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Supersymmetric quantum mechanics
Definitions
Properties
Pauli and Dirac Hamiltonian

Supersymmetric quantum mechanics

Hilbert space: H

N self-adjoint supercharges: Q; = Q,-T,
Hamiltonian: H

Superalgebra: {Q;, Qj} =d; H

N = 1: In general no grading operator, H = 2012

i=1,2,...,N

N = 2: Grading operator always exists

._ 3 [ [Qv Qﬂ
W= H =100

Complex supercharges: @ := % (Q1 +i@), QT = % (@1 —iQ)
Superalgebra: [H, W] =0,{W,Q} =0,H = {Q, @'},

Q2 =0= (QT)27 [H7 Q] =0= [H7 QT]
Grading: H=Hy+ & H_, where W =+1 on Hy
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Supersymmetric quantum mechanics
Definitions
Properties
Pauli and Dirac Hamiltonian

N=2 SUSY in matrix representation

Operators:
_(+1 0 ([ Hy 0\ _[AAT 0
W‘( 0—1>’H_<0 H_>_<0 ATA>’
0 A 0 0
= T:
=(05)o-(4 o)
+
States: 9T = ¢ T = O, LT € Hy
0 ¢
SUSY transformations: Hyigt = E¢:,'__E

Apr =VE¢L, Algf=VE¢: for E>0

Ess. iso-spectral: spec H{\{0} = spec H_\{0}
Unbroken SUSY: E = 0 eigenvalue of H_ and / or H,
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Supersymmetric quantum mechanics
Definitions
Properties
Pauli and Dirac Hamiltonian

Pauli and Dirac Hamiltonian with magn. field

External magnetic field: B=VxA

Pauli: Hp——(p—fA> — £ 5. B on H=L}R%®C?
N =1SUSY: Hp = 2Q} with Q == A& (5— gA) iff g —

Dirac: HD:co7-<5—fA>+ﬂmc on H=LR}xC*

N=2SUSY: Hp= Qi+ WM = "0 ",

vere (3 2 (% Y a(38),

and A:=cco - (ﬁ— fA) @ = —1WQ;.
But Hp is a supercharge, not a SUSY Hamiltonian.
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Definition

SUSY structure
Spectral properties
The Dirac oscillator

General SUSY Dirac Hamiltonian

General SUSY Dirac Hamiltonian

e . (Mg A
Definition: Hp := Q1+ WM = < A M )

is called generalized supersymmetric Dirac Hamiltonian if
M:=M.>0 AM_=M,A  ATM, = M_AT

Matrix representation:

(1 0 (Mg 0 _ 0 A
v=(o 5 )m=("5 ) e-(4 %)
with {Q1, W} =0, [M, W] =0, W2 =1, [@Q, M]=0.

AAT + M2 0
Note: H3 = Q7 + M? = 0 * ATA+I\/I2>

has the form of a SUSY Hamiltonian
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Definition

SUSY structure
Spectral properties
The Dirac oscillator

General SUSY Dirac Hamiltonian

N = 2 SUSY structure

Let: m > 0 be an arbitrary mass-like parameter and

AAT 0 H 0
1 1 _ +
H'_2mc2(H]%_M2)_2mc2< 0 AT/\)_( 0 H)
0 A 0 0
f_ 1
Q= \/2mc (O O)' Q _\/2mc2<AT O>

SUSY: | H = {Q.Q'}, {@, W} =0={Q", W}, @ =0=(Q)

As A is linear in p, H4 is quadratic in p = non-rel. Hamiltonian

Example: A := co - (5— gﬁ) Ms = mc? =

Hp = cd - (ﬁ— 7A> +Bme?, He = 2L (5- (ﬁ— gﬁ))z — Hp
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Definition

SUSY structure
Spectral properties
The Dirac oscillator

General SUSY Dirac Hamiltonian

Spectral properties

Diagonalize with U =a; +a_WsgnQ; and a; = /3

2 2
fio = UHpUt — | VMt M 0
0 —+/2mc2H_ + M?

Let: Hi¢pF = cp9f — Hp, = Efz;,, where

Spec HD“ E;t = :t\ / 2mC2€n + M:2|:, '(/Jn:t — UT'(ZH:E,

~ + ~
wb=— m=(%) w-())
wl_ QU = VEit, QWi = iy
- Ey = M4 iff o = 0 € spec H,
Ey = —M_ iff o = 0 € spec H_
Spectral problem of rel. Hp = Spectral problem of non-rel. Hy
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Definition

SUSY structure
Spectral properties
The Dirac oscillator

General SUSY Dirac Hamiltonian

Example: The Dirac oscillator

2 o oo .
: : mc ¢ (p—imwr
Dirac oscillator: Hp := ( (P r) >

cé - (p+ imwr) —mc?
SUSY with A := ¢5 - (§ — imwrF), My := mc?

SUSY partners: Hy = % + 20?2 L hw (K + 3)
Spin-orbit operator: K :=1+&-L/h,  specK = +(j +1/2)

Spectrum of SUSY partners:
el =hwn+2+j+s), n=0123,...,j=33 . s=4+1

n7j7s
Epjs = hw(2n+j+1+5s(+1)),
€njs = 5;“_171.“’_5, ess. iso-spectral

5@-71 = 0 unbroken SUSY
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Resolvent and iterated resolvent
Path integral representation
The free particle

Generalised Dirac Oscillator

Path integral representation of resolvent

Resolvent and iterated resolvent

Resolvent: G(z) := z € C\spec Hp

HD—Z

Iterated res.: g(¢) := H% ¢ € C\spec H3
0o 1
) _( & +
Note: g(C) - < 0 gf(c) > (C) 2mC2H:t + M:t C

G(z) = (HD+Z)g(Z2) = ( (= 7;\]{\;’-1)@;)(22) g2 )( ) )

+ _ i - _
£5(0 = gz [, deen {—ieHT (/1)
with effective non-relativistic H$(¢) := Hy + (M2 — () /2mc?
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Resolvent and iterated resolvent
Path integral representation
The free particle

Generalised Dirac Oscillator

Path integral representation of resolvent

Path integral representation

Lets (7,7 0) = (Pl (OF) = gczy [ At PE 750
Promotor: Pgi(r_”, 7 t) == (| exp {—itHi (Q)/n}|7)
Path integral representation:
o . =r = i ‘ + >
P(r", 7 t) = o Drexp 7, ds L4(7, )

Here L% - represents effective Lagranglan associated with H$T(¢)
If non-rel. Liﬁc is path integrable = g* (7", 7;() = G(_" 7 z)
Also applicable to non-SUSY Hp iff HI% is of block-diagonal form
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Resolvent and iterated resolvent
Path integral representation
The free particle

Generalised Dirac Oscillator

Path integral representation of resolvent

Example: The free particle

SUSY Dirac: A= cd-p, My = mc?, Hy = p?/2m

2mc2 ' 2m 2m

~2 2.4 =2 2

+ (o > m-p  p(¢)?
— Lx(7,rt) = 57 + o
Pi(F// 7 t):( m )3/2exp i(ﬂ(lﬁ’—?f%—ilﬂ(o)
¢V 2miht ho\2t 2m

1
+ _ . - S
g= (7,7, ¢) = Wexp{lu(o]x\/h}, = -7
G VA G- X )

G(r',F,z) = TR (1hc B + cu(z) 7 + Bmc —|—z>
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Resolvent and iterated resolvent
Path integral representation
The free particle

Generalised Dirac Oscillator

Path integral representation of resolvent

Example: Generalised Dirac Oscillator

SUSY Dirac: A= cé - (f—ih& U'(r)), Mx = mc?, U = U(r)

=2 h2 h2 h2u/
— H:t ;;+7U,2( ) 2rnU”(r):|Zrnr(r)K

Partial wave exp.:

R0 = P 0 Y 0.
mj=—j
Pauli spinors:

\/mymj—l/z 0
SOJm (9 ¢) ( 7¢U7 mj75> = Til/Q em‘+1/2( 7¢)
s\/ Ry (0, 0)

Plj.mj,s) = jG+ 1)l mps), i=bige
J2|j, mj, s) = mjlj, mj, s), mp= =y
K\j,mj,s>:m|j,mj,s>, k=s(+1/2), j=~L+s/2, s==1
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Resolvent and iterated resolvent
. . Path integral representation
Path integral representation of resolvent gral rep
The free particle
Generalised Dirac Oscillator

Example: Generalised Dirac Oscillator

Radial promotor:

r(t):f” . t
0

r(0)=r’

Eff. Lagrangian: L% = 272 — % — Vi(r) + Néfn)z

Potential: Vi(r) = 22 U2(r) £ 2y (r) £ U0,

Explicit results:

= 2w?r? + hw(k + 1/2)
2
= o (1£267)

U(r) = In(r/a) V(1) = 5loe [7? £ (s — 1)]
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Graphene
2D Pauli system

2D Dirac and Pauli systems

Graphene

Dirac cones characterize band structure of spinless electron/hole
near K(+) and K’(—) edge of Brillouin zone.

@) _ [ mervi A
™ = Al — Mg V2

() T MelrVi
megr > 0 introduces band gap at K and K’

Ay = vr [p1 Fip2]

Fermi velocity: vp ~ 108m/s
Orth. magn. field: B = B(x1,x2)é€3, B(x1,x2) = ‘3—2 — g—fé

SUSY structure:
Ms = megv?, Ay = vr [(p1 — £a1) Fi(p2 — £a2)]
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Graphene

2D Dirac and Pauli systems 2D Pauli system

2D Pauli system

Non-rel. partner Hamiltonians: m arbitray mass parameter

HE = S AmAL,,  HE = Al A,

(£) - 2mVF()

2mv
2D Pauli Hamiltonian:

@ _ 1 (o e g™ en
M = om (” ca> T =5 amc Blarx)
where g(&) = £2

Two-dimensional Pauli Hamiltonian exhibits a SUSY structure for
g = 2 as well as for g = —2.
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The free particle

The harmonic oscillator

Quasi-classical approximation
1D Dirac systems

1D Dirac systems

mc? A

_ 2 2 A s
Hp = A e > on L4(R)®C?, A=cp—iW(x)
SUSY pot.: W : R +— R cont. diff.
Witten model: W(x) = v2mc2®(x)
p2 2 h ’
Hi=—+09¢ +—0
L= g 9 £ o)

For all exactly solvable H+ = exact solutions for Hp
Eff. Lagrangian:

m ., 1

+ _
Lot = P 2mc?

W2(x) F — W/(x) —

2mc

Similar, all path integrable Lfﬁ = resolvent for Hp
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The free particle

The harmonic oscillator

Quasi-classical approximation
1D Dirac systems

The free particle

SUSY potential: W(x) =0,  p?(¢) =(/c? — m?c?

Promotor:
i t
PE(x" 5 1) = m i(ﬂ nm_ o2, t o2 )

Iterated res.: g=(x",x’;¢) = Mi)czhexp {ip(Q)Ix" — X'|/n}

Resolvent:

i .
C"sx'i2) = gy @ LK = X1/}

x [icpu(z?)sgn(x” — x)o2 + mc2o3 + 2|
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The free particle

The harmonic oscillator

Quasi-classical approximation
1D Dirac systems

The harmonic oscillator

SUSY potential: W(x) = mcwx,  p?(¢) =(/c® —

mo m oy, hw  (2Q)

Eff. L ian: Log = — — — 4+ =
agrangian: Loy = X" — Swx" F - + o
mw b 2
P:I: "Xl t) = Fiwt ,itp*(¢)/2mh
¢ (< xi) rihsin(wt)”
imw [, 2 2x" X!
X —_— tlwt) — ———~
exp{ o [( + x'%) cot(wt) Sin(wt)
Iterated res.: By integration or alternatively
+ _ 1 1 . _ P m 2.2
g7(C) = 55z Ho—(”i,(,f):!:%“) with Ho = 5. + Fwx
gt (x" %' ¢) = 515 go <x x"; 5‘;(3 ¥ %) harm. osc. resolvent
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The free particle

The harmonic oscillator

Quasi-classical approximation
1D Dirac systems

Quasi-classical approximation

Non-relativistic SUSY-WKB formula: (unbroken SUSY)

/XXR dxy/2m (e — ®2(x)) = nwh

results in a

Relativistic SUSY-WKB formula:

XR
/ dx\/E2 — m2c* — W2(x) = nrhc

L

exact for all shape-invariant SUSY potentials W.
Similar for broken SUSY with n — n+1/2
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The free particle

The harmonic oscillator

Quasi-classical approximation
1D Dirac systems

Summary and outlook

]
("]
]
(*]
(*]
]

SUSY Dirac Hamiltonians appear in many physical systems
Closely related to non-rel. Schrodinger-type Hamiltonians
Relativistic spectral properties follow for non-rel. ones

May result in closed expression for the Dirac resolvent
Allow for a path-integral formalism a la Feynman

Non-rel. methods (e.g. quasi-classical approx.) applicable to
SUSY Dirac Hamiltonians
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The free particle

The harmonic oscillator

Quasi-classical approximation
1D Dirac systems
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The free particle

The harmonic oscillator

Quasi-classical approximation
1D Dirac systems
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