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In this talk, we study the null controllability of the following
Parabolic equation with dynamic boundary conditions

Oty — dAy + a(t,x)y = xwv(t,x) inQr:=(0,T) xQ,
Oryr — 0Aryr +doyy + b(t,x)yr =0 onl7+:=(0,T) xT,
yr(t,x) = yrs

¥(0,) = y0,¥r(0,-) = yorr,
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In this talk, we study the null controllability of the following
Parabolic equation with dynamic boundary conditions

Oty — dAy + a(t,x)y = xwv(t,x) inQr:=(0,T) xQ,
Oryr — 0Aryr +doyy + b(t,x)yr =0 onl7+:=(0,T) xT,
yr(t,x) =y,

¥(0,) = y0,¥r(0,-) = yorr,

» Q c RN is a bounded domain with compact smooth boundary
=09, N> 2, and the control region w is an arbitrary
nonempty open subset such that w C €.
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In this talk, we study the null controllability of the following
Parabolic equation with dynamic boundary conditions

Oty — dAy + a(t,x)y = xwv(t,x) inQr:=(0,T) xQ,
Ortyr — 0Aryr +doyy + b(t,x)yr =0 onlT7:=(0,T)xT
yr(t,x) =y,

¥(0,) = y0,¥r(0,-) = yorr,

» Q c RN is a bounded domain with compact smooth boundary
=09, N> 2, and the control region w is an arbitrary
nonempty open subset such that w C €.

> The term J:yr — Aryr models the tangential diffusive flux on
the boundary which is coupled to the equation on the bulk by
the normal derivative 0,y = v -V
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This type of dynamic boundary conditions arises for many known
equations of mathematical physics and biology.
They are motivated by :

> problems in diffusion phenomena,
P Reaction-diffusion systems in phase-transition phenomena.

» Special flows in hydrodynamics (the flow of heat for a solid in
contact with a fluid),

» Models in Dynamical populations, ....

References :
C. Gal, Favini, J. and G. Goldstein, Grasselli, Miranville, Meyries,
Romanelli, Schnaubelt, Vazquez, Vitillaro, Warma, Zellik, ....

G. R. Goldstein, Derivation of dynamical boundary conditions, Adv.
Differential Equations, 11 (2006), 457-480.
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The operator Ar on [ is given here by the surface divergence
theorem

/AryZdS = —/<VFYaVFZ>Fd5, y e Hz(r)’ z€E Hl(r)7
r r

where Vr is the surface gradient.
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The operator Ar on [ is given here by the surface divergence
theorem

/AryZdS = —/<VFYaVFZ>Fd5, y e Hz(r)’ z€E Hl(r)7
r r

where Vr is the surface gradient.

Proposition

The operator (Ar, H?(T)) is self-adjoint and non positive on L(T).
Thus it generates an analytic Co-semigroup on L?(I).
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Consider the following inhomogeneous parabolic problem with
dynamic boundary conditions

Oty — dAy + a(t,x)y = f(t,x), in Qr,

Oeyr — 0Aryr + d(9yy)|r + b(t,x)yr = g(t,x), onTT
yr=ylr,

y(0,-) = y0,¥r(0,-) = yorr,

d>0andd>0.
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Consider the following inhomogeneous parabolic problem with
dynamic boundary conditions

Oty — dAy + a(t,x)y = f(t,x), in Qr,
8t}/r*5Ar}/r+d(3u)’)|r+b(tax)}’r :g(t,X), on I_T (1)
yr =ylr,

y(07 ) = YO,YF((), ) =Yor,

d>0andd>0.
On L2 := [2(Q) x L%(T'), we consider the linear operator
B dA 0 -
Ao = ( —dd, 6Ar ) D(4o) = H,

where H* := {(y,yr) € H¥(Q) x HX(T) : ylr = yr} for k€N,
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Our wellposedness and regularity results for the underlying
evolution equations rely on this fact.

Proposition

The operator Ag is densely defined, self-adjoint, non-positive and
generates an analytic Co-semigroup (etAO)tZO on IL2. We further
have (L2,H2)1/272 = Hl.
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Let a€ L*°((0, T) x Q) and b € L>°((0, T) x ). Then, The
following perturbed system

Oty —dAy + a(t,x)y =0 in Q7 :=(0,T) x Q,
Oeyr — 0Aryr + d(dyy)lr + b(t,x)yr =0 onT7:=(0,T) xT,
yr=ylr,

¥(0,-) = yo,¥r(0,-) = yors

has also a solution which is an evolution family S(t,s) on L2
depending strongly continuously on 0 < s < t < T such that

t
S(t,)yo = elt= Aoy / (=9 (a(s, ), b(s, ))S(s, 7)yo ds

T
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Proposition

Let f € L2(Q7), g € L2(T7) and (yo,y0r) € L2.

(2) There is a unique mild solution y € C([0, T];1L?) of (1).
Moreover, y belongs to
Ei(r, T) := HY(r, T;L2) N L?(7, T; D(Ao)) and solves (1)
strongly on (7, T) with initial y(), for all T € (0, T) and it is

given by
70 = S(e. om0+ [ CS(Ls)(F(s).g(s))ds. te[0.T],

(b) If yo € HY, then the mild solution y of (1) is the strong one,
ie,y €Eqy:=HY(0, T;1L?) N L2(0, T; D(Ag)) and solves (1)
strongly on (0, T') with initial data yy.
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Ory — dAy + a(t, x)y = v(t, x)1, in Qr,
Oty — 6Ary + dd,y + b(t,x)y =0 onlr, (2)
y(0,°) = in Q,

Definition

The system (2) is said to be null controllable at time T > 0 if for
all given yo € L?(Q2) and yor € L?(T") we can find a control

v € L?((0, T) x w) such that the solution satisfies

}/(Tv'):yr(Tv'):O' )
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Static boundary conditions : Dirichlet, Neumann, Mixed
boundary conditions ( Robin or Fourier)

-Lebeau-Robbiano
- Fursikov-Imanuvilov

- Albano, Cannarsa, Zuazua, Yamamoto, Zhang, Guerrero,
Fernandez-Cara, Puel, Benabdellah, Dermenjian, Le Rousseau,
Ammar-Khodja, Gonzalez-Burgos, ....

Dynamic boundary conditions :

1. LI Vrabie, the approximate controllability : (w = Q).

2. D. Hoomberg, K. Krumbiegel, J. Rehberg, Optimal Control :
(w=2.)

3. G. Nikel and Kumpf, Approximate controllability :
(one-dimension heat equation with control at the boundary).
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The solution of the linear system

Ory —dAy + a

(t
dey — 0Ary + dBy,y + b(t,x)y =0
y(0,:) =

can be written as

(y( T, ')7}/F(T7 )) - S(T,O)yo =+ TV-;

]
Tv:/o S(T,7)(1uv(7), 0) dr.

,X)y = v(t,x)1,

in Qr,  (3)
onlr, (4)
in Q (5)
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The solution of the linear system

Oty — dAy + a(t,x)y = v(t, x)1, in Qr,  (3)
8ty — 5Ary + dﬁyy + b( 5 ) =0 on rT7 (4)
¥(0,) = inQ,  (5)

can be written as

(y( T7 ')7}/F(T7 )) = 5(T7 O)yO + TV-;
T
Tv= /O S(T, 7)(Luv(r), 0) dr.

Null controllability < R(S(T,0)) C R(T)
<~ 3C : ||S(T,0) o1l < C[ T e1llL2, T € L2.
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Lemma

1. The function p(t) = S(T, t)*pT is the solution of the backward
adjoint system

— 0o —dAp + a(t,x)p =0 in Qr,
—Ovpr — 0Arpr + dOy + b(t, x)pr =0 onTT
o(T,:) =T in Q,

2. The adjoint of the operator T is given by
T oT = Xutp-

3. The estimate (3) can be written as (Observability Ineq.)

]
1000, )% + [lor(0, )12 < € /O / (o[2 dt dx.
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To show the above observabity inequality, we show first a Carleman
estimate for the backward adjoint linear problem

— Orp — dAp + a(t,x)p = f(t,x) in Qr,
—Opr — 6Arpr + ddyp + b(t, x)er = g(t, x) onlt (6)
(P(T7 ) =¥T in ﬁ?

for given T in HY(Q) or in L2(Q), f € L?(Q7) and g € L?(T' 7).
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Lemma

Given a nonempty open set w € 2, there is a function n° € C?(Q)
such that

>0 inQ, 1n°=0 onT, VR°| >0 in Q\w.

Take A\, m > 1 and 7° with respect to w as in the lemma. We
define the weight functions « and £ by

alx,t) = (¢(T — t))—l(eb\mllnoHoo _ e/\(ml\nolloo+n°(><))), xeQ

E(x,t) = (t(T — t))—leA(mlanIIerno(x)), x Q.
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Theorem

There are constants C > 0 and A1, s1 > 1 such that,
VA > Ai,s > s1 and every mild solution ¢ of (6), we have

2% / e 2%¢|V|? dx dt + s3\* / e 22¢3| |2 dx dt
Qr

Qr

+sA / e 25 Vrar 2 4 8903 / 2083\ [2 dS dt
rr

rr

+sA / e 2%¢|0,, | dS dt
rr

;
< Cs3\* / / e 252¢3|p|? dx dt
0 w

+C [ e Yf)? dx dt + C/ e 2%%|g|2 dS dt.
Qr rr
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Lemma

For f = g = 0, we obtain the following fundamental estimates

3T
P

3T
/4 /!@(t,X)\zdxdtJr/ /|<pr(t,x)]2d5dt
T 79 Jr

]
< o [leteraxa
0 w

and

(0, M2y + ler (0 zzry < Clig(t )E2, 0<t<T.
(@) (N

v
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Proposition

Let T > 0, a nonempty open set w € Q and a € L*°(Q7) and
b € L>°(T'1). Then there is a constant C > 0 ( depending on
Q, w, ||1]|os || bl|oc) such that

.
(0 Z2@) + ler (0. )zzry < € [p|* dx dt
(@) o=/ |

for every mild solution ¢ of the homogeneous backward problem

— 0o —dAp + a(t,x)p =0 in Qr,
—0rpr — 0Arpr + ddyp + b(t,x)er =0 onlT
o(T,)=pT in Q,
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Theorem

Let T > 0 and coefficients d,§ > 0, a € L>(Q21) and b € L>(I'1)
be given. Then for each nonempty open set w € S and for all data
Yo, Yo.r, there is a control v € L?((0, T) x w) such that the mild
solution y of (3)—(5) satisfies y(T,-) = yr(T,-) =0.

L. Maniar, M. Meyries, R. Schnaubelt, Null controllability for
parabolic problems with dynamic boundary conditions of
reactive-diffusive type, Evol. Equat. and Cont. Theo. 6 (2017),
381-407.

Null Controllability for Parabolic Systems with Dynamic Boundary Conditions and Drift Terms L. Maniar, Cadi Ayyad University



We consider now the controllability of a dynamic boundary
Parabolic equation with drift terms

Oty — dAy + C(x).Vy + a(x)y = v1, in Qr
Oeyr — 6Aryr +ddyy + D(x).Vryr + b(x)yr =0 on I'r,
yir(tix) = yr(t; x) onlr,

(v, yr)le=0 = (v0. Yo,r)

a€L®(Q), be L), C e Q)N and D € L°(N)N.

Fursikov-Immanuvilov, Fernandez-Cara, Guerrero,
Gonzalez-Burgos, Puel : Dirichlet and Fourier boundary conditions.
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For the wellposedness of the above parabilic equation, consider the

operators
/dA 0 R
AO - <_dal/ 5Ar> ) D(AO) - H )
. —CV-—-a 0 ol
B‘< 0 —D.Vr—b>’ D(Br) = H,
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Proposition

1. B is an Ag-bounded operator, with null Ag-bound.
That is

(i)
D(Ao) c D(B),
30&,5 € R+,\V/(f,g) S D(AO)a
1B(f, 8)ll2 < al|Ao(f, &)Lz + BI(F, 8)llL2,

(ii) inf{a > 0 : there exists B € Ry, such that (8) holds } = 0.
2. The operator A = Ap + B generates an analytic semigroup.
3. The interpolation result (.2, H?), /22 = H! holds.

4. The equation (7) is wellposed and has maximal regularity.

(8)
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For the controllability of the dynamic boundary parabolic equation
with drift terms (7), we need to consider its backward adjoint
equation

—0¢p — dAY + ap — div(C(x)) = f,
—0¢tbr — OArYr + doy + by + Y C.v — divr(YrD(x)) = g
Y(T,:) =17 onQ,
Yr(T,-) =1,
(9)

v

a€ L®(Q), be L>=(T), Ce L®(Q)N and D € L>(I)N.
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» H~* the topological dual of H¥, with pivot
space 2.

» X; := H?, equipped with the graph norm ||.|| ,-
» X_; the dual space of X; with pivot space L2

» X_; is the completed space of L.? for the norm

I 1=z = O = Ag) ™ e

H? — H! L2 H s X | — H 2
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Let Ap,—1: L2 — X_; be the adjoint operator of Ag
(in the sense of duality) with pivot space IL? .

Ao,—1 is also the unique continuous extension of Ag to an operator
from L2 to X_;.

Ao,—1 is called the extrapolated operator of Ag.
Ao,—1 generates an analytic semigroup (S —1(t))t>0 on X_;

where So _1(t) is just the extension to X_1 of So(t) (the
semigroup generated by Ap).
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Let the perturbation operator

B div(u.C) — au
B(u’ Ur) - |: —uC.v+ din(Ur.D) — bUr :| ’ }

where for F € [2(Q)N and Fr € L2(N)V,

. Lyl —
div(F) : HY(Q) = R,v /QF‘VVdX FEO 3wy

divr(Fr) : H}(N) = R, vp — — / Fr.Vrvrdo.
r
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Theorem

1. B is a bounded linear operator from LL? to
(X_1,IL2)1 00 = HL.

2. The operator (Ao,—1 + B)L2 with domain
D((Ao,—1 + B)|]L2) ={U ¢ L2 : Ao,—1U+ BU € ]Lz}

generates an analytic semigroup (T (t))s>0 on L2, given by the
variation of parameters formula

T(t) = So(t) + /Ot So—1(t —r)B_1T(r)dr.

3. The adjoint equation (9) is wellposed.

A. Khoutaibi, L. Maniar, D. Mungolo and A. Rhandi.
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For the null controllability, we establish a Carleman estimate for
the backward adjoint equation

—0rp — dAp = —a(x)p + div(p.C(x))

—0rpr — 0Arpr + doy,p = —b(x)pr — o C.v + divi (or.D(x))
p(T,-) =p7 € L2(Q)

or(T,-) = er,r e L2(IN).
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For the null controllability, we establish a Carleman estimate for
the backward adjoint equation

—0rp — dAp = —a(x)p + div(p.C(x))

—0rpr — 0Arpr + doy,p = —b(x)pr — o C.v + divi (or.D(x))
p(T,-) =p7 € L2(Q)

er(T,-) = o7 e L2(I).

For this, consider the intermediate system, for F € L?(Q7) and
Fr € L2(TT).

(10)

—0rp — dAp = Fy + div(F)
—0rpr — 0Arpr + dOypr = For—Fv + divr(Fr)
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Main Result

Lemma
A1 =1, 0>0et C>0st, VA> A Vs > 59 =0(T + T?) such
that for all ® = (¢, ¢r) € L?(0, T; H') N HY(0, T;1?) solution of

(10)

sA2 [ e ¥ Vp|dtdx + s3\* / e 259¢3| | dtdx
Qr Qr
+5\%s [ e | Vror|?dtdo + s3A\3 / e 252¢3|or |2 dtdo.

rr rr

< s\ / e 259€3| 2 dtdx + / e 2% Fo| 2 dtdx
wT

Qr

+52A? / e ¢ |F [P dtdx + / e **|For[*dtdo
QT rT

45272 / e 29¢2|Fr 2 dtdo.
rr
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Come back to the adjoint parabolic equation

—0rp — dAp = —a(x)p + div(p.C(x))
—0rpr — 0Arpr + dO,p = —b(x)pr — ¢ C.v + divr (or.D(x))
o(T,) =pT € L2(Q)
or(T,-) =erre 2
With Fp = —ap, F =¢C, For=—byr, Fr=¢rD, we
obtain the following Carleman estimate for the adjoint problem

sA? [ e VpPdtdx + s3\* / e 259¢3| |2 dtdx
JQr JQr

+sM\%s [ e Vrpr2dtdo + 5323 / e 253\ or |2 dtdo.

rr rr

< 3¢ / e 259¢3| | dtdx.
wT
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Theorem

1. There exists a constant Ct > 0 s.t the unique mild solution ¢
to the backward system (9) satisfies observability inequality

(0, Moy + ller (0, )Izary < Cr [ lepl*dtax.
(@) (") -

Log(Cr) = C(L+1/T +||c3® + 1 €l3?)
+ CT(||BI1% + 11615 + llelloc + [1Blloc + [1lloo + 1blloc).

2. The parabolic system with dynamic boundary conditions and
drift terms is nul controllable.

A. Khoutaibi and L. Maniar : Null controllability for a heat
equation with dynamic boundary condition and drift terms, JEEC,
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Oy —dAy + F(y,Vy) =vl,, inQr, (11)
Oryr — 0Aryr +d(0uy)lr + Gy, Vryr) =0, onTr,  (12)
)

y(Ou) :)/07)/r(07') = Yo,r- (13
Theorem
Let T >0, w € Q be open and nonempty, and F, G € C*(R x R.)
satisfy

F(0,0) = G(0,0) =0 and |F(s,&)|+|G(s,€)| < C(1+]s|+[¢]).

Then for all yo € HY, there is v € L?(wT) such that (11)=(13) has
a unique strong solution y € Ey with y(T,-) = yr(T,-) =0.
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— Blowing up semilinear dynamic boundary equations. Under
preparation.

F,G : R — R are locally Lipschitz-continuous,
F(0,0) = G(0,0) =0 and

Al OIH16sO _ g RO+ [G(s 9]
(sP)l=>+o (In(1+ |s| + [¢])2 Ti(sp)=too (1 + [s| + [€])?

Fernandez-Cara, Gonzalez-Burgos, Guerrero, Zuazua.
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— The presence of Lapalce Beltrami in the second equation (6 # 0)
was necessary to get rid of bad boundary terms.

—Inthecase § =07

Oty — dAy + C(x).Vy + a(t, x)y = v1, in Qr
Oeyr + doyy + D(x).Vryr + b(t,x)yr =0 on T,
yr(t,x) = yr(t, x) onlT,
(v, yr)le=0 = (¥0, Yo,r) in QxT,
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— The presence of Lapalce Beltrami in the second equation (6 # 0)
was necessary to get rid of bad boundary terms.

—Inthecase § =07

Oty — dAy + C(x).Vy + a(t, x)y = v1, in Qr
Oryr +doyy + D(x).Vryr + b(t,x)yr =0 on ',

}’|r(taX) = yr(t, x) onlT,
(v, yr)le=0 = (Yo, ¥0r) inQxT,
-N=1.

— Cornilleau-Guerrero : Boundary Carleman estimate.
— With F. Ammar-Khodja : Internal Carleman estimate.
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— The presence of Lapalce Beltrami in the second equation (6 # 0)
was necessary to get rid of bad boundary terms.

—Inthecase § =07

Oty — dAy + C(x).Vy + a(t, x)y = v1, in Qr
Oryr +doyy + D(x).Vryr + b(t,x)yr =0 on ',

}’|r(taX) = yr(t, x) onlT,
(v, yr)e=0 = (vo. o) in QxT,
-N=1.

— Cornilleau-Guerrero : Boundary Carleman estimate.

— With F. Ammar-Khodja : Internal Carleman estimate.

— N >2:77 Could one obtain a uniform Carleman estimate
with respect § and tends ¢ to 0.
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Thank you for your attention
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