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Application: Gas transportation through pipelines

The system dynamics in a pipe is described by

the isothermal Euler equations

pt+Qqx =0

g + (p+ %) = — 539 — pg sin(a)

or a similar (linearized) model, see A. Osiadacz, M. Chazykowski, Comparison of isothermal
and non-isothermal pipeline gas flow models, 2001.

V TRR Mathematical Modelling,

Simulation and Optimization Using

.:;':14\“{_154 the Example of Gas Network
See the results of DFG CRC 154: e Example of Gas Networks




Model for the flow in a single pipe

|deal gas The isothermal Euler equations

In ideal gas, we have pt+Qqx =0
p=Ccp.

P p
The sound speed c is constant!
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A simplified model for ideal gas flow

In terms of the RIEMANN invariants the hyperbolic system has the quasilinear form

R:+ Dy(R) Ry = F(R)
with a diagonal matrix Dy(R) that contains the eigenvalues

CRUA
p p
If we replace the eigenvalues by
d =c¢ d =—-cC

we get a semilinear model with a constant matrix D. i
Let a stationary state R with D Ry = F(R) be given. Linearizing around R with
r =R — Ryields

rn+Dre=F(R)r.

1 1

. - - . 1 —1
For the ideal gas we get F'(R) = —2%9 IR (x) — R_(x)| ( ) :

1
linearize!) The pressureis given by exp (% (re + -+ R+ R_)) >0
and the gas velocity is proportionaltor, —r- + R, — R_.

The matrix < ) is positive semidefinite. (First go to RIEMANN invariants, then



Boundary control problems

We are interested in boundary control of the system!

For this purpose, we introduce a control u(t) in the boundary condition.



Boundary control problems

We are interested in boundary control of the system!

For this purpose, we introduce a control u(t) in the boundary condition.
For example DIRICHLET boundary control

ri(t, 0) =u(t), r-(t, L) = u_(t).



Boundary control problems

We are interested in boundary control of the system!

For this purpose, we introduce a control u(t) in the boundary condition.
For example DIRICHLET boundary control

ri(t, 0) =u(t), r-(t, L) = u_(t).

What happens if in the pde

r+Drn=—-Mr

the matrix is not positive definite?
Can this cause difficulties?



Boundary control problems

We are interested in boundary control of the system!

For this purpose, we introduce a control u(t) in the boundary condition.
For example DIRICHLET boundary control

ri(t, 0) =u(t), r-(t, L) = u_(t).

What happens if in the pde

r+Drn=—-Mr

the matrix is not positive definite?
Can this cause difficulties?

Yes!
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Example for a closed-loop system.

).olo 1) (V). (o)

The solutions have the form U(t, x) = o(t — x), V(t, x) = 5(t + x).

Together with the boundary conditions
U(t, 0) =k V(t, 0), V(t L)=U(t L)

where k € (—1, 1) is a feedback parameter
(and initial data U(0, -), V(0,-)))
we have a closed loop-system.

For kK = Q it is finite time stable.

In the applications, often source terms play an essential role.

In our example, with a 2 x 2 matrix M we get

(), (o) (0), 7w (v) = o)

The source term can cause instability!
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In Stability and Boundary Stabilization of 1-D Hyperbolic Systems (2016),

BASTIN and CORON consider the diagonal system
U N 1 0 U N 0c uy (0
V), 0 —1 V), cO v/ \0O
with a real parameter ¢ > 0.

Together with the boundary conditions
U(t, 0) =k V(t, 0), V(t L)=U(t, L)

where k € (—1, 1) is a feedback parameter (and initial data U(0, -), V(O0,-))) we have a
closed loop-system.

Is it stable?

BASTIN & CORON construct product solutions of the form (separation ansatz)

() - (35)

If such a solution can be found with o > 0,
the system is exponentially unstable and cannot be stabilized.
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For o € (0, ¢) define w =+v/¢c? — 02 > 0. The pde and f(0) = k g(0) imply

f(x)= (c+ ko) sin(wx) —k w cos(w X),

g(x) = —(o+ kc) sin(wx) —w cos(w X).
For k ## —1 we have f(L) = g(L) if o € (0, ¢) is such that
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For Kk = —1 we have f(L) = g(L) if o € (0, ¢) is such that

0 = cos(v/c? — o2 L).

This is possible if ¢ L is sufficiently large in the sense that
cL>m/2.

With ¢ = 0, this is possible if
cL=m/2.
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The example by BASTIN and CORON

For k # —1, in terms of w L, the condition for non—stabilizability is

[CL+\/(CL)2—(wL)2] ta’;f“zL):Zﬂ. (1)

So we analyze the range of the function on the left-hand side of (1)!
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We consider

F(cL)= sup [CL—i— Vv (cL)? — 82] tan(s) > 0.

se(0,clL) S

We substitute y = ¢ L. For y > 0, define F(y) = sups(q ) [y +\/y? — 32} @
If y > m, then F(y) > lim [71' + V72 — SZ} @ = 0.

S—m—

For y > 0, define G(y) = infsc(0) [y + /Y2 — 52] ta”S(S).

If y > 5 then G(y) < lim [y+\/y2—s2] @:—oo.

S—o5+
Thus for y = ¢ L > 7, the function on the left-hand side of (1) takes all values in (—oo, 0].

For all k € (—1, 1], this implies the instability of the system

because equation (1) has a solution s = w L € (7/2, 7) that corresponds by 02 = ¢? — w?
to o € (0, ¢).
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In fact, the following proposition is already proved by BASTIN and CORON:

Proposition:

If cL>m,

there is no real value of k such that the closed loop system with the pde

V), 6 5) (), (€9 (v) -

and the boundary conditions U(t, 0) = k V(t, 0), V(t, L) = U(t, L)
is exponentially stable.

Boundary stabilization becomes impossible if the length or the (negative eigenvalue of

the) source term is too large!
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How is the situation on networks?
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Now we consider a star-shaped networks of strings.

Figure: A star-shaped network with N = 4 edges.

We consider feedback control at all boundary nodes except one.
Let N € {2,3,4, ...} denote the number of strings.

Forie {1,2,..., N} let ¢; > 0 and ¢; > 0 be given and consider the wave equation

i

tt:U)l;x_zgiUz{_(glz_C/'z)Uizo

on the space interval [0, L;]. The edges are coupled at x = 0 by node conditions:
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A tree of strings

At the central node:

Fori,je {1,...N}

U'(t, 0) — U/(t, 0) = O,

UX(t, 0) = 0.

=
M=

At the boundary node of edge number 1 at x = Ly we have a homogeneous

DIRICHLET condition

U1(t7 L1) =0

and at the other boundary nodes for j € {2,..., N} at x = L; we have a NEUMANN

velocity feedback | |
Ui(t, L) = K Uit L)

with a real feedback parameter K.



We have a video!

A movie
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A tree of strings

The wave equation (2) can be transformed to a 2 x 2 system:
Forie {1, .., N} define V' = —1 (Ui + Uy + & U').

Then due to the definition of V' and (2), the function (U', V') solve

U"+1O U"+s"c" uy\ (0

Vi), \0o 1) \V' ] "\c ) \V) \0o)
Also the node conditions and boundary conditions can be transformed similarly:
For example, at x = L, we have

’
V1(t, L) = o (UJ( -+ U}) .
Forie {2,...,N}, at x = L;, we have
. 1 . .
Vi(t, L) = —— (e U + (Ki+ 1) Uy) .

1



Aim of this talk

e Also for our star of strings, boundary feedback stabilization is
not always possible!

e |f one of the strings is too long, it can become impossible for all feedback
parameters!
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A tree of strings

Limits of stabilizability: Assume that for all i € {1, ..., N} we have ¢; > ;.

1. Instability if ALL edges are sufficiently long:
|f

and forall i € {2,..., N} we have
Ci=Ci, ci=¢1, Li=L, Ki= Ko

there are no values of K> € (—oo, co) such that the closed loop system with the wave
equation (2), the node conditions and the boundary conditions is asymptotically
stable.

In fact, there are solutions with exponentially increasing norms in X, 2(0, L;).

2. Instability if ONE edge is sufficiently long:

If
2

22,97 :
cf > 5+ 2 B and ¢y —e1 < ie{?.l.r.]N}{Ci —&i}, (3)

there are no values of K5, ..., Ky € (—oo, 0] such that
the closed loop system is asymptotically stable.



A tree of strings
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A tree of strings

Limits of stabilizability: Assume that for i € {1, ..., N} we have ¢; > ¢; = 0 and one of the

values of L; > 0 is sufficiently large.

¢ Due to the POINCARE—inequality, if the ¢; > 0 are sufficiently small, we can use the
energy

N L
%Z/ (UL(t, x))” + (Ui, x))2 —cf (Ut x))2 dx.

e We have
; 2
= Y K (Ui(t, L))
ielg

Thus if K; > 0, we have E’(t) > 0 and thus the energy does not decay.
e Thus there are no parameter vectors with components K; > 0 such that the system is

asymptotically stable.
e With the Result 2. above, this implies that there are no parameter vectors with

components of equal sign such that the system is asymptotically stable.
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A tree of strings

Limits of stabilizability - Result 3.: Instability for a large number of short edges

Assume that for i € {1, ..., N} we have ¢; > ¢; and

Ci=¢Cy, gi=¢1, Li= L, Ki= K.

If

, 1
sin®(1/Cc? — g2 Ly) = N

there are no real values of K> € (—oo, >0) (j € {2, ..., N}) such that the closed loop
system is asymptotically stable.
This implies ,

L5 (C-|2 — 5?) = (arcsin(ﬁ)) :
Since we have limy_, arcsin(ﬁ) = 0, for N sufficiently large we obtain arbitrarily small
values of the lengths L; > 0, for which the system is not exponentially stable!

So here the total length of the strings N L5 must be sufficiently large!
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A sufficient condition for stabilizability

Assumethatci=cy, ¢j=¢1, Li= L1, Ki= K. If ¢4 > 0 and

e1>¢6 >0

with K> = 0 the closed loop system is exponentially stable.
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A sufficient condition for stabilizability

Assumethatci=cy, ¢j=¢1, Li= L1, Ki= K. If ¢4 > 0 and

e1>¢6 >0

with K> = 0 the closed loop system is exponentially stable.

e This can be shown by the analysis of the eigenfunctions of the system.
e For e1 > ¢y > 0, the matrix of the source term is positive semidefinite.

What happens for
cLe (0.177.., 7)?

Thank you for your attention!



	Motivation by application: Gas transportation through pipelines
	Example for a closed-loop system.

	The example by Bastin and Coron: A single interval
	A sufficient condition for non-stabilzability
	A sufficient condition for stabilizability

	A tree of strings with a stabilizing and a destabilizing source term 
	Sufficient conditions for non-stabilzability
	A sufficient condition for stabilizability


