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The Turnpike Phenomenon

e Consider a dynamic optimal control problem with a time interval [0, T].
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The Turnpike Phenomenon

e Consider a dynamic optimal control problem with a time interval [0, T].

e |f all the time-derivatives are set to zero and initial conditions and terminal
conditions are canceled, this yields a static optimal control problem.
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The Turnpike Phenomenon

e Consider a dynamic optimal control problem with a time interval [0, T].

e |f all the time-derivatives are set to zero and initial conditions and terminal
conditions are canceled, this yields a static optimal control problem.

¢ Turnpike results give relations between the static optimal control and the dynamic
optimal control.
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The Turnpike Phenomenon

e Consider a dynamic optimal control problem with a time interval [0, T].

e |f all the time-derivatives are set to zero and initial conditions and terminal
conditions are canceled, this yields a static optimal control problem.

¢ Turnpike results give relations between the static optimal control and the dynamic
optimal control.

e They state that for sufficiently large T, some distance between the static optimal
point and the dynamic optimal point becomes small.
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Example

For T > 1 we consider the problem

( T
1 2 :
slu(t)|” + |u(t)| + |y(t)| dt subject to
U€L2(O,T)m(lr)]>0y <0 E( 2| | | ( )| ‘y( )‘ J
(OC)+ <
! y(0) = —1, y'(t) = y(t) + exp(t) u(t)
w4 ( T) =0
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Example

For T > 1 we consider the problem

( T

1 2 :
o o o | HUOR + W01+ (0] ot subject to
0C); !
(0C) y(0) = —1, y'(t) = y(t) + exp(t) u(t)

\ y(T):O'

Here the turnpike is zero, that is y{*) = 0 and u(”) = 0.
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Example

For T > 1 we consider the problem

( T

1 2 .

o o o | HUOR + W01+ (0] ot subject to

OC)« /

(0C) y(0) = =1, y'(t) = y(t) + exp(t) u(t)
\ y(T) = 0.

Here the turnpike is zero, that is y{*) = 0 and u(”) = 0.
The feasible set is nonempty: Define i(t) = e —e! > 0 for t € (0, 1) and u(t) = 0 for
t > 1. Thenfort e (0,1) we have

t
y(t) = e [—1 +/ u(r) dT] =tet1 — ¥ <0
0

and for t > 1 we have j(t) = 0.
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Example

For T > 1 we consider the problem

(

)
1 2 :
o o o | HUOR + W01+ (0] ot subject to
0C); ¢
0 y(0) = =1, y'(t) = y(t) + exp(t) u(t)
\ y(T) = 0.

Here the turnpike is zero, that is y{*) = 0 and u(”) = 0.
The feasible set is nonempty: Define i(t) = e —e! > 0 for t € (0, 1) and u(t) = 0 for
t > 1. Thenfort e (0,1) we have

t
y(t) = e [—1 +/ u(r) dT] =tet1 — ¥ <0
0

and for t > 1 we have y(t) = 0.
The feasible controls are characterized by the moment equation fo T)dr =1.
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e In fact & is the optimal control!
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Example

e In fact U is the optimal control!
So the optimal point is equal to the turnpike for t > 1!
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Example

e In fact & is the optimal control!

So the optimal point is equal to the turnpike for t > 1!
e In the problem we have terminal conditions.

What happens, if we cancel y(T) = 07?
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Example

e In fact & is the optimal control!
So the optimal point is equal to the turnpike for t > 1!
e In the problem we have terminal conditions.
What happens, if we cancel y(T) = 07?
Then instead of the moment equation, due to y(T) < 0 we have the

moment inequality
.
/ u(t)dr <1.
0

Martin Gugat - FAU - The Turnpike Phenomenon for Problems of Optimal Boundary Control Benasque 2019



FRIEDRICH-ALEXANDER

NATURWISSENSCHAFTLICHE

Example

e In fact U is the optimal control!
So the optimal point is equal to the turnpike for t > 1!

e In the problem we have terminal conditions.
What happens, if we cancel y(T) = 07?
Then instead of the moment equation, due to y(T) < 0 we have the

moment inequality -
/ u(t)dr < 1.
0

e Infact, if exp T > 1 + e, U is again the optimal control!
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Example

For sufficiently large T, due to the L'-norm of y that appears in the objective
function, the solution has a finite—time turnpike structure where the system is
steered to zero in the finite time fy = 1 that is independent of T and remains there

forall t € (fh, T).

You can think of the turnpike as a point that does not move.
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L'-Optimal Dirichlet control of the wave equation

Norm minimal exact control, finite horizon

T >1

Let yo € L'(0,1), y; € W-1(0,1)and T > 1
be given. Define (EC) :

(min [ uo(t)] + |us(t)] ot subject to
y(O,X) - yO(X)7 yt(O,X) - y1(X)7 X < (07 1)
9 y(tv 0) - UO(t)v y(tv 1) - U1(t)= IS (07 T)

yu(t, x) = yxx(t, x), (t,x) € (0, T) x (0,1)

L Y(T,x) =0, y(T,x) =0, x€(0,1).
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L'-Optimal Dirichlet control of the wave equation

Norm minimal exact control, finite horizon

T >1

Let yo € L'(0,1), y; € W-1(0,1)and T > 1
be given. Define (EC) :

(min [ uo(t)] + |us(t)] ot subject to
y(O,X) - yO(X)7 yt(O,X) - y1(X)7 X < (07 1)
9 y(tv 0) - UO(t)v y(tv 1) - U1(t)= IS (07 T)

yu(t, x) = yxx(t, x), (t,x) € (0, T) x (0,1)

L Y(T,x) =0, y(T,x) =0, x€(0,1).

In general the optimal controls are
not unique!
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L'-Optimal Dirichlet control of the wave equation

Norm minimal exact control, finite horizon

T >1

Gugat, French-German-Spanish
Conf. on Opt., Avignon 2004

Let yp € L'(0,1), y; € W-1(0,1)and T > 1 Let T > 1. There exist solutions of

be given. Define (EC) : (EC) that are 2—periodic i.e. for
, ke{1,2 ..}, te(0,2),
. T ) g oy )

u(t + 2k) = u(t).

y(O,X) - yO(X)7 yt(O,X) - y1(X)7 X < (07 1)
9 y(tv 0) - UO(t)v y(tv 1) - U1(t)= IS (07 T)

yu(t, x) = yxx(t, x), (t,x) € (0, T) x (0,1)

L Y(T,x) =0, y(T,x) =0, x€(0,1).

In general the optimal controls are
not unique!
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L'-Optimal Dirichlet control of the wave equation

Norm minimal exact control, finite horizon

T >1

Gugat, French-German-Spanish
Conf. on Opt., Avignon 2004

Let yp € L'(0,1), y; € W-1(0,1)and T > 1 Let T > 1. There exist solutions of

be given. Define (EC) : (EC) that are 2—periodic i.e. for
(min ;" Juo(t)] + |us(1)] dt subject to ok T e have
0.X) = Yo(x). 10,0 = (). X € (0.1) 1 b of il soutions s
$ Y0 = lt), YL =D, (€ O.T)  eaboatle e sombinations
te (0,1
yu(t, X) = yax(t, x), (£,x) € (0, T) x (0, 1) (1) > 07(Zj:5+2j<)T) () = 1.
L Y(T,x)=0, y«(T,x)=0, x € (0,1).

In general the optimal controls are
not unique!
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L'-Optimal Dirichlet control of the wave equation

Example: Let y; = 0.

Let
k=max{je{1,2,3,..}:j< T}

and
A=T—-k>D0.

(0, 7)=(0,A)U(A, N)U(1,1 + A)U(2+A,2)U(2,2 + A)...U((k—1)+A,kK)U(k, k + A)
There are k + 1 red intervals and k black intervals!
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L'-Optimal Dirichlet control of the wave equation

Example: Let y; = 0.

Let
k=max{je{1,2,3,..}:j< T}

and
A=T—-k>0.
(0, 7)=(0,A)U(A, N)U(1,1 + A)U(2+A,2)U(2,2 + A)...U((k—1)+A,kK)U(k, k + A)
There are k + 1 red intervals and k black intervals!
Then for t € (0, A), a periodic optimal control is given by

Yo(1)

Uo(t-|—j) = U1(t-|—j) = (—1)jm.
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L'-Optimal Dirichlet control of the wave equation

Example: Let y; = 0.

Let
k=max{je{1,2,3,..}:j< T}

and
A=T—-k>D0.

(0, 7)=(0,A)U(A, N)U(1,1 + A)U(2+A,2)U(2,2 + A)...U((k—1)+A,kK)U(k, k + A)

There are k + 1 red intervals and k black intervals!
Then for t € (0, A), a periodic optimal control is given by

N N4V Yo(t)
Uo(t+]) = th(t+1) = (1) 5555
For t € (A, 1), a periodic optimal control is given by
ij(t)

Uo(t +j) = t(t+)) = (1) =~
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L'-Optimal Dirichlet control of the wave equation

Example: y; = 0.
The control action can be shifted between the different time periods!
Let again

k=max{j€{1,23,...:j<T}, A=T—-k>0.
Define

(k+1) if te(0,A),
d(t):{k if te(A 1)
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L'-Optimal Dirichlet control of the wave equation

Example: y; = 0.
The control action can be shifted between the different time periods!
Let again

k=max{j€{1,23,...:j<T}, A=T—-k>0.
Define

(k+1) if te(0,A),
d(t):{k if te(A 1)

The set of all optimal controls has the following structure:
For pairs of measurable convex combinations / € {1, 2}, t € (0, 1)

0 () —
ANt =0, > At =1
Jit+2j<T

we obtain the optimal controls
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L'-Optimal Dirichlet control of the wave equation

Example: y; = 0.
The control action can be shifted between the different time periods!
Let again

k=max{j€{1,23,...:j<T}, A=T—-k>0.
Define

(k+1) if te(0,A),
d(t):{k if te(A 1)

The set of all optimal controls has the following structure:
For pairs of measurable convex combinations / € {1, 2}, t € (0, 1)

0 () —
ANt =0, > At =1
Jit+2j<T

we obtain the optimal controls

(1 +2j) = () 5 (;,((?), o(t+2j+1) = =2, () 2 ‘z,((?),
un(t+2)) = 23 (1) %, tn(t+2)+1) = =2g4 (1) Zy‘;,((?)
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L'-Optimal Dirichlet control of the wave equation

e The convex combinations (t € (0, 1), € {1, 2})
(/) Ny —
ANt =0, > At =1
jit+2j<T
determine the support of the corresponding optimal control (together with the

support of yo, ¥1)-
It can be the whole interval [0, T].
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L'-Optimal Dirichlet control of the wave equation

e The convex combinations (t € (0, 1), / € {1, 2})

() Ny —
ANt =0, > At =1
jit+2j<T
determine the support of the corresponding optimal control (together with the
support of yo, ¥1)-
It can be the whole interval [0, T].
e |[fforall f € (0,1), the )\j(.’)(t) are equal for all j, we obtain periodic controls.

i vi Ny — 1
In fact, this yields A;”(t) = -

These are the optimal controls with minimal L2-norm.
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L'-Optimal Dirichlet control of the wave equation

e The convex combinations (t € (0, 1), / € {1, 2})

AN >0, Y A1) =1

jit+2j<T
determine the support of the corresponding optimal control (together with the
support of yo, ¥1)-
It can be the whole interval [0, T].

e |[fforall f € (0,1), the )\j(.’)(t) are equal for all j, we obtain periodic controls.

i vi Ny — 1
In fact, this yields A;”(t) = -

These are the optimal controls with minimal L2-norm.

e |[f one of the )\j(.')(t) is equal to 1, the others must be equal to 0.
In this case, the support of the corresponding optimal control can be constrained
to a subinterval of [0, T] of minimal length 1.
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L'-Optimal Dirichlet control of the wave equation

e The convex combinations (t € (0, 1), € {1, 2})
(/) Ny —
ANt =0, > At =1
jit+2j<T
determine the support of the corresponding optimal control (together with the

support of yo, ¥1)-
It can be the whole interval [0, T].

e |[fforall f € (0,1), the )\j(.’)(t) are equal for all j, we obtain periodic controls.
In fact, this yields Aj(/)(t) = 30"
These are the optimal controls with minimal L2-norm.

e |[f one of the )\j(.')(t) is equal to 1, the others must be equal to 0.
In this case, the support of the corresponding optimal control can be constrained
to a subinterval of [0, T] of minimal length 1.

e Thus we have optimal controls with support (0, 1).
These controls steer the system to rest at the time t = 1.
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L'-Optimal Dirichlet control of the wave equation

Adding a tracking-term in the goal function

Finite horizon T > 1, v > 0. Define (P):

p

min fo |Uo(t)| + |uq(t)] at

Uo,u1€L1(0,T)

+ A [T Ly, x)| dx dt

subject to

g ¥(0,x) = yo(x), ¥(0,x) = y1(x), x € (0,1)
y(t,0) = uo(t), y(t.1)=u(t), t€(0,T)

yiu(t, X) = ya(t, X), (t,%) € (0, T) x (0,1),

y(T,X) — 07 yt(Tvx) — 07 X € (071)

\
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L'-Optimal Dirichlet control of the wave equation

Adding a tracking-term in the goal function Solution of (P)

Finite horizon T > 1, v > 0. Define (P):

p

: T
t )| dt
Uo,U1r2LI1n(O7T) fo |UO( )| + |U1( )|
T
+ Sy Jo ly(t, x)| dx dt

subject to
¢ ¥(0,x) = yo(x), y:(0,x)
Yu(t, X)

y(T,X) =0, yt(Tvx) -

\

- y1(X)7 X €
y(£,0) = to(t), y(t.1)=ui(t), t€(0,T)
= Yux(t, X), (t,x) € (0, T) x (0,1),

0, x € (0,1).

The nonsmooth problem (P) has a
unique solution.

The unique solution of (P) steers the
state torestattime t = 1.

Then the control is switched off.
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L'-Optimal Dirichlet control of the wave equation

Adding a tracking-term in the goal function Solution of (P)

Finite horizon T > 1, v > 0. Define (P): The nonsmooth problem (P) has a
( _ T unique solution.
o, L1(0.T) Jo 1uo(B)] +us(D)] o The unique solution of (P) steers the
+ 7f1T f01 y(t, x)| dx ot state to rest at time t = 1.

Then the control is switched off.
Here we have an extreme

subject to = -
(finite time) turnpike structure!

¢ ¥(0,x) = yo(x), (0, x) = y1(x), x € (0,1)
y(t,0) = uo(t), y(t,1)=uw(t), t€(0,T)
yu(t, x) = yxx(t, x), (£, x) € (0, T) x (0,1),

y(T,X) — 07 yt(Tvx) — 07 X € (071)

\
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L'-Optimal Dirichlet control of the wave equation

Adding a tracking-term in the goal function Solution of (P)

Finite horizon T > 1, v > 0. Define (P): The nonsmooth problem (P) has a
( _ T unique solution.
o, L1(0.T) Jo 1uo(B)] +us(D)] o The unique solution of (P) steers the
+ 7f1T f01 y(t, x)| dx ot state to rest at time t = 1.

Then the control is switched off.
Here we have an exireme
(finite time) turnpike structure!

¢ ¥(0,x) = yo(x), ¥(0,x) = y1(x), x € (0,1) For t > 1 we have
Uo(t) = U1(t) =0,

y(t, x)=0,x€ (0, 1)

subject to

y(£,0) = to(t), y(t.1)=ui(t), t€(0,T)
yu(t, x) = yxx(t, x), (£, x) € (0, T) x (0,1),

y(T,X) — 07 yt(Tvx) — 07 X € (071)

\
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L'-Optimal Dirichlet control of the wave equation

Adding a tracking-term in the goal function Solution of (P)

Finite horizon T > 1, v > 0. Define (P): The nonsmooth problem (P) has a
( _ T unique solution.
o, L1(0.T) Jo 1uo(B)] +us(D)] o The unique solution of (P) steers the
+ 7f1T f01 y(t, x)| dx ot state to rest at time t = 1.

Then the control is switched off.
Here we have an exireme
(finite time) turnpike structure!
{ y(0,%) = yo(x), ¥(0,x) = y1(x), x € (0,1) Fort>1wehave
(.0) = to(t). y(t.1) = un(t). te (0. T) o) =l =0
— U ) — u ) E Y/
/ ° ¢ 1 y(t, x)=0,x€ (0, 1)

yul(t, X) = y(t, X), (t,x) € (0, T) x (0,1),  andyi(t, x) =0.

subject to

y(T,X) — 07 yt(Tvx) — 07 X € (071)

\
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L'-Optimal Dirichlet control of the wave equation

Adding a tracking-term in the goal function Solution of (P)

Finite horizon T > 1, v > 0. Define (P): The nonsmooth problem (P) has a
( _ T unique solution.
o, L1(0.T) Jo 1uo(B)] +us(D)] o The unique solution of (P) steers the
+ 7f1T f01 y(t, x)| dx ot state to rest at time t = 1.

Then the control is switched off.
Here we have an exireme
(finite time) turnpike structure!
{ y(0,%) = yo(x), ¥(0,x) = y1(x), x € (0,1) Fort>1wehave
(.0) = to(t). y(t.1) = un(t). te (0. T) o) =l =0
— U ) — u ) E Y/
/ ° ¢ 1 y(t, x)=0,x€ (0, 1)

yul(t, X) = y(t, X), (t,x) € (0, T) x (0,1),  andyi(t, x) =0.

subject to

This is possible due to
exact controllability!

y(T,X) — 07 yt(Tvx) — 07 X € (071)

\
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Optimal Dirichlet L'-control of the wave equation

Problem (EC) has a unique solution where the
support of the controls is in (0, 1).
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Optimal Dirichlet L'-control of the wave equation

Problem (EC) has a unique solution where the
support of the controls is in (0, 1).

This optimal control (ug, uy) steers the state to
restattime t = 1.
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Optimal Dirichlet L'-control of the wave equation

Problem (EC) has a unique solution where the
support of the controls is in (0, 1).

This optimal control (ug, uy) steers the state to
restattime t = 1.

Let »(EC) denote the optimal value of (EC).
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Optimal Dirichlet L'-control of the wave equation

Problem (EC) has a unique solution where the
support of the controls is in (0, 1).

This optimal control (ug, uy) steers the state to
restattime t = 1.

Let »(EC) denote the optimal value of (EC).
Let v(P) denote the optimal value of (P).
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Optimal Dirichlet L'-control of the wave equation

Problem (EC) has a unique solution where the
support of the controls is in (0, 1).

This optimal control (ug, uy) steers the state to
restattime t = 1.

Let »(EC) denote the optimal value of (EC).
Let »(P) denote the optimal value of (P).
Since the objective function of (EC) is < the
objective function of (P), we have

v(EC) < v(P).
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Problem (EC) has a unique solution where the
support of the controls is in (0, 1).

This optimal control (ug, uy) steers the state to
restattime t = 1.

Let »(EC) denote the optimal value of (EC).
Let »(P) denote the optimal value of (P).
Since the objective function of (EC) is < the
objective function of (P), we have

v(EC) < v(P).

The objective value of (P) for (ug, u7) is

T 1
v(EC) + 7/1 /o ly(t, x)| dx dt = v(EC) > v(P).

Hence v(EC) = v(P).
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Optimal Dirichlet L'-control of the wave equation

e orcblom without tor
: the problem without ter-
Problem (EC) has a unique solution where the minal constraints.
support of the controls is in (0, 1).
This optimal control (ug, uy) steers the state to
rest attime t = 1.
Let »(EC) denote the optimal value of (EC).
Let »(P) denote the optimal value of (P).
Since the objective function of (EC) is < the
objective function of (P), we have

v(EC) < v(P).

The objective value of (P) for (ug, u7) is

T 1
v(EC) + 7/1 /o ly(t, x)| dx dt = v(EC) > v(P).

Hence v(EC) = v(P). (ug, u;) solves (P).
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Optimal Dirichlet L'-control of the wave equation

e can replace (P) with
skl the problem without ter-

Problem (EC) has a unique solution where the minal constraints.
support of the controls is in (0, 1). If T is sufficiently large,
This optimal control (ug, uy) steers the state to the solution should stay
rest attime t = 1. the same - however, the
Let »(EC) denote the optimal value of (EC). proof is not written.

Let v(P) denote the optimal value of (P).
Since the objective function of (EC) is < the
objective function of (P), we have

v(EC) < v(P).
The objective value of (P) for (ug, u7) is
T 1
v(EC) + 7/ / ly(t, x)| dx dt = v(EC) > v(P).
1 Jo

Hence v(EC) = v(P). (ug, u;) solves (P).
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[2-optimal Neumann control of the wave equation

Norm minimal exact control, finite horizon

T>2

Let yo € H'(0, 1) with y5(0) = 0,
and T > 2 be given. Define (E

(

Y1 € LZ(O, 1)
) :

min HuHL2 0.7) Subject to

y(O7X) - yO(X)7 yt(O7X) - y1(X)7 X € (07 1)

¢ y(t,0) =0, [y(t, 1) =u(t), te (0, T)

yie(t, xX) = yux(t, X), (£, x) € (0, T) x (0,1)

L .y(TaX) :Oa yf(Tvx) :Ov X € (071)
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[2-optimal Neumann control of the wave equation

Norm minimal exact control, finite horizon Gugat, Arab. J. Math. 2015 open access

T 22 Let T € N be even. The unique
Let yo € H'(0, 1) with y,(0) y1 € L2(0,1)  solution of (EC) is 4—periodic and

— 0,
and T > 2 be given. Define (EC) (1 —t)—ys (1t
Yo )TY( )7 t€(0,1),

(

min H“H'EZ(O,T) subject to u(t) =
y(’)(t—1)47—_y1(t—1) te (1 2)
0, x) = yo(x), ¥+(0,x) = y4(x), x € (0,1
¥(0, x) = yo(x), ¥1(0, x) = y1(x) (0,1) Fork e {(1.2.... (T —2)/2).
3 y(1,0) =0, [y(t, 1) = u(®)], te(0,T) te(0,2) we have

u(t + 2k) = (—=1)ku(t).

yie(t, xX) = yux(t, X), (£, x) € (0, T) x (0,1)

L .y(TaX) :Ov yf(Tvx) :Ov X € (071)
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[2-optimal Neumann control of the wave equation

Norm minimal exact control, finite horizon Gugat, Arab. J. Math. 2015 open access

Let T € N be even. The unique

Let yo € H'(0, 1) with yo(0) = 0, y; € L2(0,1)  solution of (EC) is 4—periodic and
and T > 2 be given. Define (EC) : /
>2beg (EC) OO0 4 (g 1),

( . 2 : 4
min [[u||7z o 1) SUbject to u(t) =

Tr>2

L(t—1 t—1
Yol )47'_}/1( )7 t e (1’2)

Fork € {1,2,... (T —2)/2},

_ _ t € (0,2) we have
¢ y(t,0) =0, [y(t, 1) =u(t), te (0, T) T = T

y(O7X) - yO(X)7 yt(O7X) - y1(X)7 X € (07 1)

yie(t, xX) = yux(t, X), (£, x) € (0, T) x (0,1)

For ty = 0 (Moving horizon) this

 Y(T,x) =0, yi(T,x) =0, x € (0,1). yields the well-known feedback
law

Yu(lo, 1) = =715 yi(to, 1).
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Optimal Neumann control of the wave equation

Adding a tracking-term in the goal function

Finite horizon T > 2, v > 0. Define (P):

( T
min [ (yx(t, 0))* +~ u?(t) dt subject to
uel2(0,T) o

y(O,X) - yO(X)v yt(O,X) - y1(X)7 X € (Ov 1)

y(t,0) =0, |yx(t,1)=u(t), te(0,T)

yu(t, x) = yxx(t, x), (£, x) € (0, T) x (0,1),

\
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Optimal Neumann control of the wave equation

( T

uel?(0,T)

y(t,0) =0,

\

Adding a tracking-term in the goal function

Finite horizon T > 2, v > 0. Define (P):

yx(t,1) = u(t)

min [ (yx(t, 0))* +~ u?(t) dt subject to

y(O,X) - yO(X)v yt(O,X) - y1(X)7 X € (Ov 1)

, te(0,T)

yu(t, x) = yxx(t, x), (£, x) € (0, T) x (0,1),

Solution of (P), Syst. & Control Lett.

2016 (with E. TRELAT, E. ZUAZUA)

The unique solution of (P) is the
sum of 2 parts that grow/decay
exponentially.
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Optimal Neumann control of the wave equation

( T

uel?(0,T)

y(t,0) =0,

\

Adding a tracking-term in the goal function

Finite horizon T > 2, v > 0. Define (P):

yx(t,1) = u(t)

min [ (yx(t, 0))* +~ u?(t) dt subject to

y(O,X) - yO(X)v yt(O,X) - y1(X)7 X € (Ov 1)

, te(0,T)

yu(t, x) = yxx(t, x), (£, x) € (0, T) x (0,1),

Solution of (P), Syst. & Control Lett.

2016 (with E. TRELAT, E. ZUAZUA)

The unique solution of (P) is the
sum of 2 parts that grow/decay
exponentially. Choose z, with

2 4 _
zZ;+(2+3)z,+1=0.
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Optimal Neumann control of the wave equation

Adding a tracking-term in the goal function

Finite horizon T > 2, v > 0. Define (P):

Solution of (P), Syst. & Control Lett.

2016 (with E. TRELAT, E. ZUAZUA)

, = The unique solution of (P) is the

min [ (yx(t, 0))2 +~ U3(t) dt subjectto SUM of 2 parts that grow/decay
uel?(0,T) exponentially. Choose z, with

4
ZZ+(2+%)z,+1=0.
For t € (0, 2) let

y(O,X) - yO(X)v yt(O,X) - y1(X)7 X € (Ov 1)

\
t,0) =0, t,1)=u(t), te (0, T "(1—1)— s (1—
(1.0) = 0. [3(t.1) = u(D). € (0.T) (D0 ¢ 0.1
T 1 At) =
.yl‘t(ta X) - yXX(tv X)7 (tv X) < (07 ) X (07 )7 y(’,(t—1)42ry1(t—1)’ = [172)

\
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Optimal Neumann control of the wave equation

Adding a tracking-term in the goal function

Finite horizon T > 2, v > 0. Define (P):

Solution of (P), Syst. & Control Lett.

2016 (with E. TRELAT, E. ZUAZUA)

, = The unique solution of (P) is the

min [ (yx(t, 0))2 +~ U3(t) dt subjectto SUM of 2 parts that grow/decay
uel?(0,T) exponentially. Choose z, with

4
ZZ+(2+%)z,+1=0.
For t € (0, 2) let

y(O,X) - yO(X)v yt(O,X) - y1(X)7 X € (Ov 1)

< y(t,0) =0, \yx(t,1) =u(t), t€(0,T) y(’)(1—t);y1(1—t), te (0, 1),
H(t) =
.yl‘t(ta X) - yXX(ta X)? (tv X) < (07 T) X (07 1)7 y(’,(t—1)42ry1(t—1)7 = [172)
| y(T,x) =0, y(T,x) =0, x€(0,1). For t € (0, 2), k € Ng and
t+2k < T:
u(t + 2k) = (z,’; — Z%) = H(1).
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Optimal Neumann control of the wave equation

Adding a tracking-term in the goal function

Finite horizon T > 2, v > 0. Define (P):

Solution of (P), Syst. & Control Lett.

2016 (with E. TRELAT, E. ZUAZUA)

, = The unique solution of (P) is the

min [ (yx(t, 0))2 +~ U3(t) dt subjectto SUM of 2 parts that grow/decay
uel?(0,T) exponentially. Choose z, with

4
ZZ+(2+%)z,+1=0.
For t € (0, 2) let

y(O,X) - yO(X)v yt(O,X) - y1(X)7 X € (Ov 1)

\ y(t,0) =0, |yx(t,1) = u(t), te (0, T) y(’)(1—t);y1(1—t), te (0, 1),
H(t) =
.yl‘t(ta X) - yXX(ta X)? (tv X) < (07 T) X (07 1)7 y(’,(t—1)42ry1(t—1)7 = [172)
| y(T,x) =0, y(T,x) =0, x€(0,1). For t € (0, 2), k € Ng and
t+2k < T:
This is an exponential turnpike structure! |u(t+ 2k) = (ny‘ - Z%) }fz H(t).
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Turnpike for linear systems

For d_ < 0 < d,, define the 2 x 2 matrix

D(x)z(do+ 3).

Let a 2 x 2 matrix M(x) and
no € (—oo, 0] be given.

Problem definition
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Turnpike for linear systems: Problem definition

For d_ < 0 < d,, define the 2 x 2 matrix

D(x)z(‘é+ ;).

Let a 2 x 2 matrix M(x) and
no € (—oo, 0] be given.

Consider the system equation

(pde): rr+Dre=nyMr,

where for t € (0, T) and x € (0, L) the

10,

state is given by r(t, x) = r (. X)

Martin Gugat - FAU - The Turnpike Phenomenon for Problems of Optimal Boundary Control Benasque 2019

19



NATURWISSENSCHAFTLICHE

Turnpike for linear systems: Problem definition

For d_ < 0 < d,, define the 2 x 2 matrix

D(x)z(‘é+ ;).

Let a 2 x 2 matrix M(x) and
no € (—oo, 0] be given.

Consider the system equation

(pde): rr+Dre=nyMr,

where for t € (0, T) and x € (0, L) the

10,

state is given by r(t, x) = r(t, x)

Initial conditions (t = 0)
For x € [0, L]: r (0, x) =0, r (0, x) = 0.
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Turnpike for linear systems: Problem definition

D(x)z(‘é+ ;).

Let a 2 x 2 matrix M(x) and
no € (—oo, 0] be given.

Consider the system equation

(pde): rr+Dre=nyMr,

where for t € (0, T) and x € (0, L) the

10,

state is given by r(t, x) = r (. X)

Initial conditions (t = 0)
For x € [0, L]: r (0, x) =0, r (0, x) = 0.

For d_ < 0 < d,, define the 2 x 2 matrix Dirichlet boundary control (x € {0, L})

I’+(t, O) =
boundary controls u,, u_ € L3(0, T).

u.(t), r-(t, L) = u_(t) with
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Turnpike for linear systems: Problem definition

For d_ < 0 < d,, define the 2 x 2 matrix Dirichlet boundary control (x € {0, L})
ro(t, 0) = us(t), r_(t, L) = u_(t) with

D(x) = ( Cé* (? ) , boundary controls u,, u_ € L3(0, T).
Let a 2 x 2 matrix M(x) and Objective Function

no € (—oo, 0] be given. J(u, ) = fOT f(u. (1), r (1, 0)) dt

Consider the system equation

+/OTfL(u(t), ro(t, L)) dt

(pde): ri+Drc=noMr, with strictly convex quadratic functions
where for t € (0, T) and x € (0, L) the o, fr.
o [ re(t x)
state is given by r(t, x) = r (. X) ) :

Initial conditions (t = 0)
For x € [0, L]: r (0, x) =0, r (0, x) = 0.
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Turnpike for linear systems: Problem definition

For d_ < 0 < d,, define the 2 x 2 matrix Dirichlet boundary control (x € {0, L})
ro(t, 0) = us(t), r_(t, L) = u_(t) with

D(x) = ( c(f)+ (? ) , boundary controls u., u_ € L3(0, T).
Let a 2 x 2 matrix M(x) and Objective Function
o € (—oo, 0] be given. J(u, r) = [ f(u(t), r_(t, 0))dt

Consider the system equation

+/OTfL(u(t), ro(t, L)) dt

(pde): ri+Drc=noMr, with strictly convex quadratic functions
where fort € (0, T) and x € (0, L) the o, L.

. ro(t, x
state is given by r(t, x) = ( r+§ ¢ x; ) 3 Dynamic optimal control problem

Optimal boundary control problem
Initial conditions (t = 0) { minye (20, T2 J(U; 1)

For x € [0, L]: r.(0, x) =0, r_(0, x) = 0. subject to (pde), initial c. and b.c.
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Stability Assumptions

For real numbers ., - define
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Stability Assumptions

For real numbers ., - define

Assume that there exist . >0,y >0and v, <0
(ue < 0, u— < 0and vy > 0 respectively) such that for all x € [0, L]

sup V' [E'(x)D(x) + E(x)D'(x) — 2|no| E(x)M(x)] v < v < 0 and respectively

v:vTE(x) v=1
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Stability Assumptions

For real numbers ., - define

g - (O ),

Assume that there exist . >0,y >0and v, <0

(ue < 0, u— < 0and vy > 0 respectively) such that for all x € [0, L]

sup V' [E'(x)D(x)+ E(x)D'(x) — 2|no| E(x)M(x)] v < v, < 0 and respectively
v:vTE(x) v=1
inf 1 v [E'(x)D(x) — E(x)D'(x) + 2|no|E(x) M(x)] v > 1 > 0.

v:vIE(x)v=
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Stability Assumptions

For real numbers ., - define

g - (O ),

Assume that there exist . >0,y >0and v, <0

(ue < 0, u— < 0and vy > 0 respectively) such that for all x € [0, L]

sup V' [E'(x)D(x) + E(x)D'(x) — 2|no| E(x)M(x)] v < v < 0 and respectively
v:vTE(x) v=1

inf v [E'(x)D(x) — E(x)D'(x) + 2 |no|E(x) M(x)] v > 15 > 0.
v:vIE(x) v=1
Can be checked with a 1-d optimization problem!
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Stability Assumptions

For real numbers ., - define

g - (O ),

Assume that there exist . >0,y >0and v, <0

(ue < 0, u— < 0and vy > 0 respectively) such that for all x € [0, L]

sup V' [E'(x)D(x) + E(x)D'(x) — 2|no| E(x)M(x)] v < v < 0 and respectively
v:vTE(x) v=1

TiEr(n‘) 1 v [E'(x)D(x) — E(x)D'(x) + 2|no|E(x) M(x)] v > 1 > 0.
vV:v X)V=
Can be checked with a 1-d optimization problem!

1. If M(x) is a diagonal matrix or if |no| is sufficiently small or if L > 0 is sufficiently
small, both conditions hold.
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Stability Assumptions

E(x) = (eXp(—Ou+ x) 0 ) |

exp(p— X)

Assume that there exist . >0,y >0and v, <0

(ue < 0, u— < 0and vy > 0 respectively) such that for all x € [0, L]

sup V' [E'(x)D(x) + E(x)D'(x) — 2|no| E(x)M(x)] v < v < 0 and respectively

v:vTE(x) v=1

v: vTiEr(])i) v=1 v [E/(X)D(X) — E(X)D/(X) + 2 ’nO‘E(X) M(X)] V>19>0.

Can be checked with a 1-d optimization problem!

1. If M(x) is a diagonal matrix or if |no| is sufficiently small or if L > 0 is sufficiently
small, both conditions hold.

2. If M = M, both conditions equivalent with vy = —v,.
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Problem definition: The static problem

The static state is denoted by

RO)(x) = ( R(x) ) xelo, L.
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Problem definition: The static problem

The static state is denoted by

RE)(x) = ( R(x) ) xelo, L.

RY)(x)
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Problem definition: The static problem

Objective Function, A € (0,1)

The static state is denoted by

Jo(u), R)(x)) = h(u?, R)(0))
+fL(u<_>, RY(L))
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Problem definition: The static problem

The static state is denoted by Objective Function, A € (0,1)
(U) o o g g
RO)(x) = ( g<+0>EX; ) xefo. . hU? RO0) = h(u?, A7)
(x o) plo
+(u”, RO(L)

Consider the static system equation Static optimal control problem

minu(g)eRz J()(U(U), R(U)(X))
subject to (bvp).
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The dyn. and stat. problems have a turnpike prop.
SICON 2019 (with F. HANTE)

For a finite time horizon T > 0, let
the optimal dynamic control be

u®T e [2(0, T) x L2(0, T)
and the optimal static control. be

ul?) ¢ R?.
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The dyn. and stat. problems have a turnpike prop.

SICON 2019 (with F. HANTE)

For a finite time horizon T > 0, let
the optimal dynamic control be

u®T e [2(0, T) x L2(0, T)
and the optimal static control. be
u) e R,

There exists a constant C > 0 that
is independent of T, such that
forall T >0

T _
1 112 C
?/ | T r) = U, dr < .
0

Martin Gugat - FAU - The Turnpike Phenomenon for Problems of Optimal Boundary Control

Benasque 2019

23



NATURWISSENSCHAFTLICHE

The dyn. and stat. problems have a turnpike prop.

SICON 2019 (wih F. HANTE)

For a finite time horizon T > 0, let e For increasing time horizon T — oo,

the optimal dynamic control be the average quadratic mean distance
G.T) . 2 5 between the optimal dynamic and the
u™ e LX0, T) x L5(0, T) optimal static control converges to zero

and the optimal static control. be with the rate O(7).
u) e R,

There exists a constant C > 0 that
is independent of T, such that
forall T >0

T _
1 112 C
?/ | T r) = U, dr < .
0
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(o) 2
LEae R For the state we have

There exists a constant C > 0 that
is independent of T, such that

-
L
forall T >0 // |1r® D7, x) = r|12, dx dr < D.
0
0
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Conclusion

e The extreme turnpike result for L'—control cost shows that for suff. large T > 1
the optimal control steers the system to rest in the minimal time t = 1.
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e The extreme turnpike result for L'—control cost shows that for suff. large T > 1
the optimal control steers the system to rest in the minimal time t = 1.

e The L'—cost leads to non-smooth optimal control problems.
In the applications, the turnpike results allow to obtain

L'-optimal controls by finite time stabilizing feedback controlers (LIONEL ROSIER)
that can be applied independent of the initial state.
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Conclusion

e The extreme turnpike result for L'—control cost shows that for suff. large T > 1
the optimal control steers the system to rest in the minimal time t = 1.

e The L'—cost leads to non-smooth optimal control problems.
In the applications, the turnpike results allow to obtain

L'-optimal controls by finite time stabilizing feedback controlers (LIONEL ROSIER)
that can be applied independent of the initial state.

e In the [?—case, the finite-time turnpike does not occur.
However, there is exponential turnpike.
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Open Problems

e Can we also omit the end condition in the L'-case if T is sufficiently large?
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Open Problems

e Can we also omit the end condition in the L'-case if T is sufficiently large?

e Write down (and prove) a result on finite-time turnpike in a general framework
(semigroup?) under assumptions that are easy to verify!
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e |s this also possible for semi-linear or quasi-linear systems?
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Open Problems

e Can we also omit the end condition in the L'-case if T is sufficiently large?

e Write down (and prove) a result on finite-time turnpike in a general framework
(semigroup?) under assumptions that are easy to verify!

e |s this also possible for semi-linear or quasi-linear systems?
e Thank you for your attention!
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