THE ELECTROWEAK STANDARD MODEL TAE 2019

Exercise 1: Covariant derivative

Prove that the term YIP'Y where the covariant derivative is given by:

Dy =0y —igW,, W, =T,W;
is invariant under gauge transformations:

YUY, U=exp{-iT,0"(x)}

W, > UW, U — é(a},u) ut

¥ UY
W, > UW,UT — é(ayu)u+
D, Y = (0, —igW,)¥ — (9, —igUW,U" — (@, )ut)uy
= (9uU + U9y, — igUW, — 2, U)¥
=UD,Y¥

= ¥DY — FUtUDY = DY

Exercise 2: Non abelian gauge transformations
The Yang-Mills Lagrangian is
Lo = 5T { W 0 )
where
Wy = T,W;, = D,W, — DW, = 0, W, — 0, W, —ig[W,, W,], W, = T, W}
and T, are the N generators of a Lie group with algebra [T, Ty] = ifpc T -
i) Check that under a gauge transformation of the fields:
W, — UW,u" — é(aymu* , U= exp{—iT,w"}
the I/NVW transforms as
Wy — UW,, U

and therefore Lyy is gauge invariant.
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ii) Check that one may write
E _ _lwa Wa,;n/
YM — 4 nv

that contains kinetic terms and cubic and quartic interactions among the gauge fields.

i1i) Check that

Wi, = 0, Wi — 9, Wi + gfanc Wi W
iv) Check that under infinitesimal gauge transformations:

1
Wi = Wi — far Wi — §8},w”

W, > UW,UT — é(ayu)u’r , U= exp{—iT,w"}

_ _ _ _ i
= W, = (2,U)W,U" + U0, W)U + UW,0,U" — §(ayayu) — — (@), u’

i

g
—igW, W, = —igUW, W, U™ — uw,ut (@, u)ut — (@, u)w,u’ + é(ay yute,uyut
— —igUW, W, U" + UW,0,u’ — (3, )W, u" — é(ayu)avu

where we have used UUT = [ = 0 = 9, (UUT) = (9, U)U" = —U3,U". Therefore
D,W, u(a W) Uu' + Uw,0, Ut — iguw,ut + uw,o,ut + Uw,a,ut
Z(3,U)d, U’ — —(a uyo,ut
g 8

= W — UW,,U"

1~ = 1 1
- ETI'{W}WW;W} - — > Wﬁvwh,ﬂv T{T,T,} = — 1 Wﬁv WoHY

where we have used Tr{T,T},} = %(5ﬂh.
iif)
TWp, = Tﬂ(a W — 0, Wih) —igWiWG [Ty, Te] = Ta(0u Wi — 9, Wi + g fapc W)
= W — ay aywa + gfahcwbwc

where we have used [Ty, T¢] = ifpeaTa = ifapeTa-
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iv) Under an infinitesimal transformation:
. ~ 4 i +
Wy — UWw,u’ — g(ayu)u
1
= TJWi = TWG —iT, Taw Wi +iT, T Wiw* — gaywm(u*u)
. 1
= Tawﬁ + I[Ta, Th]wﬁwb - §aywaTa

1
= Ta (W;; - fﬂbCW£wC - gaywa>

Exercise 3: Feynman rules of general non-Abelian gauge theories

Obtain the Feynman rules for cubic and quartic self-interactions among gauge fields in a
general non-Abelian gauge theory, as well as those for the interactions of Faddeev-Popov
ghosts with gauge fields:

n.a v,b M C

1
Ecubic = Eg Zfabc (ang - ayWﬁ)Wb’yWC’V

abc

= gfave [guv(ki —k2)a + gualka — k3 )y + gy (ks — k1)v]

Proof:

Note that there is a summation over repeated indices abc and assume totally antisymmetric structure

constants f,;c. Then, fixing abc the summation is over all possible permutations of three indices 123 labeling
the momenta and polarization vectors. Write —ik for every incoming momentum and a polarization vector
€(k) for every incoming vector boson. The polarization vectors factor out of the vertex definition:

Cua [V k1), V2 (ka), Ve (ks)lefebed = — 2 fune [~k + ikmvem)elel
— (ab) — (ac) — (bc) + (abe) + (acb)]
= —%8fabc [(ki€2)(e1€3) — (
— (kae1)(€2€3) + (ka€3) (€2€1)
— (kaez)(ez€1) + (kser)(ez€2)

kies3)(€1€2)



THE ELECTROWEAK STANDARD MODEL

TAE 2019

= gfave {[(k1€3) —

+ (kae1) — (kser)]
+ (ksez) — (k1€2)](eze1) }

= T [V (k1), VP (ka), VE(k3)] = gfape [guv(k1 —ka)a + gualko — k3)y + gapu(ks — k1)y]

H,a v,b

1
Equartic = - Zgz Z fahefcdg WﬁWEWC’VWd’V
abede

- = igz [ favefede (gy/\gvp — &up&vA)
+ face fave (gypgw\ - gyvg/\p)

p.d Ac
Proof:

+ fadefbce (gyngp - gwxgvp)}

Fixing abcd the summation over repeated indices leads to the following set of permutations:

r

+ febefade [(€c€a)(
+ favefeae [(€a€c)(
+ facefode [(€a€p)(
[(€aec)(
[(eqen)(

€c€q

€4€c

+ fadefcbe
+ fdcefbae

€4€¢

€4€p

€p€q)

€p€a)

€4€p)

€C€d) -
€c€q) —

porp [V (k1) VO (ka), VE(ks), VY (ko) Je] €hes €l

+
(bc) — (ad) + (bc)(ad)] <=a<>c
(bd) — (ac) + (bd)(ac)] <a<+d
(ac) — (bd) + (ac)(bd)] <b<c
(ad) — (bc) + (ad)(bc)] <=b<d
(cd) — (ab) + (cd)(ab)]} <a+d& b c

= _igz{fahefcde [(e1€3) (€2€4) — (€263)(€1€4) — (€1€4) (€2€3) + (€2€4) (€1€3)]

+ fevefade [(€3€1)(
+ favefeae [(€4€3)(
+ facefode [(€1€2)(
+ fadefeve [(€1€3)(
+ facefoae [(€2€2)(

= —ig?{ favefede [(€163)(€264)

)
+ face fave [(€1€4)(
+fadefbce [(6152)(
(

)
)

€2
€3

) — (e2€1)(€3€4) — (€3€4)(€2€1) + (€264) (€3€1)]

) — (€2€3)(€4€1) — (€s€1)(€2€3) + (€2€1) (€4€3)]
1) — (€3€2)(€1€4) — (€164)(€3€2) + (€3€4) (€1€2)]

) — (€s€3)(€1€2) — (€1€2) (€s€3) + (€1€2) (€1€3)]

) — (e3€2) (€s€1) — (es€1)(€3€2) + (€3€1) (€4€2)] }

— (€164)(€263)]

— (€162) (€3€4)]

- (€1€3)(€2€4)]}

= rpu/)\p - _igz [ favefede Sur8vp — 8up8va

+facefdbe

(
+ f adef bee (

)
Snp8vA — uv8ap)
Suv8rp — gpmgw)

]

4
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§ Lyp D — gfabc(ayza)cbwﬁ
q ...! '":d-p = gfllep,M

Proof:

Momentum p is outgoing. Then:

= _igfabcipﬂ = gfabcpﬂ

Exercise 4: Faddeev-Popov ghosts and gauge invariance

Consider the 1-loop self-energy diagrams for non-Abelian gauge theories in the figure.
Calculate the diagrams in the ‘t Hooft-Feynman gauge and show that the sum does not
have the tensor structure g,,,k* — k,k, required by the gauge invariance of the theory unless

diagram (c) involving ghost fields is included.

()

(b) @

Hint: Take Feynman rules from previous excercise and use dimensional regularization. It is

convenient to use the Passarino-Veltman tensor decomposition of loop integrals:

i {1 Lhu L]Mu}
W{BOI B;u yv} ,u / q+k)

where By = A. + flmte

BV = kyBl ’ Bl == —% +finite

k2 A
Buv = §uvBoo + kukyB11,  Boo = —EAQ + finite, By = ?6 + finite

with Ac = 2/€e — v +In4m and D = 4 — €. You may check that the ultraviolet divergent
part has the expected structure or find the final result in terms of scalar integrals, that for

massless fields read:
1 k> D

1 7 0/ 00 4(D—1) 0/ 11 4(D—1) 0

Do not forget a symmetry factor (1/2) in front of (a) and (b), and a factor (—1) in (c).
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d,o
a, i b,l/ 1 6/. qu —i —i
-5 acd foedN
k 2 | G @ S SN
¢, p :_g2C2(G)5ab e/ qu NI“’
2 P @nP g+ 2

where fi.ifped = Co(G)d,p, (Einstein summation convention) [C2(G) = N for G = SU(N)]
and Ny = TP (k, —q =k, q)T,(—k, g +k, —q)
= —&uv (247 + 5K + 29k) — 10q,q, — 5(quky + quky) + 2kyky

ig2Co(G)d,
= —% {8 (2800B* + 5K*Bo + 2k B®) — 10Byy — 5(Byky + Buky) + 2Kk Bo |
. 2 5
- —% {— 20[(2D +10) Bog + 2k2By; + 2k2By + 5k2Bg] — kyk, (10By; + 10B; — 230)}

f o2
_ig?C(G)dwy  Bo {_(8[) —13)guk® + (9D — 14)k,4kv}

3272 2(D-1)

)
192C5(G) b 19 11 -
_ _TzaAe —ggzwkz + ?kykv + finite

1 . [ dPq —igr ,
= E,ue/ (ZN?D qizécd(_lgz)[ fabefcde (g;wgvp _gypgva)
+ facefave (SupSve — uv8ap)
+ fadefoce (§uv8op — &uo&up)]

—l
= _g2C2 )0aph* / gl’“’
—1 )8 % + 2qk + K2
2 w g% +2q
g 2 ab# <q+k)
02
ig°C2(G)dap 2
T 1em2 = (D = 1)8uv(8po B + 2kp B + k*By)
ig2Co(G)s,
- —%(D _ 1)gyV(DBOO+kZBll + 2k?By + k*By)
=0

(as expected, since scaleless integrals always vanish in dimensional regularization.)

d
a, U .'"q—i—k b,l/ _ e/ qu i i 5
A q g (=Lu (2m)D ¢ (q+k)2g faca (Qu+kp) feav v
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- db (qu +ku)qu

L, q Gu+ku)q

= —1g CQ(G)gab]’le/ (27.[)[) qZ(q+k)2

_ _1g7C(G)dn
1672

ig?Cr(G)é

= —%(gW/BOO + kkaBll ‘|‘ k],{kal)
_ ig2C2<G)(5ﬂb BO

32m2  2(D-1)

f o2
18 Cz(G)5 b 1 2 1 .
= TZ’ZAS gg‘uyk + gkykv +f|n|te

(B;w +k;4B1/)

{gwkz +(D— z)kykv}

Summing all three diagrams (actually diagram (b) does not contribute):

C)
(2D~ 3) {guk® — kb, } = B2 5 (o k) 4 finite

_i8°Cy(G)da Bo
1672 3

1672 D —

Exercise 5: Propagator of a massive vector boson field ‘

Consider the Proca Lagrangian of a massive vector boson field
1 1 .
L=~ FuF"+ EMZAVAV , with F, =0,4, — 9,4, .

Show that the propagator of A, is

- i K.k,
DM@ZP?MHE{@W+ﬁ4

1 1 1 1
L= —ZFWF”” + EMZAVA” = —E(BVAVBVAV — AV AM) + EMzAVAV
oL oL
Euler-L e B 2AY 49, (9" AY — 9V AM) =
uler-Lagrange 34, M3, A 0 = MA"+09,( )=0

= [g"(0+M?) —0""]A, =0

Note that if M # 0 from the first equation one has 9, A = 0 (and this is not due to a gauge symmetry).
The propagator is i times the inverse of the operator in square brackets. In momentum space:

= . 2 2 -1 _ 1 kykv
Dyl = il-5" (8 = M) 4 8] = o | s + |

where the Feynman's prescription has been included. To show that this is actually the inverse, check:

Dy (k)[—g"P (K* — M?) + K'KF] = i8};
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Exercise 6: Propagator of a massive gauge field

Consider the U(1) gauge invariant Lagrangian £ with gauge fixing Lgg:
1
L= = FuF" + (Dug)' (D'¢) — 12" ¢ — A(979)°
1 . .
Lor = —z(aym —¢Max)*, with D, =0, +ieA,, Fu=0,A,—0d,A,

where M, = ev after spontaneous symmetry breaking (1> < 0, A > 0) when the complex
scalar field ¢ acquires a VEV and is parameterized by
0(0) = 2o+ o) +ix(0)] P = A
Show that the propagators of ¢, x and the gauge field A, are respectively
i
i ~ i kyuky

DY) = o, Dp(k) = o | =g+ (1= &)
W=e—acto "W gro | T Y ae

D? (k) = with M}, = —2p* = 2A0?

I
Writing ¢ in terms of ¢ and x:

1 1 1
L+ Lop == gRaF" + EMiA,,A” — 2—6(8VA”)2

1 1
+ E(awc)(a”x) - E(fMIZqXZ
1
+ E(ay(p) (o) — /\vzq)z +...

— Propagator of Ay:

AL, oL
0A,  "0(0,Ay)

1
Euler-Lagrange: =0 = 09y(d"A" —d"AF) + EBVBVAIA + M3 AY =

1

2

= [g”V(D + M7) — <1 — E) 8“8“] Ap=0
The propagator is i times the inverse of the operator in square brackets. In momentum space:

~ 1 - i
— il oM 12 _ a2 _ = UiV - -
Dy (k) 1{ g (k MA)+<1 §>kk} TR eIV

kuk
g+ (1— g)L]
where the Feynman's prescription has been included. In fact,
- 1 .
Dy (k) [—g”P(kz — M%)+ (1 —~ E) kaP} = id}

— Propagator of x:
oL oL
X Va(ay?()

The propagator is —i times the inverse of the operator in square brackets. In momentum space:

Euler-Lagrange: =0 = [Ox+IMilx=0

i

D(k) = —i[-K2+cME) e —

8
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— Propagator of ¢. Similarly to previous case:

Dk) =, M2 =210
(k) Mgt e

Exercise 7: The conjugate Higgs doublet

0% -+
Show that ®¢ = g, ®* = ( (p(,i)) transforms under SU(2) like ® = (20)’ with ¢~ =

(¢")*. What are the weak isospins, hypercharges and electric charges of ¢°, ¢**, ¢, ¢ =2
Hint: Use the property of Pauli matrices: 0" = —0,0;07.

I 1
Consider an infinitesimal SU(2) transformation:

o 1 Tigni
@ = ( — (1-i3e0) @
s £
@ (4’ ) = i, ®" 1 i (1 —1—1591) P = (1+10’2%0’2591) i, ®*
— _-ﬂ i c
= (1-ige0) @
Under a U(1) transformation:
Pre ™D = O e Of

Then, using Q = T3 + Y and taking ® with hypercharge y = 7 we have

| ¢° ¢t 9% ¢~
1 1 1 1
S A
Yo 3 2 -2 —3
ol o 1 0 -1

Exercise 8: Lagrangian and Feynman rules of the Standard Model

Try to reproduce the Lagrangian and the corresponding Feynman rules of as many Stan-
dard Model interactions as you can. Of particular interest/difficulty are [VVV]and [VVVV].

I I
Check your results in http://www.ugr.es/local/jillana/SM/FeynmanRulesSM.pdf (taken from FeynArts)
L

Exercise 9: Z pole observables at tree level ‘

Show that

@ T(ff)=T(Z— ff) = f%(vfﬂ}), N/ =1 (3) for f = lepton (quark)



THE ELECTROWEAK STANDARD MODEL TAE 2019

['(ete )T'(had)

(b) Ohad = 1271
' Uy

2Z)f€lf

(c) Arg = §Af ,  with Af =

2 2
4 vf—I—af

(a) Amplitude for Z — f(p1)f(p2) in the SM at tree level:

IM =T(py)iey" (vs —apys)o(p2)en(A)

Averaging over the 3 initial polarizations and summing over final polarizations:
— 2 o B
Y IMP2= 3 Y. eu(Mes(A) Tw(pr1)y* (v — apys)o(p2)a(p2) (vF + agys)y u(pr)
A==£,0
2
e
= —5 Ir{p1"(vf —agrs)ba(vf +apys)yul
= f8%’11172(02 +a3) = £4M2 (0% +43)
3 frof 3 ZANf TS

where fermion masses have been neglected and we have inserted:

. Kk
Y. eu(N)er(A) = —guw + %
A=1,0 Z

(the second term does not contribute in the limit of massless fermions) and substituted:
— 2 __ af2
2p1p2 = (p1+p2)” = Mz

The differential width is then:

ary 1 ||
dQ 3272 M§|M|

2 _ 1 |
64772 My

2 _ nf_ & 2, 2
M|7 = N; 12nMZ(vf + af)
(isotropic) where a factor has been included to account for a sum over 3 colors in the case of the
fermion being a quark, and the total width is:

drz fDCMZ 2 2

FZ:4:7Td—Q:NC 3 (Uf+ﬂf)

(b) Amplitude for e (p1)e™(p2) — f(p3)f(pa) with f # e in the SM at tree level (unitary gauge):

M = M, + My
e f
—iguv _ . v
7 iMy, = T(ps) (—ieQp)7" 0(pa) —o2 5(p1) (—ieQe)r” u(p2)
e f

10
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i(—guv + kukv /M)

z iMz =1(ps) ier" (ve — acys) v(pa) == ME + M T,

x 0(p1) iey" (v —agys) u(pa)
e f

where the term proportional to k;k, is irrelevant in the limit of m, = 0. The cross-section in the
CM (unpolarized case and m, = 0) is, after some Diracology:

dai ,Bf N
a0 — 64712 4Z|

- N[ ﬁf {[1+cos?0+ (1 - B3)sin?0] Gi(s) +2(B} —1)Ga(s) + 2B cos 0Ga(s) }
with  Gi(s) = Q7Q% +2QeQyvevpRexz(s) + (02 +a7) (v +a3)[xz(s)|?
Ga(s) = (vF +a7)az|xz(s)|?
G3(s) = 2QeQyacarRexz(s) + 4vgvfaeaf|)(z(s)|2
27a? 5 5
By |3 BDGI(5) ~3(1- BHGa(s)]
S

— M2 +iM;Ty
terms come from the exchange of 7y, Z and the interference.

= o(s)= N/

where xz(s) = and Né( =1 (3) for f = lepton (quark). It is easy to guess which
s

At the Z pole (s = M%) the interference terms vanish. Neglecting all fermion masses and the
exchange, the total cross-section is

Nf47m
3M2

470

M2
o(Mz) = 32

Gi1(M%) = N/

(0% + a?)(vjzc + ajzc)
We see that in fact

- 2
I'(ete )T'(had) _347104 (v%—i—a?)(v}—i—aj%)

Ohad = 127 50 = 5
M2T2 312

(c) The forward-backward asymmetry at the Z pole, neglecting fermion masses and 7y exchange, is:

_ Ga(M?2 2vca
k=08 _3Ga(My) _ 3, 4\ with 4y = S
Of +0p 4G1(MZ) 4 Uf+ﬂf

Arp

Exercise 10: Higgs partial decay widths at tree level

Show that

4 2\ 3/2
(a) T(H— ff) = N/ GFZi/I/I_{ j% (1 mf) , N =1(3) for f = lepton (quark)
M

4M?, 4M2,  12M;
b) T(H—WW")= CeMy, [y _ o <1— M AZIW)
871v/2 M My Mp

11
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3 4M2 2 4
L(H - 27) = GeM}y [ ( 4M2 12MZ>

1-—Z 4
16712 M2, M,

(a) Amplitude for H — f(p1)f(p2) (unpolarized) in the SM at tree level:

M . emf
1 - ZsWMW u(p1)v(p2)

2,2

= LME = e )olp2)o(pa)uty)
627’}’12
= e TG - m)
2 2
= 4sW]\/JI(2 (4P1P2—4m%)

2.2 2
emf a2 _4mf
452 M2 My M2
W W H

where we have used that (p; + p2)? = ijzc +2p1p2 = M2,

The unpolarized decay is isotropic, so the total width is 471 times the differential decay width:

2
1|7 1 dmy
r—dn—0 P S F
32 M, M = 167Mp M§|M|

where we have used that the CM trimomentum of the final state femions is |j| = ——

Therefore, summing over N{ = 3 colors in the case of quarks:

2 3/2 3/2
N i o <1 4’”f> _ /M 2(1 4’”f>

‘ 8M2,s2, M?2 a2t

(b) Amplitude for H — V(p1)V(p2) (unpolarized) in the SM at tree level:

iM = ieKej (p1, M1)€ (p2, A2)

A2 22 P1iuPiv P P2
= ) IMPP=¢K <_814v+ M2 >< g Az/p)

e2K2
4M4

(M}, — 4M3 M3, + 12M3)
where pyp, = (M%; —2M%) /2 and

K=" o mwiw-, K= MV‘Z’ for HZZ .
SW SWCew

2
4mf

5>
My

The unpolarized decay is isotropic, so the total width is 471 times the differential decay width for

HWTW~:

1 4M2,
I'(H—WW™) = o\ W, WY M2

12
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_ GpMy, . 4M3, 4MZ,  12My,
T2\ Mz M2 M=
H H H

and 27t times the differential decay width for HZZ, since there are two identical particles in the final
state:

T(H - ZZ) =

1671/2 MZ,

2
My My

GeMyy [, 4M3 < 4M2 12M§>

13



