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A list of topics

* From particles to fields to scattering amplitudes
%* Perturbation theory and diagrams
* Loops and divergences

%k Renormalization
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Schedule

% Lectures:

4+ Monday 9th, 9:00 to | 1:00 (with a 5 minutes break)
4+ Tuesday [0th, 9:00 to 10:00
4+ Wednesday | Ith, 11:30 to 12:30

* Tutorials:
+ Monday 9th, 16:00 to 17:00
4+ Wednesday | Ith, 17:00 to 18:00

Tutor: Jorge Alda.
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A sample of textbooks

* L. Alvarez-Gaumé & M.A.Vazquez-Mozo, “An Invitation to Quantum Field Theory”, Springer
2012.

* M.E. Peskin & D.V. Schroeder, “An Introduction to Quantum Field Theory”, Perseus Books
1995.

* C. Quigg, “Gauge theories of the strong, weak, and electromagnetic interactions” (2nd
edition), Princeton University Press 201 3.

* M. Schwartz,“Quantum field theory and the standard model”, Cambridge 2014.
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A note about conventions:

% We use the “mostly minus’” metric (a.k.a.West Coast metric):

1 0 0 0
(o ~1 0 o\
0 0 -1 0

\0 0 o0 -1

% Unless otherwise said, natural units are used throughout:

h=c=1

% We use Heaviside-Lorentz electromagnetic units:

V- -E=p
V-B=0 e2
IB o = E (fine structure constant)
VXE=——
ot
OE
VxB=j4+—
LAY
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Part |

From elementary particles to
quantum fields
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Elementary particles are studied through scattering experiments, typically

a 2

[

D1 Interaction b2

B

qn o o o
Gn—1

Quantum mechanics, even relativistic, is hot enough to describe these high energy
experiments...
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Let us consider the relativistic quantum evolution of a localized, single-particle
wave packet:

= \/p?* + m? positive
| H\/,_/]Z 3 | /_ frequency
D(t,x) = e~ VVE50) (x) = / o )Sezk-x—zwm—w
7i8

1 [ 1 . — 1 o0 —
=13 k2dk/ d(cos 9)6’k|x|0089_7’tvk R / kdk Sin(k|xl)e_7’“k Tm
T 0 —1 0

2m2|x|

The integral can be regularized by ¢ — ¢ — 1€, to give

HX) = gy K2(’im\/t2_x2)A

o242 — %2

—t-2.25

—t 1.75

The probability |1/(t,X)|*spills outside the light-cone

=

Causality is violated!
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Let us consider the relativistic quantum evolution of a localized, single-particle
wave packet:

PGl
dSk g Y
w(t X) — e—it\/—v2—|—m25(3) (X) — / eik'x—it\/m
| e

1 o0 1 . — 1 00 —
— kde/ d(COS 0)€Zk|X|COS O—itvks+m* _ / Ldk Sin(k|X’)€_Ztm
4 Jo -1 2m2 x| Jo

@hat we are computing is the propagator of a\zC_I —
relativistic particle: '

225

b(t,x) = (X "10) = G(t,x:0,0) |-

1.75

Relativistic quantum mechanics propagates states
outside the light cone

10
125

0.75

Gt',x';t,x) A0 when (' —t)°—(x'—x)°<0 |.]

\_ J

Causality is violated! oo I, | A

0.25
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But when t* — x° < 0 there are frames in which (¢, x) happens before (0,0). Thus,

(x|e”|0) when t*—x? >0

0,%) = . . .
(x|e” " |0) + (0|e" |x) = 2Re (x]e"™|0) when t?—x% <0

But since we have computed

. ' 2¢
(x|e” 1 |0) = . K (z'm\/t2 — X2)

o242 2

the result is

Causality is restored!

-1 0 1
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But when t* — x° < 0 there are frames in which (¢, x) happens before (0,0). Thus,

Al
0"
e tO
o — <1
o’ L0
- "'
* . to, T
.. R . (fo, o) boost along x
- K4

But

0" C11 t2 - X2 < O

the result is

M.A.Vazquez-Mozo

Causality is restored!

Quantum Field Theory

-2 -1 0 1 2
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But when t* — x° < 0 there are frames in which (¢, x) happens before (0,0). Thus,

(x|e”|0) when t*—x? >0

0,%) = . . .
(x|e” " |0) + (0|e" |x) = 2Re (x]e"™|0) when t?—x% <0

But since we have computed
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(x|e” 1 |0) = . K (z'm\/t2 — X2)
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the result is
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We have to allow particles travelling backward in time!!

Their wave functions are

Y(t,x)y = (0™ [x) = (x|e™"7(0)" = y(t, %)}

ThUS, under any gIObal U(l) SymmEtl"y Ernst Stiickelberg Richard Feynman
(1905-1984) (1918-1988)

Pt x) g — VP X) g — (1, x)y — e Pt %)y

these particles have oposite charges, ¢ = —¢q (but the same mass! H, ; = /—V2 +m?2 )

~

( To restore causality we are forced to introduce antiparticles!! J
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We have to allow particles travelling backward in time!!

Their wave functions are

Y(t,x)y = (0™ [x) = (x|e™"7(0)" = y(t, %)}

Ernst Stuckelberg Richard Feynman

(States moving backward in time can be reinterpreted as\ (1905-1984) (1918-1988)
negative frequency states with reversed momentum,

ropagating forward in time; .
PIOPREEETS e 0t x)y

—5 €
(27‘(‘ ) 3 negative
frequency

P(t,x)y = / Pk iesctit/FTTm?
mass! Hy y =/ —V2+m?2)

_ [ &k (k) x—it(—VRTFm?)
(2m)3

\_ _/

To restore causality we are forced to introduce antiparticles!!
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Switching on interactions, charge conservation allows the creation of particle-
antiparticle pairs, provided enough energy is available.

For example, localizing particle below their Compton wavelength

1 AzAp ~ 1
Ar ~ — TR, e Aprvm TR, e AFE ~m

m

and due to energy quantum fluctuations the creation of particle-antiparticle pairs

~g

cannot be prevented.

We have to give up the single-particle description!
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Thus, relativistic quantum mechanics is a dead end for high energy particle physics...

To handle many particles, second quantization seems the best approach, introducing
creation-annihilation operators for particles with on-shell momentum p

p* =m? la(p),a(p’)] = (277)3(2wp)5(3>(P —p')

wp = VP la(p), a(p)] = la(p),a(p’)1] =0

Lorentz invariant (exercise)

(Multi-)particle states are obtained from the Poincaré-invariant vacuum |0)

p) = a(p)T|0)  e— (p|p') = (27)%(2wp)6®) (p — D)

Lorentz invariant (exercise)

f) :/ H (Z:)Zg Zipi_ 1, pn)alp)’ ... a(p,)'|0)

L 2=1

Lorentz invariant (exercise)
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Thus, relativistic quantum mechanics is a dead end for high energy particle physics...

To handle many particles, second quantization seems the best approach, introducing
creation-annihilation operators for particles with on-shell momentum p

p* =m? la(p),a(p’)] = (277)3(2wp)5(3>(P —p')

wp = VP la(p), a(p)] = la(p),a(p’)1] =0

Lorentz invariant (exercise)

(Multi-)particle states are obtained from the Poincaré-invariant vacuum |0)

p) = a(p)T|0)  e— (p|p') = (27)%(2wp)6®) (p — D)

\ Lorentz invariant (exercise)

% (A)|0) = e7**7|0) = |0)
U (N)a(p)% (M) = a(Ap)
% (A)|p) = |Ap)

where 77 (A) € SO(1,3)

Lonee,s pn)a(pl)T . a(pn)T\())

\_ J
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Free fields are linear combinations of creation-annihilation operators. E.g., for a free
Hermitian scalar field

d>p 1
27)3 2wy

x) = 0(z)! i 0(2) = [ 5Er o[ f(@)a) + f(@.0)" )|

Imposing the equations of motion,

(L + m2)¢(x) =0 SRR SRS flz,p) = e WwWpltip-X

2

p2:m . Wp:\/p2_'—7n2

The free quantum field satisfies:

* Equal-time canonical commutation relations

[¢(t7 X)v é(tv X/)] =it (X _ X/)v [¢(t7 X)v ¢(t7 X/)] — [¢(t7 X)v ¢(t7 X/)] =0

* Microcausality

[¢(x), p(z")] = 0 when (z—2')* <0
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Free fields are linear combinations of creation-annihilation operators. E.g., for a free
Hermitian scalar field

positive

d3p . | /— frequency. |
#a) = 9(o)!  em—— ¢(x):/ (27)? 2% TR EIR g () efpt =P ()
b negative _/

frequency
Imposing the equations of motion,
(O + m2)¢(x) — 0 I f(% p) _ o iwpt+ipx
P’ =m? e wp = \/p?+m?

The free quantum field satisfies:

* Equal-time canonical commutation relations

[¢(t7 X)v é(tv X/)] =it (X _ X/)v [¢(t7 X)v ¢(t7 X/)] — [¢(t7 X)v ¢(t7 X/)] =0

* Microcausality

[¢(x), p(z")] = 0 when (z—2')* <0
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IR divergence

The many-=-particle Fock states diagonalize the free field Hamiltonian \
| . (exercise) 1 d3p
= [@2]3 4 (o +m2¢2} i 1 =5 [ S5 [a)lap) + (20)p6 9 (0)
( ¥ /\UV divergence d’p 1 +
= (0|H|0) = = / (278 2oy wpalp)'a(p)| + Fo

\— _J

Subtracting the (divergent) zero-point energy Ef)/ (). a)] = (212015 (p — ')

Hlp) = / TE o) a(k)a()10) = wplp) e
2 ) (2m)3

H’pl, ce 7pn> — I‘ICL(pl)]L ce a(pn)UO) = (Z wpz.) ‘pl, ce 7pn> (exercise)
1=1

~g

[Particles are the low=lying excitations of quantum fieldsJ
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A particle is characterized by a number of “Casimirs”:

P, P* =m?

*Poincare group:

el Mass

W, WH = —m?s(s + 1)

wli—  Spin

W, WH #£0for m=0
(generically)

*Internal symmetry groups:

{ electric charge

4 1 )
Wh = 2 eP.J,0 Py
Pauli-Lubanski vector
W=-J-P

wel— helicity
For m #% 0, in the rest frame
W% =0, W=mJ
g _J

To do particle physics, we have to choose the appropriate interpolating field:

* It transforms correctly (i.e., the right value for the “Casimirs”)

*It creates the corresponding particle out of the vacuum:

M.A.Vazquez-Mozo

Olo(x)|p) # O

Quantum Field Theory
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The x-dependence is fixed by the Poincare invariance of the vacuum
(0l¢()[p) = (0] ¢ (0)e ™" |p) = (0] (0)|p)e~ "
The fields can be canonically normalized, such that:

*Scalar field: (0|¢(0)|p) =1

(0)1ba (0)|p, 03 0) = ul”) (p)

(0[1h,,(0)]0; p, 0) =T (p)

*kDirac field:

*Photon field: (0|4, (0)[p,\) = &V (p)

Any properly normalized interpolating field does the job, provided it satisfies
microcausality

[p(z), p(z")] = 0 when (z—2')* <0

(resp. anticommutators for Fermi fields) ml» Borchers classes
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The x-dependence is fixed by the Poincare invariance of the vacuum
(0l(z)[p) = (0l "$(0)e™""""|p) = (0]¢(0)|p)e ™"
The fields can be canonically normalized, such that:

*Scalar field: (0|¢(0)|p) =1

Kl'o describe massive scalar particles, instead of ¢(x) we can\/(a)( )
p
(87

B(r) = —— 5 06(x)

also use

b, provided it satisfies

1 2 <0

Kfor (x — a;’)2 <0 J* Borchers classes
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Still, to do particle physics we need to introduce interactions...
In interacting field theories, particles still emerge as weakly coupled excitations:

dimensionless

/ effective couplings

L(9,00) = L (9, 00)trec + Y 9:0i($,09)

\—/nonquadratic terms

round state of (QP(2)[p) = d(P)e T o imccion

the full theory \/

where g; is “small” and

Thus:

* Particles are identified by quantizing the free theory.

* |nteractions are treated in perturbation theory.
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Still, to do particle physics we need to introduce interactions...

In interacting field theories, particles still emerge as weakly coupled excitations:

K Examples

* QED: electrons+photons

1 _ S
&L =~ FuF" + (v, — m)y — g Ay

4
whs *QCD (high energies): quarks+gluons
1 I oy
L= = PR F 4y Qp(110, —myp)Qs — g Ay, Y QT 9 Qy
f=1 f=1
*QCD (low energies): pions (+nucleons)
Thu

1 1

K 2 3f2

L = —tr (@m‘(‘?“ﬂ') — —tr ((%71'[71', 7, 8“71']]) + ...

~

ss
iplings

dratic terms

particle
function

j

%* Interactions are treated in perturbation theory.

M.A.Vazquez-Mozo Quantum Field Theory
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v

p1 Interaction P2
region

4

VAR

Gn—1

A scattering experiment is characterized by its initial (in) and final (out) multiparticle state:
|p17p2>iﬂ ‘Q17QQ7°”7QTL—17Q?1>011‘0

Both are Heisenberg-picture (i.e.,, time-independent) states in a very complicated
interacting theory.

Our aim is to compute the probability amplitude:

St — f) = owt{q1s- -, qn|P1, P2)in

M.A.Vazquez-Mozo Quantum Field Theory Taller de Altas Energias 2019



‘p17p2>iﬂ IQ17QQ7°°'7Qn—17QR>Out

These states can also be seen as belonging to the free, multiparticle Fock space

O

‘p17p2>7‘QI7q277Qn> EgE 9%@ (n) @%

n=0

The scattering experiment is then described by the S-matrix operator

S:. ¥ — F

g

St — f) = out{q1, -+, qnl|P1,P2)in = (@1, - - -, @n|S|pP1, P2)
The S=-matrix operator satisfies a number of properties:
* Unitarity: ST = §—!

* Lorentz invariance: % (A)S% (A)' =S with A € SO(1,3)

%k <ql, Cee qn\S\pl,p2> is analytic in the external momenta.
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The S-matrix is a kind of holographic quantity in Minkowski space-time: in- and out-
states live on its boundary.

massive states massless states
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We can isolate nontrivial scattering in the S-matrix by writing
S=1+:T

so the matrix elements have the structure invariant

amplitude

(q15- -5 qn|S|P1,02) = (Q1,-- -, qn|pP1,P2) + {q1,-- -, @ |?T|p1, P2)

— <Q17 K 7Qn‘plap2> T (27T)45(4) p1 + P2 — Zqi L//,;_Uv
1=1

In terms of the invariant amplitude, the differential cross section is given by

i M| - — g 1
do = ‘ =i (277)45(4) pP1+ P2 — Zqz' H g

H/_/

observer dependent phase space factor

incoming flux
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We can isolate nontrivial scattering in the S-matrix by writing

Kln the case of particle decay, \

o invariant
\p> — (g1,...,qn) amplitude
<Q17
the decay width is given by .
. > d; i=//7l—>f
illing|? o a4 - -+ Pq 1 —
dl’ = 2)454) _ | —
( 7T) p Z q; H (27_‘_)3 2wq

2Wp i=1 k=1 k
In te given by

i r|? - s 1
do = —Hios )W pr+pe = a | |] o

N—— N——

obs.erver fjependent phase space factor
incoming flux
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The computation of the S-matrix in terms of the
interacting field theory is done using the Lehmann-

Symanzik-Zimmermann (LSZ) reduction
formula.

Harry Lehmann Kurt Symanzik  wWolfhart Zimmermann
(1924-1998) (1923-1983) (1928-2016)
n
3 3 -~
out <C]1, L Qn’plap2>in — 2(27‘-) (2("}(17,)5( )(qz o pl) out <Q17 coey iy e 7Qn‘p2>in
1=1

‘|‘7:Z_1/2 /d433 e_ipl.x(D + m2) out <Q17 JER 7Qn|¢(aj)’p2>m

Symbolically:
P1 q1 D1 qdi q1
\ //QQ T q1 // q2
—q3 = / @ |+ O+ m?)|— ¢($) — 3
. ) / P2 -
/ \ =1\ po— IR \
P2 dn - d; In
\q

FT
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Iterating the procedure, we trade all incoming and outgoing particles by time=-ordered field

insertions: r
T

[p(2)(y)] = 0(z” — y°)p()(y)
{(q1,---,qn|S|p1, p2) = disconected terms +0(y° — 299 (y)d(z)

\_

+i(Z_1/2)n+2 /d4x1d4x2€—ip1a:1—ip2x2 /d4y1 o d4yn6iqu1+-..+iqnyn

(O +m?)p, (O +m?)u, (O +m?)y, ... (O +m?)y, (QAT[¢(z1)(z2) (Y1) - - - $(yn)]|Q)
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Iterating the procedure, we trade all incoming and outgoing particles by time=-ordered field

insertions:
Fourier r

ransforms | T[p(xx)p(y)] = O(x” — yo)qﬁ(ﬂi‘)qﬁ(y)x
(q1,---,qn|S|p1,p2) = disconected terms +0(y° — 29)d(y)d(x)

+i(Z_1/2)n+2 /d4x1d4x2€—ip1a:1—ip2x2 /d4y1 o d4yn6iqu1+-..+iqnyn

X (O +m%)e, (B4 m7)ey (O 4 m?)y, ... (O+m?)y, (QT[¢(21)d(22)d(y1) - - - 3(yn)]|2)

e\ //

Inverse free propagators

S-matrix amplitudes are computed in terms of time-ordered (amputated) correlation
functions

G(z1,...20) = (QT(P(21) . .. ¢(zn)]|2)
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We have reduced the problema of computing scattering observables to that of
evaluating time=-ordered (Green) correlation functions

QFT mm» (QT(¢(z1)- .. ¢(2n)]|S2)

N 7

<Q1, . ,Qn—2\5\p17p2>

“_

i=//7i—>f

-

do
df)

Bl  Experiment

We need a method to compute time-ordered Green functions in an interacting theory.
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This procedure to compute scattering amplitudes might seem like overkilling...

% S-matrix approach (1960s): use the mathematical properties of the
S-matrix (Lorentz invariance, analyticity, unitarity and crossing) to

“bootstrap” the result

String theory Geoffrey Chew
(1924-2019)

Lately, a number of developments have revived the “S-matrix spirit”:

% Double copy (KLT relations, BC] color-kinematics duality,...): construct gravitational
amplitudes “algebraically” from gauge theory amplitudes, ““gravity = (gauge)?”.

% Britto-Cachazo-Feng-Witten (BCFW) recursion relations: express scattering
amplitudes in terms of amplitudes with fewer particles.

% Amplituhedron (Arkani-Hamed & Trnka): find underlying mathematical structures
(positive Grassmannian) in the amplitude from where properties like unitarity and locality
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Once we managed to identify the weakly coupled degrees of freedom in our system,
we can treat interactions in perturbation theory

/‘ “small”

5] = Sol@] + ASint 9]

quadratic in the field —/ \

Time-ordered correlation functions can be written in terms of functional integrals

higher orders

/@¢ ezSO @] +iASint [ @]

When A is “small”, we can expand the right-hand side in powers of the coupling
constant. The resulting series involves functional integrals with the structure
free theory (Fock) vacuum

” / !
[ 200166 own)le ¥ ~ (G O10(@1). ... o]0

These free time-ordered Green functions are computable using the Wick theorem!
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All Wick contractions at each order in perturbation theory can be systematically computed
using Feynman diagrammatics

Each theory is characterized by its propagators and vertices. For ¢4

Richard Feynman
(1918-1988)

To compute the contribution to a process at order n in perturbation theory, we construct

all possible connected amputated diagrams with n vertices and as many
external legs as particles involved

For example, for a two=to=-two particle scattering

The contribution of each terms is computed using the Feynman rules.
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For a qb4 scalar theory, the Feynman rules in momentum space are

whereas for QED
[
o _
H Ao~~~ VvV —_— _2i77u.v
p- + 1€
p
U — —ie}/;a.
04

i
—

p?—m?+ic

SN —iA

Incoming fermion:

Incoming antifermion:

Outgoing fermion:

Outgoing antifermion:

Incoming photon:

Outgoing photon:

Richard Feynman
(1918-1988)

—

Ll

ua(p,s)

Va(Pp, )
e (P, s)
Vo (P, )
€u(p)

€u (p)*

+ integration over internal momenta, a delta function momentum conservation at
each vertex, a factor of —1 for each fermion loop, and a combinatorial factor.

M.A.Vazquez-Mozo
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As an example, for Compton scattering
v(k,e) +e (p,s) — v(K',€') + e (p', )
the invariant amplitude at leading (9(62) is given by
p,s s p:$ K¢
v Mi—sf = +

k,e K€ k,€ Dk’

M.A.Vazquez-Mozo Quantum Field Theory

6emember: \

4=A*"
p2 _ p/2 _ 2
k2 =K?=0

k-e(k)=Ek ek’

_ )
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As an example, for Compton scattering

v(k,e) +e (p,s) — W(k/a 6/) + 6_(]9/7 S/) Gemember: x
= A A"
the invariant amplitude at leading (9(62) is given by 4 W
2 /2 2
p=p =
k*=k"=0
8(1{) — k/ k, = Oj
(p’,s")
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In the low energy limit p°,p?, k’, k> < m? the invariant amplitude is

Z'//,L_UC _ 7/; [5(1{) -5/(k/)]ﬂ(p S ) |ﬁ’ ( S) (exercise)

If our experiment is blind to the electron spin, we have to average over the incoming
electron spin and sum over the spin of the outgoing electron

vy Ceo RECIEINED DI i LA I,

s=+1 s'=+1 (exercise)

\ average over / \ sum over

incoming e— spin outgoing e— spin

— 4ete(k) - £/ (K')"]?

For an electron at rest, the differential cross section is

do 3et

o= e (k) £ ()P
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Part ||

Divergences and their cure
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With all this, it seems we have a complete recipe to do particle physics:

* |dentify the weakly coupled degrees of freedom.

* Choose an appropriate interpolating field.

* Write an interacting field theory compatible with the symmetries of the system.

* Compute the correlation functions in perturbation theory.

* Use the LSZ reduction formula to evaluate perturbatively the S-matrix
elements and cross sections.
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With all this, it seems we have a complete recipe to do particle physics:

* |dentify the weakly coupled degrees of freedom.

* Choose an appropriate interpolating field.

!
% Write aK /el xam.

A particle may exist in the theory even if there is no field
associated with it. Particles can appear as poles (i.e., bound states)
* Comp| in the Green functions of other fields.

However, when computing S=-matrix elements for these fields, we
need to introduce them through their corresponding interpolating

% Use tlkield& thrlx
eleme
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The problem comes when computing quantum corrections...
Restoring the powers of /1, the Feynman rules ofa ¢ are

. in \/ . A
p>—m? +ic /\ h

The power of 71 of a diagram with E external lines, I internal propagators,and V vertices is

while the number of loops in the diagram is

global conservation
delta function

L=I-(V-1)=1-V+1

\ # of independent

# of integrations delta functions

Thus, #(h) =1 — V = L — 1 and an L-loop diagram scales as /"
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The problem lies in that loop diagrams frequently give divergent results.
P1 pP3  P1 pP3  Pi1 P4
= X - Q4O
P2 P4 p2 2 P2 p3

N[ dk 1 1
2 ) 24 k2 —m?2 4ie [(k+pr +p2)2 — m?2 + e

1 1
- — T :
(k + p1 +p3)? —m? + e (k—l—p1+p4)2—m2—|—ze]

These integrals are logarithmically divergent
/ ~ k>dk

/ d*k 1 1 /Oodk
~ > OO
(2m)* k2 — m? +ie (k + p1 + p2)? — m? + ic k

\\—>Nk4
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To avoid meaningless results, we need to regularize our theory

Let us look at a typical Feynman integral:

1:/ d'p 1 (N/mpdp> > —
(2m)* p? — m? + ic |

v

P’ = +/p2 +m?2 Fie
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I \P
To avoid meaningless results, we need to regularize our theory
Let us look at a typical Feynman integral. 1
d 1 > ° =
I = / P . (N / pdp) *
(2m)* p? — m? + ic |

Wick rotation

P’ = +/p2 +m?2 Fie
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To avoid meaningless results, we need to regularize our theory

Let us look at a typical Feynman integral:

d*p 1 ( /OO )
I: ~ d
/(27T)4p2—m2+ie P

B _Z,/ dYp 1
B (2m)4 03, + m?

P’ = +/p2 +m?2 Fie
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\P

To avoid meaningless results, we need to regularize our theory

Let us look at a typical Feynman integral. 1

d*p 1 ( /OO )
I = ~ d ®
/(27T)4p2—m2+ie Pap )
_ / dp 1 N -
B (2m)4 03, + m?

There are many ways to make sense of this. For example:

Wick rotation

P’ = +/p2 +m?2 Fie

e Sharp momentum cutoff A

d* g 1
( ) b / (2ﬂ)4 €2E + m?2

E|<A

This method, however, breaks Lorentz and gauge invariance.
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e Pauli-Villars method: introduce a number of fictitious fields with large masses M;
and whose propagators have the “wrong” sign

d*p 1 9i
I(M;) = — :
(M:) /(277)4 P2 —m?2 + ie z;102—2\4-24—26

d4€ 1 . s

— — B 5 — Z 5 gi 5 Wolfgang Pauli Felix Villars
(2m)4 \ 0%, + m? 04 + M: (1900-1958)  (1921-2002)
Pauli-Villars regularization is Lorentz and gauge invariant, but rather cumbersome.

e Dimensional regularization: define the Feynman integrals in d dimensions
and continue d to complex values.

dp 1 [ dUp 1
I(d) = — = —1 5
(27)4 p? — m? + ie (2m)2 0%, + m?

This requires the introduction of an energy scale y to preserve the dimensions of
the coupling constant. E.g., for a scalar ¢* theory A — pAm N

Dimensional regularization preserves Lorentz and gauge invariance, but one has
to be careful when working with chiral theories!
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Once the theory is regularized, we can compute finite scattering amplitudes

external momenta

N
iM = f(pi; \,m, )

] \ cutoff

masses

couplings
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Once the theory is regularized, we can compute finite scattering amplitudes

external momenta

N
il = f(pi \m, A) D0

] \ cutoff

masses

couplings
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Once the theory is regularized, we can compute finite scattering amplitudes

external momenta

™
il = f(pi \m, A) D0

\ cutoff

couplings
masses

To handle the theory, we introduce the notion of renormalization:

» : Hendrik A. K
* Only measurable quantities are physical. 18941950

* The quantities appearing in the Lagrangian (masses, couplings, fields, etc.) are
unphysical auxiliary parameters.

do(z) = /Z(A)o(z)

* Divergences are ‘“absorbed” in these unphysical parameters

A — o0

. ) renormalized
7 f(pza ’k)/ quantities

* The relation between renormalized and physical quantities is fixed by the (physical)
definition of the latter (renormalization conditions).

il = (pis Mo(A), mo(A), A)
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Let us apply this program to a scalar ¢4 theory. The renormalized Lagrangian is

o%'en — %a,u¢08'u¢0 _ mO(QA)2¢(2) _ % fj)t @)(SB) —V Z(A)¢(@
1 w, mo(A)2Z(A) o AMA)Z(A)?
= §Z(A)8u¢5 ¢ — 5 — 1 ¢

It can be rewritten in terms of the finite, renormalized, masses and couplings as

1 m2 A\ 1 ) o)
_ = woy MY o A4 L pop o Om o2 YA 4

~_ 1 _“

counterterms

Z(A) =1+0z(A) ﬁynman rules for countertera

mo(A)2Z(A) = m2 + 5, (A) — i(p%67 — i)

Ao(A)Z(A)% = X+ 8y (A) X
— —10)
\U J
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where




1 m? A\ 1 o) )
_ = wy MY A4 2 pop o Om o2 YA 4

By construction, quantities computed from the renormalized Lagrangian are finite.
Renormalization can now be systematically implemented:

® Regularize the theory.

¢ Compute loop diagrams using the Lagrangian

Ay

1 m?
_ w0 a2
<z 2“¢6¢ 2¢ 4!

® Fix the counterterms to eliminate the divergences at each loop level.

e Evaluate physical quantities in terms of finite renormalized parameters.

e Compute amplitudes
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Let us look at it hands=on: ¢* at one loop.

At one loop there are two divergent diagrams by power counting:

0 O s

~ A?
Using a hard cutoff, we have
O i N dhp i 2 / gy 1
P T2 ) @rripr—mZiie 2 (2m)* 2, + m?
e |<A mandelstam variables
im2 X\ [ A? | A? s s = (p1+ p2)°
“392 |2 og 32 + finite piece t = (p1 — p3)?
_ . 2
D1 P3 \“ = o p4)J
ixz o [! A2 A?
d = dx <1 1
m Terosse 3212 /0 . { o8 [mQ —x(1 — :1:)3] log [mQ —x(1 — x)t]
P2 P4
A2
+ log [m2 g a:)u] } + finite piece
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Let us look at it hands=on: ¢* at one loop.

At one loop there are two divergent diagrams by poweHn

9

Giagrams with subdivergences\

~ A?
are dealt with by renormalizing
Using a hard cutoff, we have Q‘e divergent subdiagram. J
O i N dp ) A / Ay 1
P T2 ) @rripr—mZiie 2 (2m)* 2, + m?
e |<A &andelstam variables
im2 X\ [ A? | A? PR s = (p1+ p2)°
~ 392 |3 og ) + finite pilece t = (p1 — ps)?
D1 P3 \“ = o _p4)2j
ixz o [! A2 A?
d = dx <1 1
ﬂ Terosse 3212 /0 . { o8 [m2 —x(1 — :1:)3] log [m2 —x(1 — x)t]
P2 Pa
A2
+ log [m2 g a:)u] } + finite piece
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Let us look at it hands=on: ¢* at one loop.

At one loop there are two divergent diagrams by poweHn

9

Giagrams with subdivergences\

~ A?
are dealt with by renormalizing
Using a hard cutoff, we have Q‘e divergent subdiagram. J
O i N dp ) A / Ay 1
P T2 ) @rripr—mZiie 2 (2m)* 2, + m?
e |<A &andelstam variables
im2 X\ [ A? | A? PR s = (p1+ p2)°
~ 392 |3 og ) + finite pilece t = (p1 — ps)?
D1 P3 \“ = o _p4)2j
ixz o [! A2 A?
d = dx <1 1
ﬂ Terosse 3212 /0 . { o8 [m2 —x(1 — :1:)3] log [m2 —x(1 — x)t]
P2 Pa
A2
+ log [m2 g a:)u] } + finite piece
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Let us look at it hands=on: ¢* at one loop.

At one loop there are two divergent diagrams by power counting:

0 O s

~ A?
Using a hard cutoff, we have
O i N dhp i 2 / gy 1
P T2 ) @rripr—mZiie 2 (2m)* 2, + m?
e |<A mandelstam variables
im2 X\ [ A? | A? s s = (p1+ p2)°
“392 |2 og 32 + finite piece t = (p1 — p3)?
_ . 2
D1 P3 \“ = o p4)J
ixz o [! A2 A?
d = dx <1 1
m Terosse 3212 /0 . { o8 [mQ —x(1 — :1:)3] log [mQ —x(1 — x)t]
P2 P4
A2
+ log [m2 g a:)u] } + finite piece
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4 )
O im?\ [ A? A? , ,
=392 |2~ log 3 + finite piece
\_ _J

From this result we can identify two of the counterterms at one loop:

52( _ 0

1—loop
m2\ [ A? A?
5m‘ = — —log | —=
1—loop 327’(’2 m? ,u2

where we have introduced an arbitrary energy scale . The “bare”, cutoff-dependent

@ — i(p25Z — 5m) »

mass at one loop to be

Z(N)=14+0dz(A) ] (A)=1 no field renormalization at one loop!

and

2 2
mo(A)2Z(A) = m? + G (M) E—— mo(A)2:m2{1 : [A _10g<A_2>]}

3272 | m?2 v
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N\ ix2 ! A? A A
— ] ]
+crossed 39,72 /0 dﬁ{ 0g [mz —z(1— x)s] T log [mQ —x(1 — :E)t]
A2

+ log [ ] } + finite piece

m? —z(1 — z)u

J

The logarithmic divergence is cancelled by choosing the counterterm

, 3\° A?
X B _ZéA 6)\ 1—loop B 3272 log <F>

where again U is an arbitrary energy scale.

The “bare” coupling constant at one=loop is:

A\ A?
M(AZA2 = A+6,(A)  w— No(A) = A+ = > log <—2>
327 L
Z(A) =1
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Warning!!! Renormalized quantities are not necessarily physical!

Physical quantities are defined operationally. Let us look at the mass.

one-particle

In general, the two-point function (full propagator) is given by / i;;eg‘::gts"e
+ —Lw— + —be—be— + —aee—ae—~Oe— +
B l ( 5 ( ( 5 ( 5 (
2 —m2 + P2 — mzﬂ(p )pz 2 + P2 — mZH(p )p2 _ m2H(p )p2 — 2 +
0 = i " i 1
P2 — m2 Z [ D2 — m2 2 —m21— H(p2)p2_zm2

n=0
?
p? —m? —ill(p?)

We can define the physical mass as the pole of the full propagator

physical mass
e N,

mf)hys o 7?2 o iH(mphys

) — ( (mass renormalization conditioD

renormalized mass

M.A.Vazquez-Mozo Quantum Field Theory Taller de Altas Energias 2019



Warning!!! Renormalized quantities are not necessarily physical!

Physical quantities are defined operationally. Let us look at the mass.

one-particle

In general, the two-point function (full propagator) is given by y ‘(;’i':g‘::g':'e
rln fact, we also have to require that the residue at the pole equals i \
+
: dlIl
p* —m” _ZH(pQ) = (1—-1-=5 (p2 —mf)hys)—l-...
dp=| »_ o
P™="Mphys L
— 5 T ...
thus, -
dll
dp? — !
\ PI=M s \ J

;
p? —m? —ill(p?)

We can define the physical mass as the pole of the full propagator

/ physical mass \
2 o 2 H( 2
Mphys T'{ LM phys

) — ( (mass renormalization conditioD

renormalized mass
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(m?)hys - m2 - iH(mghys) — O)

From our loop calculation,

H(pQ)l—loop — Q + @

im2 )\ [ A? A? im2 X\ [ A? A?
T 32n2 |m2 log m2 i 3272 |m2 log u?

im2\ | m?
_ — O _
3972 0 (2

which is momentum independent. Thus, the physical mass is given in terms of the
renormalized parameters m and A by

2 _ .2y A 1 m?
mphys = m + 327_‘_2 0og p

which does not depend on the (unphysical) momentum cutoff.
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(m?)hys - m2 - iH(mghys) — O)

From our loop calculation,

H(pQ)l—loop — Q + @

im2 )\ [ A? A? im2 X\ [ A? A?
T 32n2 |m2 log m2 i 3272 |m2 log u?

im2\ m? dIl
= — 592 log <?> | atone loop: d—p2 = (

which is momentum independent. Thus, the physical mass is given in terms of the
renormalized parameters m and A by

2 _ .2y A 1 m?
Mybys =11 F 3573 108 2

which does not depend on the (unphysical) momentum cutoff.
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Next we look at the coupling constant.

We can define the physical coupling constant, for example, as

Nan”
7N\

~ 0
T
S
S,
(@)

From our calculation

(- )0 X
= + + crossed +
N

ix2 [ A
= —1IA dx < 1 1
: +32772/0 ai{og [mQ—x(l—x ]+ 08 [mz 1—:13)75]

1 A? 3i)? | A?
%S m2 — (1l —x)u 3272 O ?

s = 4m? . IN2 1 /ﬂ ,LLQ
<t=u=0> - +327r2/0 dw{l@g [m2<1—2x>2] Felos (m_>}
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' [/1 dz log(l — 2x)? = a

\? 3 u?
Arve = AT g [1 Faloe (m)]

Other definitions of the physical coupling lead to different results. For example:

N 32

. _ 1 2
—1Aphys = m ohys = A — [2 (1 — v/2arctan ) + log ()]

S 2 2

N 327 V2 m
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A m? A2 3 ©?
2 2 _ °
Mohys = M [1 + 392 log ( 5 )] Aphys = A = [1 + 5 log <m2>]

But physical quantities cannot depend on the fiducial subtraction scale u. The
explicit dependence is compensated by the one of the renormalized parameters.

Let us begin with the coupling

d)\phys

=0
dp

7

o

A\ A (AT 3 (] B
)~ sn2 \Map 2 8\ 2 1672

At leading order in A

AN 3)2
- — R BN = pu
W ™ Tom2 D Y

This defines the beta function.
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A m? A2 3 ©?
2 2 _ °
Mohys = M [1 + 392 log ( 5 )] Aphys = A = [1 + 5 log <m2>]

But physical quantities cannot depend on the fiducial subtraction scale u. The
explicit dependence is compensated by the one of the renormalized parameters.

Let us begin with the coupling

This defines the beta function.
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A m? A2 3 ©?
2 2 _ °
Mohys = M [1 + 392 log ( 5 )] Aphys = A = [1 + 5 log <m2>]

Next we deal with the physical mass

d_m2 14 A lo m_2 + m?
o 3972 o\ 2 3972

Dropping subleading terms in A

2 2 © dm? A
Mdﬁ _am 0 m V2(A) =
du 1672

with is the Callan-Symanzik gamma function.
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A m? A2 3 ©?
2 2 _ °
Mohys = M [1 + 392 log ( 5 )] Aphys = A = [1 + 5 log <m2>]

Next we deal with the physical mass

dmphys _
L
d)\ 32
d,u 1672
A ] _0

L PR G | -
M 32 2 32772 % i du 1672

Dropping subleading terms in A

de )\m2 \) = 9 dm2 _ A
P T e I T

with is the Callan-Symanzik gamma function.
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A m? A2 3 112
2 _ 2 — )\ _ r
mphys = m [1 -+ 327‘(2 log (?)] )\phys = A 1622 [1 -+ 9 log (’)TLQ)]

I‘G‘e"e is a further relevant functionh

be defined
_ 1. d 0
V(A):y@logZ PR
Wi ~ 1672
but at one loop for the ¢+ theory H
A) =0
(M) AT A
(no field renormalization) j 5 112 392172 \ M du 1602 | —
Dw
2
dm?  Im? \) = podm= A
P T e I T

with is the Callan-Symanzik gamma function.
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We can now compute the four-point amplitude in terms of our physical quantities:

A m? A2 3 2
2 _ 2 __
Mphys = [1 T 3pq2 8 (F)] Aobys = A~ 152 [1 ol <m>]

Inverting them at this order, we have

Aph Mihgs | Aok
2 _ 2 phys phys _ phys
m” = Mppys |1 — 502 log ( .2 > A = Aphys + 1672

while for the amplitude we have found

/ \

m? xlu(Ql = x)s] +log [m2 - ;5(21 - x)t]

|

|

~
>
_I_

%)
N
= N

N
N
p—

Q.
=
—
o
o
1
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ixz ! % i v
M = —i) dz {1 1 :
M 7 —|—327T2/0 I{Og [mZ—m(l—x)sl + log [777/2—37(1—3;)75] =+ log [mQ_Qj(l—CI?)U]}

A m? Ah 3 p?
2 _ 2 _ 7‘phys phys A = Aphvs PIYS 11 4+ 21
m Mohys [1 39,2 log ( 12 )D [ phys T 1672 + 2 0g mf)hys

At order A2 the corrections to the mass are irrelevant, thus

+ log

iA2h 1 7n2h
IM(s,t,u) = —idphys + —i / dx < log P=
P 3272 [, M2 ys — T(1 —x)s

2
M ohys }

mf)hys —x(1 —2x)t

+ log

mIQ)hys :| 2}
2 _ 1 — B
Tnphys 1( x)u
The result is independent of U and satisfies the renormalization condition
1M (4m2 O, O) — _i)\phys

phys?
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o] e i an] v [t )

Aok 3 p
)\:)\phys—l— prS 1—|—10g< 5
167 2 Mhos
At order A2 the corrections to the mass are irrelevant, thus
7;>\2h 1 m2h m2h
IM(s,t,u) = —idphys + —os / dx < log it e + log pe
Y 3272 [, M2 ys — T(1 —x)s M yys — T(1—2)t

+ log

mIQ)hys :| 2}
2 _ 1 — B
mphys x( x)u
The result is independent of U and satisfies the renormalization condition
1M (4m2 O, O) — _i)\phys

phys?
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At order A2 the corrections to the mass are irrelevant, thus

= —log(1 — 2x)? =0

7:)\2 1 m2 m2
M(s,t, 1) = —idphys + —2 / dz {1 P 1 e
iM(s,t,u) LAphys + 3272 J, 8 m12)hys —z(l —x)s Tlog mf)hys —x(l—x)t

=0

5 s
+ log lphys — 2
mlz)hys —z(l —2)u 2

The result is independent of U and satisfies the renormalization condition

1
/ dr log(1 — 2z)* = a
0
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1M (4m2 O, O) — _i)\phys

phys?




To summarize:

Bare quantities ¢g(A), mg(A), A\g(A) (unphysical, cutoff dependent)

g

Renormalized quantities ¢, M, A\ (unphysical, cutoff independent)

. &

Physical quantities mhys, Aphys (physical, operationally defined)

Scattering amplitudes can depend only on physical quantities!
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Once the one=-loop correction has been included, we can defined an effective coupling
constant at a characteristic momentum scale ¢ as

: \ / ;)\ 2 1 2
—Z>‘eﬁ’(q2) — 1-loop i 31\ / dz log [ ' H 2]
0 m= =

/ \ 3272

s~t~u~q2

i 4m2
3iN? 2 4m? \/1— +1
= —I\ + : log Ll + 2 — 1—£10g
3272 m2 g2 \/1 _dm?

N A
e e

i\2 1 M2
— )\ d ]
AT 3272 /0 x{ [ z(1 —x)s] o8 [mQ —x(1 — x)t]

K + log [m2 - 521 - a:)u” j
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Once the one=-loop correction has been included, we can defined an effective coupling
constant at a characteristic momentum scale g as

: \ / © ) 2 1 2
—Z>‘eﬁ’(q2) — 1-loop i 31\ / dz log [ ' H ) 2]
0 m= — q

/ \ 3272

For large momenta q2 > m?, this is given by

3\ q>
)\eff(q2) = A [1 + 39712 lOg (E)]

Noticing that Acg(1t°) = A, this can be written as

3eft (112) log <q2

2\ _ 2 = =
Aetf (7)) = et (11°) [1 — 39,3 Mz)] meml» [ = reference scale
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3\ ﬂ-’(,LLQ) ,LL2 Beware!
A ff(,u) =)\ ﬂ-‘(,u()) 1+ - log Y small change
e e 327 ,u% in notation
Quantum corrections make couplings run with energy.
This running is also governed by the one 0.520f
loop beta function :
0.515_—
dAeff 3)\gﬂ_~ 3 _
K du 1672 0510
For the ¢* theory, the effective coupling 0.505
grows with energy o S ,3()\) >0 o 20 a0 e s 100
u
Integrating the beta function equation we have v
\ blows up at 1672
Aett (1) = = (ﬁ()“ 0) = pgereft(to)  Landau pole
1 — == 80 Jog (%)
M.A.Vazquez-Mozo Quantum Field Theory Taller de Altas Energias 2019



A similar calculation of the effective coupling can be carried out in QED:

po{ - 3{ o

2 2

= M (B 1) o (531 ) + 1 (B e) 1 11 (B )
where
k+q
g iz py [ AR TG+ mp)y g+ mg)y
“'“O“” =) = & (~ie) 1)/(2@4 (k2 —mZ% +ie)[(k + q)2 — m>3 + ic]
k

Regulating the divergence using a sharp cutoff A, we have

11, (q) = cA*n. +11¢*) (00w — ¢.q)

4/"&0(\
v
: : N
Breaks gauge invariance, cured @0 &<

by adding a local counterterm Gauge invariant and
AL ~ A2 Au AW logarithmically divergent
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A similar calculation of the effective coupling can be carried out in QED:

where
k+q
g 2y [ A T mg )y G+ g )y
“'“O“” = 11"(q) = & (—ie)™( 1)/(2@4(k2—m§+ze)[(k+q)2—m§+ie]
k

Regulating the divergence using a sharp cutoff A, we have

11, (q) = cA*n. +11¢*) (00w — ¢.q)

4/"&0(\
v
: : N
Breaks gauge invariance, cured @0 &<

by adding a local counterterm Gauge invariant and
AL ~ A2 Au AW logarithmically divergent
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Forgetting about the spurious quadratic divergence, we have

€

2 2
q .
H/M/(Q) — [ log (F) -+ ﬁnlte] (qzn,uv — Q,uqy>

1272

The logarithmic divergence can be cancelled by a counterterm

o2 ,UQ ,
p A~ v = log (q Npv — qqu)

1272 A2

_|_

The total contributiontothe ¢ ¢’ — ,u_,u+ scattering is then

ol 3{ ol

62

— o e* q2 _ B
= N (Ve Y Ue) {47Tq2 [1 + 53 log (F)] } (T, uy,)

_ — o eeff(q2)2 —
= Nap (Ve Ue)[: dmq? :](UMVBUW)
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The QED running effective charge is then defined by

242 2 e’ QQ
eert(¢°) =€ [1 + 153 log (?)]

D

Ceff (N)2 — Ceff (NO)Z

Ly Sl (1))

1272 [

As in the ¢4 case, the QED beta function is positive and the coupling grows with energy

63 0520~ "~ T T T T T T T T T

1272 >0

B(e)qep =

0.515-—
Again, there is a Landau pole, which for the '

Standard Model is located at RN
MLandau ™ 1034 GeV 0'505}
(I)III2IOIII4IOIII6IOIII8IOIII‘ICI)0
well beyond any other relevant energy scale. u
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Heuristically, the running coupling can be understood in terms of screening

: SO\ o
A S
RN

As in a dielectric medium, the polarization of the
vacuum screens the bare charge

e(11)? = eo(A)? [1 MGV (i—i)]

1272
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Heuristically, the running coupling can be understood in terms of screening

~ AL

_).:_:(_

7

%
ChEeD QL odED
y

800
SRV A &R
N

=

As in a dielectric medium, the polarization of the : ~
vacuum screens the bare charge '

e(11)? = eo(A)? [1 MGV (i—i)]

1272
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The behavior of the effective coupling is quite different for non-Abelian gauge theories

N

| S .

L = —ZF:‘VFA“ + 1 g ViV (0re0y — 19 A7 Tip )
k=1

@;‘V = 0, A5 — 8,,A;j‘ + g fABCAfASD

Now, both fermions and gauge bosons contribute to the gauge boson polarization tensor

screening antiscreening

For a SU(N,) gauge theory, the beta function can be negative

39) = 1z (5N - 33 .

3°° 3
Ny = # of flavors

# of colors
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For QCD, the beta function is negative :

0.245
N, =3 \ 793 0.2405-
S 5(g)QCD=—162<O
Nf:6 ) n o 0235}
79(0)? 12 0225F T :
g(,u)2 — g(/JJO)2 [1 — log — 0 20 40 60 80 100
1672 [ W
Ho

and the theory is asymptotically free at high energies.

This result explains the quasifree behavior of partons exhibited in deep inelastic

scattering

N

N

electon

A
IS

David . Gross  H.David Politzer ~ Frank Wilcek
(b. 1941) (b. 1949) (b. 1951)

electron
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What do ¢4 and QED, and QCD have in common!?

Infinities are taken care of by renormalizing a finite nhumber of quantites.

.

The renormalized Lagrangian contains a finite number of operators, e.g.

Lren = Zy(N)Y[iy* D, — mo(A)]y) — iZA(A)FWFW — eg(A) Zy(A)\/ ZaA(N) A ipyHap

.

[The theory is renormalizableJ

Rule of thumb: a theory is renormalizable if its bare Lagrangian does not contain
higher-dimensional (> 4) operators.

All coupling constants have non-negative energy dimensions.
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What do ¢4 and QED, and QCD have in common!?

Infinities are taken care of by renormalizing a finite humber of quantites.

.

The renormalized Lagrangian contains a finite number of operators, e.g.

g

G)metimes, we need to add operators to renormalize the theory. In the Yukawa theom

2
Prukawa = H0u00"0 — =67 + T — m) -+ g6
we have

2N .
. . .
Yo counterterm . * ’ counterterm ‘s .
. . I
. < .
. s .
. ‘e
foee v - ~ log A Er i e
A e ® & o
¢ (8 4 .
. . N . .
4 P P4 N 4
4 o 4 . 4
R . s

and the renormalized Lagrangian contains cubic and quartic couplings for the scalar field

Bron = 526(N)0,00") — Z5(4) "5

¢° + Zy(A)lid — mo(A)]y
2 Ao (M)

L +\/Z¢(A)Zw(A)go(A)¢@¢—Z¢(A)% 3 ¢° — Zy(N) a1 N J
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Take the case of a scalar ¢ theory.

For a diagram with E external lines, ] internal lines and V vertices

total # of legs internal !egs join global cons.ervation
coming out of f two vertices [ delta function
vertices _

nV =k +21 L=I-(V-1)=I-V+1

\ external legs are attached / \ # of independent

to a single vertex # of integrations delta functions

On the other hand, the superficial degree of divergence of a diagram with £ external
lines is

D=4L — 21

This can be expressed in terms of E and V as

L=1-V+1 2 =nV — F

\
D=4AL -2 =21 -4V +4=(n—4)V — E+14

A

(o—oov—re1)
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(o=t v 5o+)

There is only a finite number of superficially
divergent diagrams.

* n=3

D=4—FE—-V -

0001 O

¢3 theory is superrenormalizable

x n=4

D=4—F il There are infinitely many superficially divergent
diagrams. but only with 2 and 4 external legs

N
— — ~ A - —e /\NlogA i ><

¢+ theory is renormalizable
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(o=t v 5:4)

o1 e There are infinitely many divergent diagrams
D=2V - b+ with an arbitrary number of external legs

* n=6

Thus, we need to add an infinite nhumber of counterterms with arbitrary number of

external legs.

The renormalized Lagrangian contains an infinite number of operators

o%“en - ; ( ) gba’uqb B EZQS( ) ( ) gb - Z (22)' (A)n)‘Qn,O(A)gbzn

In principle, to compute amplitudes we need to specify infinitely many renormalizations
conditions!

¢° theory is not renormalizable (as well as ¢ for n > 4)
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(o=t v 5:4)

o1 e There are infinitely many divergent diagrams
D=2V - b+ with an arbitrary number of external legs

* n=6

-(Let us look at the energy dimensions of the coupling constants: N

(

Al =4—n

* ¢3theory: [\3]=1 wwsl superrenormalizable

* ¢4 theory: [)\4]:() msl renormalizable

* ¢ theory (n>4): [A\y] =4—n <0 ==l non renormalizable

M B - /

conditions!

¢° theory is not renormalizable (as well as ¢ for n > 4)
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A physical (i.e., Wilsonian) view of renormalization.

Let us take the cutoff seriously and start with our quantum field theory
defined at the scale A ‘

bare couplings Kenneth GW|Ison
\ (1936-2013)
Slpa, Al = /d437 {«iﬂo[%] + Z%(A)ﬁi[%]}

E=A
\ o159
E=u

bare fields

a?:u] — / H «@¢a 6’iS[§ba,A]

p<p<A ¢

Lol¢n] + Z AOIZA

I

renormalized fields

/ renormalized couplings

(6ol = [ dta

N
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Thank you
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