i = 1, ..., n), such that the mixed
initial-boundary value problem above admits a unique C

2 solution
u = u(t, x) with small C 2 norm on the domain
R(T ) = {(t, x)|0  t  T , 0  x  L}, which exactly satisfies the final
condition
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Controllability
Theorem: One-sided controllability Let

T > 2L max
i=1,...,n

0

@ 1q
K i
v i (0, 0)

1

A .

For any given initial data (�, ) and final data (�, ) with small norms
k(�, )k(C 2[0,L])n⇥(C 1[0,L])n and k(�, )k(C 2[0,L])n⇥(C 1[0,L])n , and for any
given boundary condition with h

i ⌘ 0(i = 1, ..., n), such that the
conditions of C 2 compatibility are satisfied at the points (t, x) = (0, 0)
and (T , 0), respectively. Suppose furthermore that

det

✓
@G i (t, 0, 0, 0)

@vj

◆

n⇥n

6= 0,

Then, there exist boundary controls H = (h̄1, ..., h̄n) with small norm
kHk(C 0[0,T ])n on x = L, such that the mixed initial-boundary value
problem admits a unique C

2 solution u = u(t, x) with small C 2 norm on
the domain R(T ) = {(t, x)|0  t  T , 0  x  L}, which exactly
satisfies the final condition
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3-d string-spring networks:Energies

Let ⇢i be the constant density of the corresponding string. Then the
kinetic energy of a single string, labeled by i , at time t is given by

Ki (Ri (·, t)) := 1
2

Z Li

0
⇢i |Ri

t(x , t)|2 dx +
1

2

X

k,j :i2I j\Ik

mj
k |R

i
t(xij , t)|2.

We shall assume that the potential energy of the same string is of the
form

V i (Ri (·, t)) : =
Z Li

0

⇥
V i (|Ri

x(x , t)|) + ⇢igR(x , t)
i · e

⇤
dx

+
1

2

X

k>i

ja
j
ik |R

i (xij , t)� Rk(xkj , t)|2

where
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Total energies for network

• V i (s) is a twice continuously di↵erentiable, convex real valued function
defined on an open subinterval I i = (ai , bi ) of the positive real axis, with
ai < 1 < bi , satisfying V i

ss(s) > 0 and V i (1) = V i
s (1) = 0;

• e is the vertical unit vector and g is the gravitational constant.

• As for the total kinetic energy and total potential energy, we define

K(R(·, t)) :=
X

i2I
Ki (Ri )

and
V(R(·, t)) :=

X

i2I
V i (Ri )

respectively.
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Lagrangian
We now apply Hamilton’s principle to the Lagrangian functional defined

for fixed T > 0 by

L(R) :=
Z T

0

(
X

i2I

Z Li

0

⇥
1
2⇢i |R

i
t(x , t)|

2dx � V i
(|Ri

x(x , t)|)� ⇢igR
i
(x , t) · e

⇤
dx

+
1

2

X

k,j :i2I j\Ik

mj
k |R

i
t(xij , t)|

2
�

1

2

X

k>i

ja
j
ik |R

i
(xij , t)� Rk

(xkj , t)|
2

9
=

; dt

The domain of L consists of R with Ri
in

O
i
:=

�
Ri

2 C 2
([0, Li ]⇥ [0,T ]; IR3

)
 
and

Ri
(·, 0) = R0,i

and Ri
t(·, 0) = R1,i ,

as well as prescribed Dirichlet boundary conditions at simple nodes

Rij (xij j , t) = Uj
(t) for j 2 J

D
and for t 2 [0,T ].
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Euler-Lagrange equations

⇢iR
i
tt(x , t) = Gi (Ri

x(x , t))x � ⇢ige for each i 2 I

with Gi : IR3 7! IR3 defined by

Gi (v) := V i
s (|v|)

v
|v| .

Next, for j 2 JM we choose perturbations with ri = 0 for i /2 I j and
with support in a small neighbourhood of xij for i 2 I j . As there is no
continuity condition across the joints, we are led to the multiple node
condition

✏ijG
i (Ri

x(xij , t)) +mj
iR

i
tt(xij , t)

+ j

8
<

:

0

@
djX

k=1

ajik

1

ARi (xij , t)�
djX

k=1

ajikR
k(xkj , t)

9
=

; = 0 for each j 2 JM .
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The full network system

We collect the equations and nodal conditions and write down the entire
system as follows:
8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

⇢iR
i
tt(x , t) = Gi (Ri

x(x , t))x � ⇢ige, x 2 [0, Li ], t 2 [0,T ], i 2 I
Rij (xij j , t) = Uj(t), x 2 [0, Li ], t 2 [0,T ], j 2 J D

✏ij jG
ij (Rij

x (xij j , t)) = Uj(t), t 2 [0,T ], j 2 J N

✏ijG
i (Ri

x(xij , t)) +mj
iR

i
tt(xij , t)

+ j

8
<

:

0

@
djX

k=1

ajik

1

ARi (xij , t)�
djX

k=1

ajikR
k(xkj , t)

9
=

; = 0 t 2 [0,T ], j 2 JM

Ri (x , 0) = R0,i Ri
t(x , 0) = R1,i , x 2 [0, Li ], i 2 I.

(E)
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Limiting model as spring stifness tends to
infinity
Notice that

X

i2Ij

✏ijG
i
(Ri

x(xij , t)) +
X

i2Ij

mj
iR

i
tt(xij , t) = 0

which provides a balance of elastic forces at node nj . if, moreover j at

the node nj tends to inifinity, then we obtain

Ri
(xij , t) = Rk

(xkj , t), 8i , k 2 Ij , t 2 [0,T ].

If then the masses mj
i = mj

, one gets the classical Kirchho↵ condition

including the mass mj
, or if m = 0 the classical transmission conditions

used in

G.L. and E.J.P.G. Schmidt: On Exact Controllability of Networks of

Nonlinear Elastic Strings in 3-Dimensional Space, Chinese Annals of

Mathematics 32B(6), 1-28 (2011).

<latexit sha1_base64="McHdaQOeaM8BN45lKqfD8EnSUO8="></latexit>



27.08.19 26KONTINUIERLICHE

OPTIMIERUNG

Deviations from equlibria
We assume a stretched equilibrium Re = {Re,i}i2I and introduce
perturbations away from the given equilibrium by setting

ri (x , t) := Ri (x , t)� Re,i (x).

Noting that the Re,i do not depend on t, the system (??) is equivalent to

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

⇢i ritt(x , t) = [Gi (Re,i
x (x) + rix(x , t))]x � ⇢ige, for i 2 I,

ri (x , 0) = r0,i (x), rit(x , 0) = r1,i (x) for i 2 I,
rij (xij j , t) = Uj(t) for j 2 J S ,

✏ijGi (Re,i
x (xij) + rix(xij , t)) +mj

i r
i
tt(xij , t)

+j

( 
djP

k=1
ajik

!
(Re,i (xij) + ri (xij , t))

�
djP

k=1
ajik(R

e,k(xkj) + rk(xkj , t))

)
= 0 for j 2 JM

(E”)
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Examples
We assume xij = 0 for all edges adjacent to N j . At this node we now
have a graph G j = (V j ,E j) of springs with adjacency structure given by

Aj = (ajik). Let D
j := diag((

djP
k=1

ajik), i = 1, . . . , d j). Then weighted

discrete Laplacean of G j is given by Lj := D j � Aj . Devote the diagonal
mass matrix Mj := diag(mj

i , i = 1, . . . , d j) and the strain matrix

K j(rx(0, t)) := diag(G i (Re,i (0) + rix(0, t)), i = 1, . . . , d j),

with rx := (r1x , . . . , r
dj

x )T . Then with rtt := (r1tt , . . . , r
dj

x )T ,

r := (r1, . . . , rd
j
)T . Then the nodal condition coupling the adjacent

strings to the springs can be written as

Mj rtt(0, t) = Kj(rx(0, t))� jL
j r(0, t).



27.08.19 28KONTINUIERLICHE

OPTIMIERUNG

The ring
For a ring (cycle) with springs connecting the ends of the strings, we
arrive at the new coupling matrix

L1 =

0

BBBBBBBBB@

1 0 0 0 0 . . . �1
0 1 �1 0 0 . . . 0
0 �1 1 0 0 . . . 0
0 0 0 1 �1 . . . 0
0 0 0 �1 1 . . . 0
. . .

. . .
. . .

. . .
. . .

. . . 0
�1 0 0 0 0 . . . 1

1

CCCCCCCCCA

rtt(x , t)� (K(rx(x , t)))x = 0, x 2 [0, 1], t 2 [0,T ]

M0rtt(0, t) = K1(rx(0, t))� 0L0r(0, t), t 2 [0,T ]

M1rtt(L, t) = �K1(rx(L, t))� 1L1r(0, t) +H
1(t), t 2 [0,T ]

r(x , 0) = r0(x), rt(x , 0) = r10(x), x 2 [0, 1].
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The star

For a star-graph, we obtain accordingly

rtt(x , t)� (K(rx(x , t)))x = 0, x 2 [0, 1], t 2 [0,T ]

Mrtt(0, t) = K(rx(0, t))� jLr(0, t), t 2 [0,T ]

r(1, t) = u(t), t 2 [0,T ]

r(x , 0) = r0(x),rt(x , 0) = r10(x), x 2 [0, 1]
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Semi-global classical solutions
Consider a tree like network. Let Re be a given stretched equilibrium. For
a specified value of T > 0 there exist constants c0 and cT such that if
the initial data

w0,i = (w0,i
1 ,w0,i

2 ,wi,0
3 ) 2 C 1([0, Li ]⇥ [0,T ]; IR3)3

and the boundary data

vj(t) 2 C 1
0 ([0,T ]; IR3)

satisfy the C 2-compatibility conditions and satisfy

max
n
kw0,i

1 k1, kw0,i
2 k1, |w0,i

3 |, kvjk1
o

i2I, j2J S
< c0

there exists a unique small solution semi-global solution

w 2
Y

i2I
C 2([0, Li ]⇥ [0,T ]; IR3)3
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Exact controllability and more....open problems
• Exact controllability of a star with controls at all ends (ready)

• Open: Keep one simple node fixed. Then we expect to control in
asymmetric spaces as in the work of Zuazua and Hansen: Exact
controllability and stabilization of a vibrating string with an interior point
mass. SIAM J. Control Optim. 33 (1995), no. 5, 1357–1391.
Avdonin and Julian: Controllability for a string with attached masses and
Riesz bases for asymmetric spaces. Math. Control Relat. Fields 9 (2019),
no. 3, 453–494.
We expect interesting smoothing pattern across the spring-mass-graphs
between the controlled and fixed nodes

• Work in progress with (nonlinear) viscoelastic springs

• Stabilization issues in the general case (M.Gugat for linear strings see
Wednesday

• Exact Profil nodal controllability (see Wednesday)

• Geometrically exact beams...(Ch. Rodriguez see Wednesday)

<latexit sha1_base64="dnXSmNZwA+wIuSnlCAfxQFzH0Fw="></latexit>
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Open problems: sustainable controls
The spring sti↵ness may deteriorate once large deflections are involved.
The Springs undergo damage which can be represented by the time
evolution of a damage variable.

8
>>>>>>>>><

>>>>>>>>>:

y i
tt � Ki (y

i
x)x = 0 in (0,T )⇥ I i ,

⇣t = �(⇣, y1(t, x0), y
2(t, x0)) in (0,T ),

Ki (y
i
x)(x0, t) = ⇣(t)

�
y1(t, x0)� y2(t, x0)

�
, i = 1, 2

Ki (y
2
x )(t, L) = u(t), y1(t, 0) = 0, t 2 (0,T ),

y i (0, x) = y i
0(x), y i

t (0, x) = y i
1(x), x 2 I i ,

u 2 Uad , 0  ⇣(t)  1, t 2 L2(0,T ), ⇣(0) = 1

(Damage)

We then ask to minimize

Minimize J(u, y) = I (u, y) +
1

2

Z T

0
|⇣(t)� 1|2 dt

subject to system (damage). The optimal, damage-avoiding control is
then called sustainable control.



27.08.19 33KONTINUIERLICHE

OPTIMIERUNG

Inspired by the joint work with F. Alabau and P. Cannarsa
(SICON 2017) and in coll. also with P. Kogut

Minimize J(u, y) = I (u, y) +
1

p

Z T

0

Z L

0
|⇣(t, x)� 1|p dx

subject to the constraints
8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

y i
tt �

�
⇣ i (t, x)Ki (yx)

�
x
= 0 in (0,T )⇥ (0, L), i 2 I

⇣ it �
�
|⇣ ix |p�2⇣ ix

�
x
= �i (⇣

i , y i ) in ⇥ (0, L), i 2 I
y i
x(t, xij) = uj(t), i 2 Ij , j 2 J S

y i (t, xij) = yk(t, xkj), i , k 2 Ij , j 2 JM , t 2 (0,T ),
X

i2Ij

dij lim
x!xij

�
⇣(x)Ki (y

i )(x)
�
= 0, j 2 JM , t 2 (0,T ),

y i (0, x) = y i
0(x), y i

t (0, x) = y i
1(x), ⇣ i (0, x) = 1 x 2 (0, L),

ui 2 Uad 2 L2(0,T ), ⇣ i (t, x) 2 [0, 1] in (0,T )⇥ (0, L),

⇣ i (t, x) = 1 in (0, L) \ E , i 2 I, t 2 (0,T ).
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Thank you for your
attention!


