Averaged controllability of finitely many strings equations

Jéréme Lohéac,
joint work with Enrique Zuazua

Centre de Recherche en Automatique de Nancy, France

VIII Partial differential equations, optimal design and numerics
Benasque — 27/08/2019

J. Lohéac (CRAN Averaged controllability of strings Benasque — 27/08/2019
2 y Ji4



The general Problem

Let X and U be two Hilbert spaces. Consider the parameter dependent Cauchy problems:
xc = Acxc + Beu, x:(0) = Xi» e X, (*)
with parameter ¢ € Q and (€2, F, 1) a probability space.

~ The aim:
given (x¢)ceq, (xé)ceg and T >0,
find u € L2([0, T], U) such that the solution of x¢(-; u) of (%) satisfies:

Averaged controllability: /Xg(T; u)dpe = /xg dpee.
Q Ja

average trajectory

parameter dependent trajectories
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© Duality results
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Duality

Exact averaged controllability and observability

Definition

System () is said exactly controllable in average in time T > 0 if:

t
{// e 7% B u(t) dtduc, u e L3(]0, T, U)} =X
QJo

Let us consider for every z© € X the adjoint system:

—zc=Alze, z(T)=7" (Adj)

Definition

The system (Adj) is said exactly observable in average in time T > 0 if there exists
¢(T) > 0 such that:

&) | < H/ BEzc(t) dc|

dt (" € X).
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Duality

Duality results

Theorem

o The system (%) is admissible in average if and only if (Adj) is, i.e.

-

/

o The system (%) is exactly controllable in average in time T > 0 if and only if (Adj)
is exactly observable in average in time T.

vYT >0, 3C(T) >0,
2
de< (M Nx  (" € X);

/Q BE z:(t) due

X
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Duality

Kalman rank condition

Theorem (Zuazua, 2014)

Assume dim X < oo, then the system (%) is controllable in average if and only if the rank
condition:

rank [/ AéBgd,ug, JjeN| =dimX
Q

is satisfied.
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erturbation

© A result of perturbation nature
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Perturbation

Perturbation result |

Theorem

Set T >0, (Q,F, i) a probability space and (o € Q.
Assume:

e {Co} € F and there exists Cgo_,(_ T),ceo(T) > 0 such that:
ceo( T2 |15 < /0 185,z (), dt < Coo(MlZ 5 (2" € X);
@ For almost every ¢ € QT, there exists C¢(T) > 0 such that:
| llgezlfy ae < il " € x)

/Q\/ Cg(T)d[l( < 00.

=il
Then for every 0 € {07 <1 + / / CCCC ((?) d/]<> > the system (x) is exactly controllable
Q 0

in average for the probability measure:
w=0p+ (1—0)d,.

and
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Perturbation

Perturbation result Il

Proof: Use Minkowski inequality:

(/ )

(1= 0)Biyze,(6) +0 [ Biz(e)dic

/QBg*Zc(f)duc

_ ( [
>(1-0) (/0 |B&za(0, dt>; 0 (/o

> (1 0/ (DI [1x — 0 / VC(T) djicll2" || x

1
2 2
dt
U

/n B z¢(t) dfic

1
2 2
dt
U
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Averaged Ingham

9 Averaged Ingham inequalities
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Averaged Ingham

Ingham inequalities |

Consider X = 2(N*,C), U = C and (An)nern- € RV, with 321/)2 < oo.
Set the operator A of domain D(A) = {(an)n € (N%), Z [Anl?|an]? < oo} =X

neN*

defined by:
Ae, = 2iT\en (neN")

and the operator B € £(U, X_1) defined by :
[Bv],=v (veC).
Consider the system:
x = Ax + Bu i.e. Xn = 2imAnxn +u (0 € N¥).
The adjoint system is:
z=—Az ie.  zy=2imAza (n€NY) thus  z,(t) = €™ z,(0)
and the observation operator:

Xi — ([0, T],C)
(an)n = Dene ane®
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Averaged Ingham

Ingham inequalities Il

Theorem (In m inequalities, In

Assume inf |Am — An| := > 0. Then for every T > 0, there exists C(T) > 0 such

m,neN

m#n
that:
1 .
and for every T > —, there exists c¢(T) > 0 such that:
Y

z :a eQnr)\ nt

neEN*

dt < C(T) > Jauf

neN*

dt.

2
z:aem’/\t

neN*

Consequently, if v > 0and T > % the system x = Ax 4 Bu is exactly controllable.
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Averaged Ingham

Averaged version of Ingham inequalities |

Let us now consider the probability space (2, F, i) given by Q = {(o, ..., ¢k} C R,

F =P(Q) and p given by pu({¢k}) := 6k €]0,1].
Consider the parameter dependent system:

= (Ax¢ + Bu.
The goal would be to find T > 0 and &(T) > 0 such that;

&)Y Janl Zek > an e”“““

neN* = neN*

dt ((an)n € X).

Theorem

K
Set v > 0 and assume A\, € YN Then, if T > 1 Z |<—1|, there exists a constant

¢(T) > 0 such that:

62(T) 3 lan? Hsm (A"“ CO) /

neN*

= neN*

Z an e2'”)‘"<kt dt ((an)n € X).
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Averaged Ingham

Averaged version of Ingham inequalities Il

Idea of the proof:

K
Set f(t) = Zék Z ane”™ < and notice that

k=0 neN*

An Sk .
(t+ 1/('Y|<K| Zek Z a ( 2im 20 \C;\ B 1) e2imAnCt

k=0  neN*
Iterate K times and use Ingham Inequality.
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Averaged Ingham

Averaged version of Ingham inequalities Il

Idea of the proof:

Set f(t) = Zék Z ane”™ < and notice that

k=0  neN*
(t+ 1/(’Y|<K Zek Z an ( 2im 'yn \CK\ _ 1) e2l-71')\n<t.
k=0  neN*
Iterate K times and use Ingham Inequality. O

Corollary (With diophantine approximation, cf. Schmidt, 1970)

Assume in addition that g—é, e C—’g are algebraic, (o, . ..,Ck are Q-linearly independent

and 6y > 0.
K

——, and every € > 0, there exists ¢.(T) > 0 such that:

Z a,e2™An Ct dt.

= nEN*

|an?
CE(T)Z |)\ |21+5) \

Consequently we obtained an Ingham inequality in a weighed space.
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String equation

@ Application to the string equation
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String equation

Application to the string equation |

Consider the parameter dependent string equation:

WC(th) = CQawa(tv X) ((tv X) € Rjr X (07 1))7
we(t,0) = u(t) (t eRY),
we(t,1) =0 (t €eRY),

we(0,x) = w"%(x) and i (0,x) = w(x) (x € (0,1)).
The adjoint problem of averaged observability is:
Zc(t,x) = *03z¢(t, %) ((t,x) € R} x (0,1)),
0= z(t,0) = z(t,1) (t e RY),
z:(0,x) =2"%(x) and 2/(0,x) =z""(x) (x € (0,1)).

and the averaged observability map is:

(2%, 2") > = 0x(Ag M2 (t,))(0) Ckbr-

K
k=0
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String equation

Application to the string equation Il

Expanding z¢(t, x) on the Fourier basis sin(mn(x), i.e. z¢(t,x) = >, oy~ an(t)sin(mnlx)
leads to an averaged observability map of the type:

K

2imAnCit
E@kE ape” TSk

k=0 nezZ*

with A\, = %n.
Applying the previous corollary, we obtain:
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String equation

Application to the string equation Ill

Proposition

Let € > 0 and assume (o, . . . ,Cx Q-linearly independent and %, ey %’g are algebraic.

£

Then, /f(vvC ,Wgo) S (w CK’WCK) (w0 whh) € Xise

there exists u € L*([0, T]) such that the solution we(t,x) = we(t, x; u) satisfies:

ZGkWCk(T,X)ZW’(X) and ZekWCk(T x) = w'(x) (x €(0,1)).

k=0 k=0

With X, = {gp :x €(0,1) — Z an sin(mnx), Z n**|a,|* < oo} (@ >0).

neEN* neEN*

From Dager-Zuazua (2006),

if in addition E—L are algebraic for every k # I, then there exists u € L*([0, T]) such that

the solution we(t, x) = we(t, x; u) satisfies:
we (T, x) =w'%(x) and g, (T,x)=w"'(x) (xe(0,1), ke {0,...,K}).
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String equation

Application to the string equation IV

We can also apply the perturbation argument.

For instance, for (o = 1 and (1 = v/2 and measure p = (1 — 0)d¢, + 03¢,, we obtain the
set of parameters where averaged controllability holds.

Exact averaged controllability Exact averaged controllability
in a weighted space

1 V5
0 142V5 2v2+V5 0.6 08 !
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© Conclusion
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Conclusion

Conclusion and open questions

o Few averaged controllability results exists in PDE context.

@ Averaged Ingham inequality in general means:

2

.

dc and C > 0 s.t. CZ |lan|® < / / Zanez'ﬂ"gt dpe| dt < CZ |lan|?
n 0 Q n n

In particular, for Q = R, we end up with:

cz|an\2</ ani()f e < €3 faf”

That is to say, {i(—An-)}» is a Riesz basis.

o Still for averaged Ingham inequalities, are they true for du¢ = il(l,g,lﬂ)(g) d¢,
with € > 0 small enough?
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Conclusion

Conclusion and open questions

o Few averaged controllability results exists in PDE context.

@ Averaged Ingham inequality in general means:

2
.
Jc and C > 0 s.t. CZ \an|2 < / / Zanez'ﬂ"gt dpe
n 0 Q n

In particular, for Q = R, we end up with:

cz|an\2</ ani()f e < €3 faf”

That is to say, {i(—An-)}» is a Riesz basis.

dt < CY Janf

o Still for averaged Ingham inequalities, are they true for du¢ = il(l,g,lﬂ)(g) d¢,
with € > 0 small enough?

THANK YOU, FOR YOUR ATTENTION!
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