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Why Study Non-Hermitian Systems?

What happens in quantum mechanics when our Hamiltonian is
non-Hermitian, Hf #+ H?

Real eigenvalues are still possible!

Hamiltonians with PT-symmetry give real eigenvalues.

PT:p—p, x——x, i——i

Figure: Bender and Boettcher, 1998
H = p* + (ix)°
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h(t)¢(t) = ihoep(t), H(t)P(t)=iho:d (t).
Time dependent Dyson operator
¢ (t) =n(t)®(t).
— Time dependent Dyson equation
h(t) =1 (t) H(t)n (8)™ + ihden (t)n ()"
—> Time dependent quasi-Hermiticity relation
HY (8) p () = p (t) H(t) = ihdep (t) .

where p (t) = 7' (t)7(t)
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Observables

Observables o(t) in the Hermitian system must be self-adjoint for
real eigenvalues.
Observables O(t) in the non-Hermitian O(t) are quasi Hermitian

o(t) = n(t)O(t)n~*(t).

Then we have

p(t) = (t)n(t) is vital!
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Von Neumann entropy

on=Y_pild:) (¢il,

iat@h = [ha Qh] )

Sp = —tr [.Qh In Qh] .

Substitute time-dependent Dyson equation into von Neumann
equation,

h= nHr]_l + ih@trm_l — i0ron = [h, on) -
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Von Neumann entropy

on = nonn” !
on =Y pilvi) (il p,
i

iat@H - [H7 QH] P

Sy = —tronnon].

SH:—Z)\,'M)\,':Sh.
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System/bath coupled harmonic oscillators

N N

N
H=vala+v) qlga+(g+k)a Y ga+(g—r)a) g,
n=1 n=1 n=1

v, g, k € R are time-independent parameters.

PT: i— —i, a— —a, al — —aT, dn — —qn, qT —>—qJr

n n

Ei,v =m (yj: VNy/g? — /-@2) :

PT symmetry spontaneously broken when g < &
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Calculating the metric

Generators

N
1 1
NA = aTaa NQ = E qj‘;qm NAQ = NA - NNQ - N E qltqm’
n=1 n#m

1 N N . N N
szﬁ (aTnz_;qn—l—a"z_;qf,), Ay:ﬁ <aT§qn—a§q$>.

Algebra

[NA’ NQ] =0, [NA’ NAQ] =0, [NAuAX] = _iAy7 [NAvAy] = iAyv
[NQ,AX] = iAy, [NQ,Ay] = —IiA, [NAQ,AX] = 72I'Ay, [NAQ,Ay] = 2/A,.
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Calculating the metric

H = vNa+vNg + VNgAx — iVNEA,.
p(t) =n'(t)n(t)

h(t) =n(t) Hn ' (t) + ihden (£) ™" (t)

n(t) = e? DA g()Nag

<

Coupled differential equations

& = —tanh (23) [mgcosh (2a) + V/N#sinh (20[)} ,

B = VN cosh (2a) + V'Ng sinh (2a) .

N
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Calculating the metric

Solution for «

—Ngn+B\/52 + N (g2 — Kk?)
Ng? + (32 ’

tanh (2a) =

Solution for
3 + 2tanh (28) [Ng2 — NK2 + 5'2] —0.
sinh(28) = o

G+4N (g% — K)o =0,

o= \/g;l_imzsin (2fNW(t+ C2)) :
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Calculating the metric

Hermitian Hamiltonian

h(t) = vNa+ vNg + 10 (t) As,

(82— K2) VN /2 + g2 — K2
c? +2(g2 — K?2) — c? cos (4\/N\/g2 —r2(t+ (:2)>.

p(t) =
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Von Neumann entropy

Initial State

[¢(0)) = siny[1.04) CMZyoa

State at time t

6 (£)) = e~ * (sinysin y (£) + cosy cos i (£)) [ 1,0)

N

(siny cos s () — cosysin s (£)) . 10517
i=1

e

t 1 V2 + g2 — k2tan (2\/N\/g2—ffz(t+C2))
per () :/ 1 (s) ds = = arctan e .
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Von Neumann entropy

Reduced density matrix

_ _( (sinysinp (t) +cosycospuy (£))* 0
02 (t) = Trq [on (1)] = ( 0 (sin’}icos,u/ (1) — COSVISi” i (1))° ) .

v
Eigenvalues

A1 (t) = (sinysin () + cosy cos iy (£))?,
X2 (t) = (sin~ycos puy (t) — cos~ysin (),

A

Sha(t) = —A1(t)log [A1 (t)] — A2 (t) log [X2 (t)] = Sh.a (t)-
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S
1.0r
0.8f
— N=2
0.6¢ =10
— N=20
0.4f — N=50
0.2f
— t
0.0 0.5 1.0 L5 2.0

Figure: Von Neumann entropy as a function of time and varied bath size,
with g =1, =07, k=03



Three types of entropy evolution
0000e0

Exceptional point




Three types of entropy evolution
0000e0

Exceptional point

S
1.0r
0.8¢
— N=2
i N=10
— N=20
0.47 — N=50
0.2y
t
0.0 0.5 1.0 L5 2.0

Figure: Von Neumann entropy as a function of time and varied bath size,
with g =1, g =&
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Broken regime

S
1.0r
0.8¢
— N=2
i N=10
— N=20
0.47 — N=50
0.2y
t
0.0 0.5 1.0 L5 2.0

Figure: Von Neumann entropy as a function of time and varied bath size,
with ¢ =1, g = 0.3, kK = 0.7. The asymptote is at S; o, =~ 0.3521
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In the broken regime, entropy decays to finite minimum

Quantum computing- maintaining entanglement

Further models
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