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The Schrodinger equation

We begin with the one dimensional Hamiltonian

_2m ax? 2m COSh2 axX

Three possibilities
@ )\ > 1, potential barrier.
e 1 <\ <1, low barrier.
@ A=} +il ¢> 0, high barrier.
The Schrédinger equation is
AA—1)
cosh? x

U’ (x) + [kZ + } U(x)=0, K
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hi-Teller potential

Figure: RED: Potential barrier. BLUE: Low barrier. BLACK: High barrier.
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Let us introduce the new variable y
y(x) :=tanhx, (3)
and the new function v(y)

) = (49 (1 -y ny), =5 @

Then, the Schrédinger equation becomes a Jacobi equation:

(1 =y (y) + [2iK] V' (y) + XA = 1)w(y) = 0. (5)
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A hypergeometric equation can be obtained by using the following
change of variables:

z=7—— (6)

so that
z(1 = 20" (2) + [k =2z + 1]V (2) + [MA = Dv(2) =0.  (7)
The general solution U(x) of the original Schrédinger equation is a
linear combination of products of
(1 + tanh x)*/2 (1 — tanh x)~/2

times hypergeometric functions on the variable (1 + tanh x)/2, for
which the asymptotic form is well known.
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U(x) = A(1 +tanh x)*/2 (1 — tanh x) /2

woF; <)\,1 —/\,ik+1;1+tanhx)

2
+B2% (1 + tanh x)*/2 (1 — tanh x) /2

1+ tanh
oF; <>\—ik,1—)\—ik,1 —ik;H;"]X).

The asymptotic forms are:
@ For x — oo:

U+(X) — AI eikx + B/ e—ikX
@ For x — —o0:

U (x)=Ae™ + Be=*
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Here,

., T(ik/a+1)(ika) r(1 — ik /)l (ik/a)

A= Fikja 1 - Nfkjarn) T ra—ry o @
and

g Mo+ DN (cika) (1 —ikjo)N(ikfo) o o

F(1—XA)r) FA—ik/a)lf(1 — A —ik/a)
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S and T matrices

The S matrix is given by

B St S A
(w)-(ss)(s) o

and the T transfer matrix is

A E T A
(5)=(m %)(5)

Their relation is

1 —Tio 1 )
S=— 13
Too ( Ti1To2 — T12T21 To2 (13)
Purely outgoing states are characterized by the condition A= B’ = 0.
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Form of the transfer matrix

r(ik + 1) T (ik) r(1 — ik) T(ik)
Mk +1— A T(k +\) rA— M)
T= (14)
M(ik + 1) T(—ik) r(1 — ik) r(—ik)

ra—Nro) F(1—X—iK)[(A— ik)
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Here, A\ =% +¢,¢>0.

The reflection and transmission coefficients are, respectively,

q_|T 2 )F(ik) FO—ik)F(1 =X —ik)|? cosh?(r() 15)
T2 | T(=i)TA)T(1 - ) ~ cosh?(rk) + sinh?(r¢) ’

and

r_ 12_'F()\—ik)r(1 —A—ik)|? sinh? (k) 16)
T2 | T(1 - ik)T(~ik) ~ cosh?(rk) + sinh?(x¢)
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Poles of the S matrix

Purely outgoing states of the Schrédinger equation are those with
asymptotic behavior consisting in outgoing waves to the right and to
the left of the potential range. This means that A= B’ = 0.

Since B’ = T12 A+ T B, purely outgoing states are characterized by
Too = 0.

Thus, purely outgoing states are characterized by the poles of the
S-matrix, called resonance poles.

They are solutions of the equation

cosh?(mk) + sinh?(7¢) = 0. (17)
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There are two series of solutions

k1(n)—£i(n+;>, kg(n)—£i<n+;>, (18)
withn=0,1,2,....

In the energy representation, we have that

z(n) = % kZ(n) = E(n) — /@ , (19)
2(n) = o () = E() + 1Y 20
with
2 2
E(n)=%(f2—vn)2, r(n)=2h—m4m, wn:n+%. (21)
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Ladder operators

Ladder operators for the hyperbolic Péscl-Teller potential

The ladder operators for the bound states corresponding to the
hyperbolic Péschl-Teller potential with A > 1 are given by (h?/2m = 1)

B, = —coshx0x —+/—E(n) sinhx, (22)
B/ , = coshxdx —+/—E(n) sinhx, (23)

with E(n) = —(A—n—1)2,n=0,1,2,..., [\ — 1], where [4] is the
entire part of a.

Here,

B, :hn(X) — n_1(X), Bf i bp_1(x) — ¥n(X). (24)
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Ansatz

We define the annihilation and creation operators for the resonance
states (Gamow vectors) as a straightforward generalization of the
above as (for ki (n))

1, .
B, = —coshx0x+ (it + n+ E)smhx, (25)
) 1, .
B,f:coshx8X+(/€+n+§)smhx, (26)

withn=0,1,2,....
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Ladder operators

For ko(n), we replace ¢ by —¢. Annihilation and creation operators are
now, respectively,

, 1, .
C, =coshxox+ (—il+n+ E)smhx (27)

, 1, .
C;m =coshxdy + (—it +n+ E)smhx. (28)
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Gamow vectors

A decaying state 1 = pP + B is the sum of two contributions, ¢P,
which decays exponentially at all times ¢ > 0 and the background, 5,
which is responsible for the deviations of the exponential decay law.
These deviations for very short (Zeno) and very long times (Khalfin)
are difficult to be observed. The contribution ¢ is often called the
decaying Gamow vector

gt D —
Along the decaying Gamow vector, for each resonance also exists a
growing Gamow vector which decays to the past:

_iEgt

e Ert g Tt ,0 t>0. (29)

e—i[H SOG _ e—iERt ert @Gv t < 0. (30)
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In order to construct the respective Gamow vectors for both series of
resonance poles, we set for ki (0):

By ©8(x) = 0 = ¢5(x) = (cosh x)"+1/2. (31)

For k2(0) we just have to replace ¢ by —¢ so that
Cy 9§ =0 = ¢§(x) = (coshx)~"*+1/2 (32)

Then, we apply successively the corresponding creation operators,
so0 as to obtain for any value of n, two series of Gamow states:

©P(x) = Pp(sinh x)" o8, ©8(x) = Pa(sinh x)" ©§ . (33)
Property:
D h? 2 D G h? 2 G
Hon(X) = 5 [k (MZen (%), Hep(x) = 5 [ke(n)]”¢q (x) . (34)
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La;ider operators

Note that

_ B D
By on=vhy, Btep i=¢p,
and
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Ladder operators

Let us define the following ladder operators

B ¢p:=VnB, ¢y, Byl =vVn+1B; o) (37)
and
c- 2rQnG = \/BC; 9ng c* \prcl; =V Cn ‘Hn ) (38)

foralln=0,1,2,...
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Coherent states

We want to obtain two families of coherent states:

B~ |z =2z|Zz%), C |28 =z|z%, VvzeC. (39)

Let us write:
2% = "capl, 129 =D daef. (40)
n=0 n=0
Then,
57 ‘ZD> :ZCn\/B(,DrD,,1 :chn(prey' (41)
n=1 n=0

which implies that

Cr= 2 71, (42)
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Rigged Hilbert spaces

Both |zP) and |z€) are continuous antilinear functionals defined on
the test spaces ¢, and ¢_, respectively, of rigged Hilbert spaces

b, CHCPY, (43)

so that |zP) € ¢ and |z€) € ¢*.

To construct the spaces $_., we have used Hardy functions on a half
plane so that for any ¢, € &, the bracket (¢, |©P) is the value at z(n)
(Im z(n) = —I'(n)/2 < 0) of a Hardy function on the lower half plane
and for any ¢_ € ®_ the bracket (¢_|pG) is the value at z*(n)

(Im z*(n) = I'(n)/2 > 0) of a Hardy function on the upper half plane.



Rigged Hilbert spaces and convergence
Coherent states Res ons of the identity

Convergence

If (2) is a Hardy function on either half plane, for large values of |z,
one has that

|6(2)] ~ |2| /2. (44)

2
2= g P, 2= e, (45)

forn=0,1,2,....
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Let us write,

(O+len) = ¢7(2(n)),  (9-lo) = o7 (2"(n)). (46)
Then, as a consequence of the previous transparency,

im ¢ (2(n)| =0,  lim [¢_(z"(n)| =0, (47)
so that the sequences |¢.(z(n))| and |¢_(z*(n))| are bounded by a
positive constant K for all values of n. Then, for any ¢, € ¢, we
have

oo

o0 oo K
($412°) Z (b1 lom)] ;)T ”))\Snz::()ﬁ<00.(48)

:0
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Resolutions of the identity

Consider the following expression:

/ |ZzP) —e 2P gz, (49)

with dz = dxdy, z = x + iy. Multlplymg to the left by arbitrary
w4 € &, and to the right by arbitrary v € ¢_, we have

/ (11290200 ) L el (50)
Je T
Here,

o0 Zm)*

(o+12°) Z\ﬁmw (2%-) Zm o), (51)

n=0
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so that,
/ (p]22)(200_) L e 1#F oz =
C i
_ - 1 D\, G 1 ngox\m o—|z|?
3 v Rl [ et
oo 1 o0
= n%;() T (D loB) (@Sl—) Ml bpm = n§:jo<¢+|soﬁ><soﬁ|w7> . (52)
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Then, omitting the arbitrary ¢, € ¢, and ¢¥_ € ®_, one has the
following identity:

/\z —e l21° dz—Z\% Gl = /. (53)

Here, | : ®_ —— &7 is the canonical injection. Analogously,

o0

' 1 2
[129@°1 2 e dz =Y ool = L. (54)

n=0

where [, : &, — .
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