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Non-isentropic Navier-Stokes equations

(Orp + div(pu) =0 in (0,T) xQ
p(Oeu + (u - V)u) + V(p(p,0))
— pAu—(p+ A)V(divu) =0 in(0,T)xQ (1)
C,p(0:0 4 u - V) — Adiv(us)® — 2uD(u) : D(uv)
L — p(0, p)div(u) — kA =0 in (0, T) x Q,

where p is the density, u the velocity, 6 is the temperature, and p is the
pressure which is a function of p and € obeying, for instance, the ideal gas
law

p(0, p) = Rbp. (2)
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Control Problem

We will consider the local exact controllability around constant states
(p,1,0) € R* x (RY\ {0}) x R. The controls applied to the system (1) in
velocity and temperature are the values of us and 65 on the whole
boundary

9|aQ(t,X) = ﬂ)(t,x), (3)
ulaa(t, x) = fu(t, x). (4)

For what concerns the density we control only on the part of the region
where the flow is inward I = {(t,x) € [0, T] x 9Q| u(t,x) - n(x) < 0}
where 17 is the exterior unit normal to 92

plr(t.x) = £,(.). (5)
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For the density we control only on the part of the region where the flow is
inward ' = {(t,x) € [0, T] x 09| u(t,x)- n(x) < 0} where i'is the
exterior unit normal to 92

P|I’(t7X) = fp(tvx)' (6)

The control problem is to find boundary controls such that the reach the
constant state in time T

p(T)=p
u(T)=1a
0(T)=10
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Previous results

@ S. Ervedoza, O. Glass, and S. Guerrero: Local exact controllability of
the isentropic Navier-Stokes equations

@ Chowdhury, M. Ramaswamy, and J.-P. Raymond: controllability of
the linear system in one dimension around zero velocity (isentropic).

e D. Maity. controllability of the linear system in one dimension around
zero velocity (non-isentropic).
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Theorem 1

Let d € {2,3}, p>0and @ € RY\ {0}. Let L > 0 be larger than the
thickness of Q in the direction /||, and assume

T > L/[ql.

Then there exists § > 0 such that for all
(po, to, o) € H?(Q) x H2(Q) x H?(Q) satisfying

(o, to 0o) [l 2 (@) x H2(Q)x H2 () < O,
there exists a solution (p, u, #) of (1) satisfying the initial condition
ps(0,x) = p+po(x), us(0,x) =T+up(x), 6Os(0,x) = 0+00(x)
and the final condition

o(T,x)=p, u(T,x)=1, O(T,x)=0 inQ.

Nicolds Molina (CEREMADEUniversité Paris-Local control of the non-isentropic Navier-Stc August, 28

7/34



Theorem 1 (cont)

Furthermore, we can choose the control so that for the controlled
trajectory (p, u, 0) one has the following regularity:

p € C([0, T]; H*(Q))
u e L2(0, T; H3(Q)) N C°([0, T]; H*(Q)) (11)
0 € L%(0, T; H3(Q)) N Co([0, T]; H*(Q)).
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Theorem 2

Let d =1, p>0and @€ RY\ {0}. Let L > 0 be larger than the thickness
of Q in the direction u/[u|, and assume

T>L/[d. (12)

Then there exists § > 0 such that for all
(po, to, o) € HL(Q) x HY(Q) x HY(Q) satisfying

(o, to, 00) || 11 (@) x H1 (@) x H1 (@) < O (13)
there exists a solution (ps, us, fs) of (1) satisfying the initial condition

ps(0,x) =p+po(x), us(0,x) =T+uo(x), 0s(0,x)=0+00(x)  in<
(14)
and the final condition

ps(T,x)=p, us(T,x)=1, 0s(T,x)=60 inQ. (15)
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Theorem 2 (cont)

Furthermore, we can choose the control so that for the controlled
trajectory (ps, us, fs) one has the following regularity:

ps € C([0, T]; H(Q))
us € L2(0, T; H*(Q)) n C°([o, T]; HY(Q)) (16)
fs € L2(0, T; H*(Q)) N C°([o, T]; HX(Q)).
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We transform the boundary control problem in an interior control problem
without boundary by embedding the domain Q in the flat torus T,.

O¢p + div(pu) =, in (0, T) x T,
p(Oru+ (u- V)u) + V(p(p,0))
— pAu — (p+ N)Vdive =, in (0, T)x T, (17)
Cop(0:0 + u - V) — Mdiv(u)?® — 2uD(u) : D(u)
L — p(Os, p)div(u) — KA = V in (0, T) x T,

with V,, V, and Vj supported in T \ Q.
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Because we are interested in local controllability around (p, @, ) we
consider the translations

pi=p—p, t:=u—10, 0:=0-0.

Also we separate the system into the linear* and nonlinear terms.

Ocpp + (T + 1) -V + pdiv(ii) = v, + F,(p, i1, 0) in (0, T) %1
POl + (T + 1) - Vi) — plAdi — (u+ X))V div
+ P,V + peVl = vy + £, (p, 1, 0) in (0, T) x
Cop(0:0 + (T + 1) - VO) — kA + pdiv(i) = Vo + fp(p, 4,6) in (0, T) x
(18)

Nicolds Molina (CEREMADEUniversite Paris-Local control of the non-isentropic Navier-Stc August, 28 12 /34



where the nonlinear terms are
£(5, 0, 0) = —pdiv(a) (19)
fu(P, 8,0) = —p(Oeli+ (T + ) -V i) = V(p(p + 5,0+ 6) — pop — po9) (20)

fo(B, 11, 6) = —C,p(0:0 + (@ + 1) - VO) + Adiv()? + 2uD(i) : Vi
—(p(6+6,p+ p5) — p) div() (21)
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In order to take care of these nonlinear terms, we consider the following
change of coordinates

%(t,r, x) = w(t,Xu(t,7,x)), tel0,T], X (7,7,x) = x. (22)
Yia(t, x) = Xapu(t, T, Xa(T, t,x)) (23)

and the variables in this coordinates:

p(t,x) = p(t, Yu(t,x)), u(t,x)=i(t, Ya(t,x)), 6(t,x)=0(t, Ya(t,x)).
(24)
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In these coordinates the system is:

Op+ - Vp+ pdiv(u) = vox + f,(p, u,0) in (0, T) x Ty,
p(Oru~+ - Vu) — plAu— (p+ A)Vdivu
+ ppVp + ppVO = viux + fu(p, u, 0) in (0, T) x Ty,
Cop(0r0 + 0 - VO) — kA + pdiv(u) = vgx + fo(p, u,0) in (0, T)x Ty,
(25)
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Study of the linear system

Otp+ 1-Vp+ pdiv(u) = vpx+fp in (0, T) x Ty,
p(Otu+a-Vu) — pAu— (p+ A)Vdivu
+ B,Vp+ BoVO = vx + Fo in (0, T) x T,
Cop(0:0 + T - VO) — kAO + pdiv(u) = vox + fy in (0, T) x Ty,
(26)
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The controllability of the previous system is equivalent to the observability
property of the adjoint system:

— (0o +-Vo)—p,div(z) = g5 in (0, T) x Ty,
—p(0rz 4+ (G-V)z) — uAz — (p+ A\)V(div 2) 27)
—pVo—pVn =g, in (0, T) x Ty,

— Cp(Om+0-Vn)—kAn— pgdiv(z) =g, in(0,T)xTy.
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If we take divergence on the equation of z we obtain:

— (0to + - Vo) — p,div(z) = g» in (0, T) x Ty,
— p(0¢ div(z) 4+ T - Vdiv(2))

— vAdiv(z) + Lo+ Pn) = div(g:) in (0, T) x Ty,
14 1%

— Gp(0m + G- Vn) — kAn — pgdiv(z) = g, in (0, T) x Ty,
(28)
Introducing the variable( similar to the effective viscous flux introduced by
P.-L. Lions)

q :=div(z) + Lo, (29)

14
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— (0o + - Vo) = py(q — go) +g, in (0, T) x T,
—p(0rg+i-Vq)—vAq = pAn

p =2

pp(q - Ba) +div(gz) + P & in (0, T) x Ty,

|~ Cop(Om+ a-Vn) — kAn = pg(q — ;o) +g, in(0,T)xTy,
(30)

@ The observability of this system is equivalent to the previous one
because if we have estimates on (o, g,7), we can use the equation

—(0z+TVz)— phz =g, + ﬁ%VU + (A p)Vg+pVn (31)

e Importantly, we got rid of almost all the higher order coupling term (
except for the diffusion)

o If v # & we can diagonalize the diffusion part and eliminate
completely the higher order coupling.
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By taking the adjoint again, we obtain that the observability of the
previous system is equivalent to the controllability of the following system:

= -2
Or+0-Vr= —g(ﬁpr—i— %[3py+ﬁ9h)+ fr + viXo in (0, T) x
=2
p(Ory +0-Vy)—vAy = (por + %ﬁpy +poh) +1f,+vyxo in(0,T)x
Cop(Oth+ G- Vh) — kAh = pAy + fh + vaXo in (0, T) x
(r(07')7y(07')7h(07'):(r07y07h0) in
((r(T,),y(T,-),h(T,-)) = (0,0,0) in
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Controllability of (r,y, h) € L2(H?) x L2(H*) x L2(H3) with
(Frfyo fo) € L2(H2) x 12(H2) x [2(H1)

I

Observability of (o, q,n) € L2(H 2) x L2(H™?) x L2(H 1) with
)

(80+89:87) € L2(H™2) x L2(H™%) x L3(H™?)
4
Observability of (o,z,1) € L2(H™2) x L2(H™) x L2(H™!) with
(80, 82:8y) € L2(H™2) x L2(H™3) x L2(H™3)

4

Controllability of (p, u,0) € L2(H?) x L2(H3) x L2(H3) with
(fy, fu, fp) € L2(H?) x L2(HY) x L2(HY)
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Carleman weight

We use a Carleman weight introduced by Badra, Ervedoza and Gerrero.
We take 9 = 9(t, x) € C3([0, T] x Ty, [6,7]) that satisfies the transport
equation

Oey+T- Vi =0in (0, T) x Ty, (33)

and for which, there exists a subset w CC {xo = 1} such that ¢ does not
have critical points in [0, T] x (T, \ w). Now we choose Ty >0, T; >0
and € > 0 small enough so that

Lo + 12¢

To+2T < T - =0
u

(34)
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Carleman weight

Now for any real number v > 2, we introduce the weight function in time
¢(t) defined by

t o
veelo. Tl (0 =1+ (1- 1)
To
Vt e [TOa T— 2T1]7 C(t) =1,
= 1
¢ = ((t) such that vt e [T— T, T), C(t) = —, (35)
¢ is increasing on [T — 2T, T — T4],
[ ¢€ (0. 7))
Then we consider the following weight function ¢ = ¢(t, x):

o(8,%) = (1) (Aoe™ — exp(Aoti(t, X)) (36)

where s, Ao are positive parameters with s > 1, A\g > 1. The parameter «
is chosen as

o =s\3e*M > 2 (37)
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Carleman estimates for transport equation

The equation

8tr+U-Vr+Mr: fi 4+ vixo, in (0, T) x Ty,

v (38)
r(0,-) = ro, in Ty,

is null controllable and the controlled trajectory satisfies the following
estimate

1€ re® || 120, To2(my)) + 1€ Ve € 120, o201,y <

C (||C_1frewlle(o,T;Lz(TL)) + Hfoeww)lle(TL)) - (39)
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Carleman estimates for heat equation

The equation

{ gaty — Ay = Fy + vy X0, in (0, T) x Ty,

_ (40)
y(07 ) = Yo, n TL)

is null controllable and the controlled trajectory satisfies the following
estimate

3 3
s2 Hyes“’HL2(0,T;L2(TL))+ HC 2XoVvy €’

12(0,T;L2(T,))
+s1/2 H(_1Vyes‘/’HL2 0,T;L2(T,))

<cC Hc_g;-yesw Csl/2 s(0)

(41)

L2(0, T;L2(T})) ‘yoe L2(T,)
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Proposition

Let us fix an initial condition (ro, yo, ho) € L2(T) x L2(Ty) x L2(Ty).
There exist C > 0 and sp > 1 large enough such that for all s > s,
if f,,f, and f, satisfy the estimates

¢ e 12(0,7:22(1y)) T lc™He|] L2(0,T;5L3(Ty))
e Hcfg fhes‘P

<
L2(0,T;L%(T.))

there exists a controlled trajectory (r, y, h) solving (32)

(42)
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Proposition (cont)

and satisfying the following estimate:

55 HgilreswHL2(O,T;L2(TL))+S ”hewHL2(0,T;L2(TL))+HC71VheSLpHL2(0,T;L2(TL

C2yess CTIVye

~

5
S6

11
456

L2(0,T;L2(T.))

C*%Ayes“’

L2(0,T;L2(T.))

_1
+s 6

L2(0,T;L%(T.))

2 — s i - =
<C (53 [¢™ e ¢HL2(07T;L2(TL)) +53 ¢ e ¢HL2(0,T:L2(TL))

LQ('ﬂ'L)) ‘

(43)

v

+s71/2 HC% fne*?

L2(0, T;L2(’]I‘L))>

s¢(0) : s¢(0) s¢(0)
ne 2(1,) + S6 ||ype

re (s + e

L2(Ty)
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Idea of the proof: Use a fixed point argument with the map

(F,y,h) — (r,y, h) solving

- -

Ber +7-Vr = —g(,spm %,3py+,39h)+f,+v,><0 in (0, T) x
_2 .

POey + - Vy) = vy = (B + =By + po) + £, + v x0 in (0,T) x

Cyp(0th+ G- Vh) — kAh = pAy + fn+ vhXxo in (0, T) x

(r(07')7y(07')7h(07'):(r07y07h0) in

k(r(T,-),y(T,-),h(T, )) = (07070) in

(44)
and proof that is a contraction for the norm:
2 -1 __s s -1 s
s3 ¢ tre SDHL?(O,T;L2(TL))+S 1he*[l 20, 7.12(n, ) +[C T Vhe SDHL?(O,T;B(TL))

(%yes‘p s C_%Vyew

1
+s6

L2(0,T;L%(Ty)) L2(0,T;L%(Ty))

+s*% C*%Ayes“’

12(0, T;L2(T}))
(45)
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Proposition

There eiists sg > 1, such that for all s > so,Afo/[ aﬂ

(Po, o, B0) € H2(T1) x H2(T.) x HX(Ty), f,, fu, fy such that

f,e5® € 12(0, T; H*(T})) and f,e7®/6, fe5® € 12(0, T; HY(Ty)), there
exist control functions v, v,, vy and a corresponding controlled trajectory
(p, u, ) solving (26) with initial data (o, Go, 6o), satisfying the control
problem and depending linearly on the data (po, o, 6o, f,, fu, fa).
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Proposition (cont)

Besides, we have the estimate:

6s¢/77 ue6s¢’/7’ 0e6s¢/7)

H (pe L2(0, T;H2(T,)) x L2(0, T;H3(T,)) x L2(0, T;H3(T,))

6s5®/7 6s®/7 6s¢/7)

» XVu€ » XVoe

o
L2(0,T;H2('I[‘,_))><L2(O7 T;HI(TL))XLz(O, T;Hl(’I‘L

<C H(;-;)escb7 ;—;67549/6, ;;es(b)

L2(0, T;H2(T.))x L2(0, T;HY(T.))x L2(0, T; HX(T.))

(46)

+C H (ﬁoes¢(0)’ a\oe7s¢(0)/6’ é\oesdD(O))

H2(T ;) x H2(T() x H2(Ty)

where
o(t) = C(t))\oem)‘“. (47)
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|dea of the proof of the controllability of the original

problem

Using Schauder Fixed point theorem to the map

Bep+ - Vp+ pdiv(u) = v,x + £,(p, T,0) in (0, T) x Ty,
p(Oru+ - Vu) — pAu— (p+ AN)Vdivu + p,Vp
+ PO = viux + (. T, 0) in (0, T) x Ty,
Cop(8:0 + - VO) — kA0 + pdiv(u) = vpx + f5(p,G,6) in (0, T) x Ty,
(48)
in the set

Cr={(p,u,0) withpe E,uc F,0 e F
5s®/6 o556 g eSscb/G)‘

< R}.

€
H(P ExFIxF —
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where
E = L>(0, T; H*(T,)) n HY(0, T; L(T})) (49)

F = 12(0, T; H3(T.)) N L°°(0, T; H*(T.)) N HY(0, T; HY(T.))  (50)
we can estimate the nonlinear terms as

~ ~

| (5. D= £5,8,0)e™*/%, £, 5, D))

L2(H2(T0)) % L2(HH(T,)) % L2(H(T,
< CR?, (51)

which allows to prove that the fixed point map is well defined from Cg to
Cr. And finally proving compactness of the map gives us a fixed point.
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Thank you for your attention!
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