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Motivation – a paradigm

interacting  
many-body system

Spontaneous symmetry breaking 
• ground state has less symmetry than Hamiltonian 

• local order parameter  

• phase transition / Landau-Ginzburg-Wilson theory
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The quantum exception

Sometimes, the exact opposite happens
• ground state has more symmetry than Hamiltonian 

• non-local order parameter  

• emergence of long-range entanglement, exotic statistics, … 

B
electron gas

I

V

AlGaAs

AlGaAs
GaAs

H =
NX

j=1

✓
1

2m

⇣
pj �

e

c
A(xj)

⌘2
+ eA0(xj)

◆

+
X

i<j

V (|xi � xj |)

interacting  
many-body system

tr

✓
A ^ dA+

2

3
A ^A ^A

◆

http://www.thp.uni-koeln.de/trebst/


©  Simon Trebst

• Spontaneous symmetry breaking
• ground state has less symmetry than Hamiltonian 

• Landau-Ginzburg-Wilson theory 

• local order parameter 

• Topological order
• ground state has more symmetry than Hamiltonian 

• topological quantum field theory (TQFT) 

• non-local order parameter 

• macroscopic entanglement

Topological quantum matter

http://www.thp.uni-koeln.de/trebst/


© Simon Trebst

concepts
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Quantum spin liquids

Quantum spin liquids are exotic ground states of 
frustrated quantum magnets, in which local 
moments are highly correlated but still fluctuate 
strongly down to zero temperature.

Leon Balents

Quantum spin liquids are long-ranged entangled 
states with fractionalized excitations. Some of 
them exhibit intrinsic topological order – very 
much like the fractional quantum Hall states. 

Xiao-Gang Wen

Nature 464, 199 (2010).
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http://www.nature.com/nature/journal/v464/n7286/abs/nature08917.html
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time-reversal 
symmetry

✘

quantum double models 
Levin-Wen / Kitaev models

“Bose metals” 
(Motrunich, Sheng & Fisher)

Kitaev model 
(honeycomb)

chiral spin liquids  
Kalmeyer & Laughlin ✘

yes

no

How many are there?

✓ ✓

spatial dimensions

energy spectrum

Classification scheme

two spatial dimensions

three spatial dimensions

gapped gapless

singular points 
e.g. Dirac cones

spinon surface, 
Bose surface

topological 
spin liquids

gapless 
spin liquids
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quantum doubles 
– anyon theories, entanglement signatures –
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Time-reversal invariant liquids

chiral excitations

✗

✗ “flux” excitations 
non-chiral

anyonic liquid L

anyonic liquid L̄
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Flux excitations

anyonic liquid

flux through 
“hole”

flux through 
“tube”
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Flux excitations

skeleton 
lattice

anyonic liquid

flux through 
“hole”

flux through 
“tube”
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quantum double models

loop gas configuration string net configuration
(toric code)

Quantum double models form a larger family of lattice models 
harboring non-trivial topological order, e.g. non-Abelian string nets.

• Quantum double models are generally constructed  
from an underlying anyon theory. 

• Key ingredient are so-called fusion rules of anyons.

anyon 
theories

A

Ā
}

M. Levin and X.-G. Wen, Phys. Rev. B 71, 045110 (2005);
C. Gils et al., Nature Physics 5, 834 (2009).

http://www.thp.uni-koeln.de/trebst/
http://prb.aps.org/abstract/PRB/v71/i4/e045110
http://www.nature.com/nphys/journal/v5/n11/abs/nphys1396.html
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quantum double models
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Figure 3: (color online) Levin-Wen partitions to compute the topo-
logical entropy. Below the partitions is the constant term that is con-
tributed by this bipartitions for the toric code (�quantum) and the clas-
sical loopgas, when computing SA (�A

cl) respectively SB (�B
cl ).

that in the quantum mechanical case the topological correc-
tion for a given bipartition is related to the number of bound-
aries between parts A and B; the bipartitions involving A1

and A4 contribute twice the value than those bipartitions in-
volving A2 and A3. The classical analog of the toric code is
the so-called loopgas at T = 1, whose classical topologi-
cal entropy was already studied in Ref. [12] and found to be
�classical = log 2. As the Shannon entropy is not symmetric in
A and B, we show both the topological correction when com-
puting SA (in the second line) as well as SB (in the third line).
Note that the classical value is independent of the number of
boundaries but instead measures the number of disconnected
regions in the complementary part. For instance, the topolog-
ical O(1) contribution in SA is non-vanishing only if part B

is disconnected.
Finally note that the similar setup introduced by Kitaev and

Preskill [9] for extracting the topological entropy is not suit-
able for the classical systems considered here, because all bi-
partitions have connected parts A and B.

III. CLASSICAL STRINGNET MODELS

As an example family of model systems exhibiting non-
trivial topological order, we will consider so-called stringnet
states and in particular their classical analogs. Their quan-
tum variants, so-called stringnet condensed states or simply
stringnets, have been introduced by Levin and Wen [17] in
a rather general mathematical construction using so-called
quantum doubles [18, 19]. For completeness, we will briefly
recap this Levin-Wen construction in the following by first in-
troducing so-called su(2)k anyon theories and then outlining
the quantum double construction before shifting gear to dis-
cuss the construction of their classical analogs.

A. su(2)k anyon theories

The most elementary building block for both the quantum
and classical versions of stringnets are so-called su(2)k anyon
theories [20]. These theories describe anyonic degrees of free-
dom with both Abelian and non-Abelian exchange statistics
(in two spatial dimensions). For a given level k such an any-
onic theory contains k + 1 individual degrees of freedom,

which for our purposes here we label by integers

0, 1, 2, . . . k .

One can think of every degree of freedom as a representation
of the quantum group su(2)k or in analogy to the spin repre-
sentation of SU(2), which corresponds to the limit k ! 1, as
generalized spins with even/odd integer labels corresponding
to integer/half-integer spins.

We can combine two representations of su(2)k into one
joint representation – similar to combining two spin quantum
numbers into one joint spin quantum number for conventional
SU(2) spins. This process, which for the anyon theories is of-
ten called fusion, has to obey very similar rules as those for
combining two conventional SU(2) spins. In particular, they
have to obey the so-called fusion rules which also incorporate
the cut-off k in a consistent way

i ⇥ j =

min[i+j,2k�i�j]X

l=|i�j|

l , (14)

where l increases in steps of two. Eq. (14) can be written more
compactly by introducing fusion coefficients N l

ij , which are
defined via

i ⇥ j ⌘
kX

l=0

N l
ij l . (15)

Note that for the su(2)k anyon theories at hand these fusion
coefficients are always either 0 or 1.

The simplest example is probably the anyon theory su(2)1
with anyonic degrees of freedom 0 and 1, for which the above
fusion rules become

0 ⇥ 0 = 0

0 ⇥ 1 = 1

1 ⇥ 1 = 0 . (16)

A slightly less trivial example is the anyon theory su(2)2 with
anyonic degrees of freedom 0, 1 and 2, for which the fusion
rules read

1 ⇥ 1 = 0 + 2

1 ⇥ 2 = 1

2 ⇥ 2 = 0 , (17)

where the fusion with the identity 0 has been omitted, as it is
trivial. In addition we also mention the fusion rules of su(2)3
with anyonic degrees of freedom 0, 1, 2 and 3, for which the
fusion rules read

1 ⇥ 1 = 0 + 2

1 ⇥ 2 = 1 + 3

1 ⇥ 3 = 2

2 ⇥ 2 = 0 + 2

2 ⇥ 3 = 1

3 ⇥ 3 = 0 (18)

Fibonacci anyon theory

5

and finally the Fibonacci theory, which is the even-integer
subset of this su(2)3 anyonic theory

0 ⇥ 0 = 0

0 ⇥ 2 = 2

2 ⇥ 2 = 0 + 2 . (19)

One striking distinction between the fusion rules for su(2)1
in (16) and for the remaining ones in (17), (18), and (19) is the
occurrence of representations, which fused with itself, gener-
ate more than one fusion outcome, e.g. representation 1 in
su(2)2. Such representations are called non-Abelian as op-
posed to Abelian representations such as the identity 0 that
always generate a unique fusion outcome [24]. In order to un-
derstand this concept better, let us consider a set comprising
multiple such non-Abelian representations. Their combined
fusion will no longer be described by a single state but neces-
sarily needs to be described by a set of states. In more tech-
nical terms, this manifold of states for a set of non-Abelian
degrees of freedom asymptotically grows exponentially with
the total number of degrees of freedom. The base of this ex-
ponential growth is called the quantum dimension dj of the
representation j. Non-Abelian representations have quantum
dimensions that are strictly larger than one, i.e. dj > 1. In
contrast, any representation i that is Abelian (exhibiting only
single fusion outcomes) has quantum dimension di = 1. For
a given anyon theory the total quantum dimension D is then
defined as a sum over all the quantum dimensions of the indi-
vidual representations of the theory

D =

vuut
kX

j=0

d2
j . (20)

For all values of k, the su(2)k anyon theories always contain
two Abelian representations, labeled by 0 and k, with quan-
tum dimensions d0 = dk = 1. The remaining representations
are all non-Abelian and thus have quantum dimension dj > 1.

B. Quantum double models and stringnet condensed states

With the su(2)k anyon theories as elementary building
blocks at our hand, we can now proceed to briefly recap
the quantum double construction of Levin and Wen [17] and
introduce the quantum mechanical version of stringnet con-
densed states or simply stringnets.

The quantum double construction of Levin and Wen cre-
ates a lattice model from an anyonic theory, such as one of
the su(2)k anyon theories introduced in the previous section.
The elementary constituents of the lattice model are edges that
carry an anyonic degree of freedom, which is captured by the
respective anyon theory, i.e. it corresponds to one of the la-
bels 0, 1, 2, . . . , k. The bonds form a lattice via trivalent ver-
tices. An example of a particularly regular lattice construction
would be the honeycomb lattice, which we will use in all visu-
alizations in the following. At each vertex the fusion rules of
the anyonic theory need to be fulfilled, thus constraining the

possible labelings of edges around a given vertex. Examples
of allowed vertices for the su(2)1, su(2)2 and Fibonacci the-
ory are given (up to rotations) in the various panels of Fig. 4,
respectively.

Forming an entire graph out of a set of these allowed ver-
tices and corresponding edges, one can then create a multi-
tude of lattice configurations. By visual inspection of these
configurations it becomes evident how the vertex constraints
translate into constraints of the overall lattice configurations.
For the case of the su(2)1 anyonic theory, which contains only
Abelian anyons, the resulting configurations will consist of
closed loops only, as illustrated in Fig. 5. Introducing a non-
Abelian anyon into the anyon theory, as it is the case for, e.g.
the Fibonacci theory, the resulting lattice configurations also
include branches resulting in netlike configurations as illus-
trated in Fig. 6.

The set of allowed lattice configurations forms a basis for
the part of the Hilbert space, where the groundstate resides in.
Before moving on to the construction of the classical analog
of these quantum states, we want to mention in passing a few
additional constraints present in the quantum model (but not
the classical model to be introduced in the next section). Most
notable for the remainder of this manuscript is that a subset
of allowed lattice configurations has vanishing weight for the
groundstate, in particular all those configurations where the
netlike configuration includes so-called tadpoles illustrated in
Fig. 7. The actual weight of an allowed lattice configuration
will be finely tuned by a number of parameters depending on
the specifics of the underlying anyon theory (such as, e.g., a d-
isotopy parameter for the inclusion of closed loops). Further,
the Levin-Wen construction goes beyond the construction of
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Figure 4: (color online) Allowed vertices (up to rotations) for a) the
su(2)1 anyon theory, b) the su(2)2 anyon theory, and c) the Fibonacci
theory.
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Quantum double models form a larger family of lattice models 
harboring non-trivial topological order, e.g. non-Abelian string nets.
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• topological spin liquids 

• gapless spin liquids 
• gapless modes at singular point in momentum space 

 

• gapless modes on surface in momentum space 

• critical points, conformal critical points, Goldstone modes, ... 

Entanglement
Corrections to the boundary law  

can reveal the specific  
character of the underlying quantum many-body state!

S = aL� � quantum double models  
Levin-Wen / Kitaev models

S = aL+ c �(Lx, Ly)
Kitaev model 
(honeycomb)

S = cL ln(L) “Bose metals” 
(Motrunich, Sheng & Fisher)

ScQCP = µL+ �cQCPSQCP = aL+ c �(Lx, Ly) SG = aL+ b ln(L) + �(Lx, Ly)

http://www.thp.uni-koeln.de/trebst/


©  Simon Trebst

Topological entanglement entropy

The topological correction is universal.

quantum dimension  
of excitation

� = ln

vuut
nX

i=1

d2i

� = ln
p
1 + �2 ⇡ 0.643

Examples: • toric code (loop gas)
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1 + 1 + 1 + 1 = ln 2 ⇡ 0.693
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• Fibonacci theory (string net)

A. Kitaev and J. Preskill, Phys. Rev. Lett. 96, 110404 (2006); 
M. Levin and X.-G. Wen, Phys. Rev. Lett. 96, 110405 (2006).

http://www.thp.uni-koeln.de/trebst/
http://prl.aps.org/abstract/PRL/v96/i11/e110404
http://prl.aps.org/abstract/PRL/v96/i11/e110405
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Let’s try this on the toric code
ARTICLES NATURE PHYSICS DOI: 10.1038/NPHYS2465
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Figure 2 | The von Neumann entropy S(Ly) for the toric-code model in
magnetic fields. a, S(Ly) with Ly = 4–16 at Lx = 1 for symmetric magnetic
fields at hx = hz = h = 0.2, 0.3 and 0.4. By fitting S(Ly) = aLy �� , we get
� = 0.693(1), 0.691(4) and 0.001(5), respectively. b, The pure electric
case, hx = 0.3,hz = 0, and comparison of S(Ly) in the MES obtained in the
large Lx limit (black squares) with that of the absolute ground state from
systems of dimensions Lx ⇥Ly = 20⇥4,24⇥6,24⇥8,24⇥10 (red circles).
Extrapolation shows that the MES has the universal TEE, whereas the
absolute ground state has zero TEE.

around the entire cylinder. To take this into account, the DMRG
must fully converge the entanglement of the opposite ends of the
system, which are extremely far apart on the snaking DMRG path.
This global entanglement does not converge for larger systems,
in which case the DMRG produces states described by a Schmidt
decomposition in which the left and right halves of the system have
uncorrelated electric-fieldwinding parities. Such a state is aMES.

We next consider the toric-code model in symmetrically applied
fields, hx = hz = h, for which the absolute ground state is not
obvious. Figure 2 shows the entanglement entropy in this case. This
model was previously shown14 to have a quantum phase transition
between the Z2 phase for h < hc ⇡ 0.34 and a trivial phase for
h > hc. The extrapolated TEE following our protocol indeed very
well approximates the universal value � = ln2 = 0.69314 ... for
h < hc; even for h = 0.3, relatively close to the quantum phase
transition, we obtain � =0.691(4), which is accurate to a fraction of
a per cent. For h>hc, we obtain � =0, as expected, with a numerical
uncertainty of the order of 10�3. Similar results are obtained for a
variety of aspect ratios and values of the perturbing fields.

We apply the method to the spin-1/2 Heisenberg model on the
kagome lattice, for which compelling but indirect evidence for a
gapped quantum spin liquid has recently been obtained by extensive
DMRG studies15–17. We consider the model with both first- and

S(
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¬ln2

¬1
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J2 = 0.15

0 2 4 6 8 10 12

Figure 3 | The entanglement entropy S(Ly) of the kagome J1–J2 model in
equation (2), with Ly =4–12 at Lx = 1. By fitting S(Ly) = aLy �� , we get
� = 0.698(8) at J2 = 0.10 and � = 0.694(6) at J2 = 0.15. Inset: kagome
lattice with Lx = 12 and Ly = 8.

second-neighbour interactions, whoseHamiltonian is

H = J1

X

hiji
Si ·Sj + J2

X

hhijii
Si ·Sj (2)

where Si is the spin operator on site i, and hiji (hhijii) denotes
the nearest neighbours (next-nearest neighbours). In the numerical
simulation, we set J1 = 1 as the unit of energy. The most recent
DMRG studies17 show that the J2 = 0 point is near the edge of a
substantial spin-liquid phase centred near J2 =0.05�0.15.

We take the kagome lattice with periodic boundary conditions
along a bond direction, drawn vertically in the inset of Fig. 3, and
the unit of length equal to the nearest-neighbour distance. The
results for the entanglement entropy for J2 = 0.10 and 0.15 are
shown in Fig. 3 with a correlation length of around one-lattice
spacing for both spin–spin and dimer–dimer correlation functions.
We see that a linear fit using data for Ly = 4⇠ 12 using equation (1)
gives � = 0.698(8) at J2 = 0.10 and � = 0.694(6) at J2 = 0.15,
both within one per cent of ln2 = 0.693. This proves definitively
that this phase is a topological spin liquid, and determines the
quantum dimension D = 2, consistent with a Z2 state, which18,19

was proposed for the kagome Heisenberg model without second-
neighbour interactions, that is, J2 = 0.

We have shown that the TEE can be calculated to an accuracy
of the order of 10�3 when Ly is ⇠10 times the correlation length
(see the Supplementary Material for some further tests). Our
result provides a smoking-gun test for a topological spin liquid.
It also explains the puzzling absence of topological degeneracy
in recent DMRG results that otherwise support a Z2 spin-liquid
state13,16, because we have shown that the DMRG is systematically
biased to find just one of the ground states. The TEE does not
fully determine the nature of the topological phase. Fortunately,
for a given D, there are only finitely many distinct topological
phases, and for small values of D, a complete classification of
all topological phases is known20. Other constraints such as
time-reversal symmetry (if present) further constrain the possible
topological order. For example, there are only two time-reversal-
invariant phases consistent with D= 2, found here for the kagome
Heisenbergmodel: theZ2 phase and a doubled semion phase. It will
be interesting to develop methods to distinguish these in the future,
and to calculate the topological ground-state splitting. Identifying
topological order by combining theoretical classification results
with numerical simulation is a major step in the development of a
post-Landau paradigm for classifying quantumphases ofmatter.
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Identifying topological order by entanglement
entropy
Hong-Chen Jiang1, ZhenghanWang2 and Leon Balents1*
Topological phases are unique states of matter that incorporate long-range quantum entanglement and host exotic excitations

with fractional quantum statistics. Herewe report a practical method to identify topological phases in arbitrary realisticmodels

by accurately calculating the topological entanglement entropy using the density matrix renormalization group (DMRG). We

argue that the DMRG algorithm systematically selects a minimally entangled state from the quasi-degenerate ground states

in a topological phase. This tendency explains both the success of our method and the absence of ground-state degeneracy in

previous DMRG studies of topological phases.We demonstrate the effectiveness of our procedure by obtaining the topological

entanglement entropy for several microscopic models, with an accuracy of the order of 10
�3
, when the circumference of

the cylinder is around ten times the correlation length. As an example, we definitively show that the ground state of the

quantum S= 1/2 antiferromagnet on the kagome lattice is a topological spin liquid, and strongly constrain the conditions for

identification of this phase of matter.

Theory has shown that quantum ground states may exhibit
distinct patterns of long-range entanglement, which provides
the most basic categorization of quantum phases of matter,

more fundamental than Landau’s symmetry-breaking paradigm.
The simplest and most robust long-range entangled states, which
have a full spectral gap, comprise topological phases, which host
topological order. Much recent interest in topological phases is
due to the prospect of using them to construct an inherently
fault-tolerant quantum computer1,2. Topological phases are also of
basic scientific interest for their many unique properties, especially
their ability to support exotic excitations with fractional and even
non-Abelian quantum statistics.

Crystalline Mott insulators with unpaired electron spins have
long been considered likely candidates for long-range entangled
states, epitomized in this context byAnderson’s resonating-valence-
bond3 wavefunction for a quantum spin liquid4. As this particular
state is non-magnetic, the lack of magnetic order has been widely
taken as a definition of a quantum spin liquid. However, defining
what a quantum spin liquid is not has little utility, and is especially
unhelpful in the theoretical search for these phases. Instead, a
positive definition of a quantum spin liquid that can be tractably
tested in realistic models is sorely needed.

In principle, such a positive definition is provided for topological
phases (and hence those quantum spin liquids with topological
order) by the topological entanglement entropy (TEE) introduced
by Kitaev and Preskill5 and Levin and Wen6. Unfortunately, the
formulations in refs 5,6 suffer from severe finite-size corrections
due to lattice-scale effects, greatly hindering their application. We
report here a practical and extremely simple scheme to numerically
calculate the TEE, and thereby identify topological order. Our
method consists simply of using the DMRG7,8 to calculate the usual
entanglement entropy for the division of a cylinder into two equal
halves by a flat cut, and extracting the TEE from its asymptotic,
large-circumference limit. We argue that this method actually
works, despite potential complications known theoretically9,10,
owing to a subtle ground-state selection mechanism built into

1Kavli Institute for Theoretical Physics, University of California, Santa Barbara, California 93106, USA, 2Microsoft Station Q, University of California, Santa
Barbara, California 93106, USA. *e-mail: balents@kitp.ucsb.edu.

the DMRG algorithm. The approach is tested here on a variety
of lattice models, and then applied successfully to the physically
realistic quantum spin S = 1/2 anti-ferromagnetic Heisenberg
J1–J2 model on the kagome lattice. By extracting an accurate
TEE, we identify a quantum spin-liquid state with topological
order for the first time in a physically realistic SU (2)-invariant
lattice model. We emphasize that the TEE provides positive,
smoking-gun evidence for a topological quantum spin liquid,
and excludes any topologically trivial states, regardless of possible
complex or subtle broken symmetries. The value of the TEE also
greatly restricts the possible topological quantum field theories
that fully describe the topological order. We return to this at
the end of this paper.

The TEE is derived from the bipartite von Neumann entan-
glement entropy, which is defined by dividing a system into two
subsystems, A and B, which together constitute or make up the full
system. The entanglement entropy associated with this partition is
defined from the reduced density matrix, ⇢A = Tr(|0ih0|), where
|0i is a ground state, according to S(A) = �Tr(⇢Aln(⇢A)). It has
the duality property S(A)= S(B). According to the seminal works
of Kitaev and Preskill5 and Levin and Wen6, the entanglement
entropy of a partition of a two-dimensional system where A is a
disc-like regionwith a smooth boundary (the entanglement surface)
of length ` scales as

S(A)= ↵`�� +··· (1)

where the ellipsis represents terms that vanish in the limit
` ! 1. The coefficient ↵, owing to short-distance physics near the
boundary, is non-universal. The term � is the TEE—a universal
additive constant characterizing the long-range entanglement in the
ground state that can be quantified as � = lnD, where D is the total
quantum dimension of the medium5,6.

Note that � is sub-dominant to the ↵` term, arising from
short-range entanglement. As a consequence, it is non-trivial to
extract. Moreover, for real lattice systems, it is not obvious how to

902 NATURE PHYSICS | VOL 8 | DECEMBER 2012 | www.nature.com/naturephysics

Nature Physics 8, 902 (2012).

Examples: • toric code (loop gas)
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� = ln
p
1 + 1 + 1 + 1 = ln 2 ⇡ 0.693
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Kagomé antiferromagnet

H =
X

hi,ji

~Si · ~Sj

on kagomé lattice

Heisenberg model

of the spectrum of ! properly, but also point to a finite value
of ", and hence a topological ground state. The quantum
dimension is D¼2, excluding chiral spin liquids ("¼1=2
orD ¼

ffiffiffi
2

p
[77]). Rigorously, DMRGonly provides a lower

bound on D [80], but the bound is essentially exact as
DMRG is a method with low entanglement bias [81].

Conclusion.—Through a combination of a large number
of DMRG states, large samples with small finite size effect,
and the use of the SU(2) symmetry of the kagomemodel, we
have been able to corroborate earlier evidence for a QSL as
opposed to a VBC, due to energetic considerations and
complete absence of breaking of space group invariance,
although DMRG should be biased towards VBC due to its
low-entanglement nature and the use of OBC. On the basis
of the numerical evidence (spin gap, structure factor, spin,
dimer and chiral correlations, topological entanglement
entropy) numerous QSL proposals can be ruled out for the
kagome system.On the system sizes reached, the spin gap is

very robust and essentially size independent, ruling out all
proposals for gapless spin liquids, consistent with the ex-
ponential decay of correlators. Individual gapless QSL
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cal data, e.g., the static spin structure factor [23]. Another
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QSL would remain for future research.
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Figure 2 | The von Neumann entropy S(Ly) for the toric-code model in
magnetic fields. a, S(Ly) with Ly = 4–16 at Lx = 1 for symmetric magnetic
fields at hx = hz = h = 0.2, 0.3 and 0.4. By fitting S(Ly) = aLy �� , we get
� = 0.693(1), 0.691(4) and 0.001(5), respectively. b, The pure electric
case, hx = 0.3,hz = 0, and comparison of S(Ly) in the MES obtained in the
large Lx limit (black squares) with that of the absolute ground state from
systems of dimensions Lx ⇥Ly = 20⇥4,24⇥6,24⇥8,24⇥10 (red circles).
Extrapolation shows that the MES has the universal TEE, whereas the
absolute ground state has zero TEE.

around the entire cylinder. To take this into account, the DMRG
must fully converge the entanglement of the opposite ends of the
system, which are extremely far apart on the snaking DMRG path.
This global entanglement does not converge for larger systems,
in which case the DMRG produces states described by a Schmidt
decomposition in which the left and right halves of the system have
uncorrelated electric-fieldwinding parities. Such a state is aMES.

We next consider the toric-code model in symmetrically applied
fields, hx = hz = h, for which the absolute ground state is not
obvious. Figure 2 shows the entanglement entropy in this case. This
model was previously shown14 to have a quantum phase transition
between the Z2 phase for h < hc ⇡ 0.34 and a trivial phase for
h > hc. The extrapolated TEE following our protocol indeed very
well approximates the universal value � = ln2 = 0.69314 ... for
h < hc; even for h = 0.3, relatively close to the quantum phase
transition, we obtain � =0.691(4), which is accurate to a fraction of
a per cent. For h>hc, we obtain � =0, as expected, with a numerical
uncertainty of the order of 10�3. Similar results are obtained for a
variety of aspect ratios and values of the perturbing fields.

We apply the method to the spin-1/2 Heisenberg model on the
kagome lattice, for which compelling but indirect evidence for a
gapped quantum spin liquid has recently been obtained by extensive
DMRG studies15–17. We consider the model with both first- and
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Figure 3 | The entanglement entropy S(Ly) of the kagome J1–J2 model in
equation (2), with Ly =4–12 at Lx = 1. By fitting S(Ly) = aLy �� , we get
� = 0.698(8) at J2 = 0.10 and � = 0.694(6) at J2 = 0.15. Inset: kagome
lattice with Lx = 12 and Ly = 8.

second-neighbour interactions, whoseHamiltonian is

H = J1

X

hiji
Si ·Sj + J2

X

hhijii
Si ·Sj (2)

where Si is the spin operator on site i, and hiji (hhijii) denotes
the nearest neighbours (next-nearest neighbours). In the numerical
simulation, we set J1 = 1 as the unit of energy. The most recent
DMRG studies17 show that the J2 = 0 point is near the edge of a
substantial spin-liquid phase centred near J2 =0.05�0.15.

We take the kagome lattice with periodic boundary conditions
along a bond direction, drawn vertically in the inset of Fig. 3, and
the unit of length equal to the nearest-neighbour distance. The
results for the entanglement entropy for J2 = 0.10 and 0.15 are
shown in Fig. 3 with a correlation length of around one-lattice
spacing for both spin–spin and dimer–dimer correlation functions.
We see that a linear fit using data for Ly = 4⇠ 12 using equation (1)
gives � = 0.698(8) at J2 = 0.10 and � = 0.694(6) at J2 = 0.15,
both within one per cent of ln2 = 0.693. This proves definitively
that this phase is a topological spin liquid, and determines the
quantum dimension D = 2, consistent with a Z2 state, which18,19

was proposed for the kagome Heisenberg model without second-
neighbour interactions, that is, J2 = 0.

We have shown that the TEE can be calculated to an accuracy
of the order of 10�3 when Ly is ⇠10 times the correlation length
(see the Supplementary Material for some further tests). Our
result provides a smoking-gun test for a topological spin liquid.
It also explains the puzzling absence of topological degeneracy
in recent DMRG results that otherwise support a Z2 spin-liquid
state13,16, because we have shown that the DMRG is systematically
biased to find just one of the ground states. The TEE does not
fully determine the nature of the topological phase. Fortunately,
for a given D, there are only finitely many distinct topological
phases, and for small values of D, a complete classification of
all topological phases is known20. Other constraints such as
time-reversal symmetry (if present) further constrain the possible
topological order. For example, there are only two time-reversal-
invariant phases consistent with D= 2, found here for the kagome
Heisenbergmodel: theZ2 phase and a doubled semion phase. It will
be interesting to develop methods to distinguish these in the future,
and to calculate the topological ground-state splitting. Identifying
topological order by combining theoretical classification results
with numerical simulation is a major step in the development of a
post-Landau paradigm for classifying quantumphases ofmatter.
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We argue that a relatively simple model containing only SU(2)-invariant chiral three-spin interactions on a
Kagome lattice of S = 1/2 spins can give rise to both a gapped and a gapless quantum spin liquid. Our
arguments are rooted in a formulation in terms of network models of edge states and are backed up by a careful
numerical analysis. For a uniform choice of chirality on the lattice, we realize the Kalmeyer-Laughlin state,
i.e. a gapped spin liquid which is identified as the ⌫ = 1/2 bosonic Laughlin state. For staggered chiralities,
a gapless spin liquid emerges which exhibits gapless spin excitations along lines in momentum space, a feature
that we probe by studying quasi-two-dimensional systems of finite width. We thus provide a single, appealingly
simple spin model (i) for what is probably the simplest realization of the Kalmeyer-Laughlin state to date, as
well as (ii) for a non-Fermi liquid state with lines of gapless SU(2) spin excitations.

Quantum spin liquids are elusive phases of matter where
spins do not freeze into local ordering patterns even at zero
temperature [1]. Typically, such spin liquids come in two gen-
eral flavors, namely gapped topological spin liquids and gap-
less spin liquids [2]. Key properties of topological spin liq-
uids are that they have ground-state degeneracies depending
on the topology of the system and, when confined to two spa-
tial dimensions, they host quasiparticle excitations with ex-
otic anyonic particle exchange statistics. Many examples of
such systems are known both with [3, 4] and without [5] time-
reversal symmetry. Systems in the other broad class, gap-
less spin liquids, are characterized by gapless excitations that
are not Goldstone modes arising from spontaneous breaking
of a symmetry. These states can be further divided into two
groups: One where gapless excitations occur at singular points
in momentum space – such as, e.g., the case of algebraic spin
liquids [6], the celebrated Kitaev honeycomb model [7] and
variations thereof [8]. In the other group, the gapless modes
arise on surfaces in momentum space [8–12], generalizing the
notion of a Fermi surface to systems with bosonic character,
frequently referred to as Bose surfaces [12]. However, for
the latter group of states, few results [12–19] firmly establish
a connection between such states and microscopic models,
or identify the fundamental theory characterizing the gapless
modes on the Bose surface of such non-Fermi liquids.

Here, we explore the phases that emerge when promoting
the scalar spin chirality

�ijk = ~Si · (~Sj ⇥ ~Sk), (1)

which is SU(2) invariant, but breaks both parity and time-
reversal invariance, to an interaction between spins on a lattice
built from triangles,

H =
X

i,j,k24,5
Jijk�ijk Jijk = ±1 (2)

where i, j, k are always ordered clockwise around a trian-
gle. We show that depending on the assignment of the chi-
ralities Jijk to the triangles of the lattice, this interaction can

give rise to either a chiral topological spin liquid or a gapless
non-Fermi-liquid state with lines of gapless spin excitations
in momentum space.

The existence of gapped chiral spin liquid phases, which are
obtained as generalizations of fractional quantum Hall states
to spins, was first hypothesized by Kalmeyer and Laughlin [5].
Soon after this proposal, it was suggested that the scalar spin
chirality (1) could be relevant for stabilizing such a spin liquid
phase [20, 21]. However, making a stringent connection be-
tween a microscopic Hamiltonian and the sought-after chiral
spin liquid state has remained elusive for many years. Some
progress has recently been made in constructing somewhat ar-
tificial spin Hamiltonians [22–25] involving decorated lattices
or long-range interactions. Furthermore, an alternative per-
spective arose from topological flat band models [26–29].

Here, we develop a powerful perspective rooted in the
physics of network models of edge states akin to the Chalker-
Coddington network model for the integer quantum Hall tran-
sition [30]. The key step is to view each triangle of spins as
the seed of a chiral topological phase, a puddle encircled by
an edge state, as illustrated in Fig. 1. The natural candidate for
the phase filling the puddle is the bosonic ⌫ = 1/2 Laughlin
state [31], which is known to have the SU(2) symmetry re-
quired by our construction and is also the state envisioned by
Kalmeyer and Laughlin [5]. Forming a lattice out of the ele-
mentary triangles, we should then consider a situation with
many individual puddles of this topological phase. To see
what collective state is formed, we have to understand how
two puddles are joined. In doing so, it turns out to be useful

= =

"

"

"

FIG. 1. Sketch of a puddle of topological phase replacing each trian-
gle of three spins.
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Kitaev spin liquids

Kitaev spin liquids are textbook examples of Z2 spin liquids. 

gapped spin liquid

gapless spin liquid
Majorana metal

Kz

Ky

Kx

Kx + Kz + Ky =  const.

KzKy

Kx

For strong magnetic fields, this picture no longer holds. 
The Kitaev model exhibits a gauge transition to a U(1) spin liquid.

Z2  SL U(1) SL polarized
h
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E
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Kitaev model – magnetic field effects

PL

KSL

15�

30�

45�

60�
75�

h112̄ h1̄10

h111

FM Kitaev coupling

KSL

h111

GSL

h112̄

PL

h1̄10

AFM Kitaev coupling
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Kitaev model – magnetic field effects

KSL

h111

GSL

h112̄

PL

h1̄10

AFM Kitaev couplingmodular matrices

S =

0

@
0.50 0.71 0.50
0.71 0.00 �0.71
0.50 �0.71 0.50

1

A

S =

0

@
0.46 0.74 0.47
0.71 0.04e�0.91i �0.70
0.49 �0.67e0.02i 0.58e�0.13i

1

A

Ising TQFT

numerical result

http://www.thp.uni-koeln.de/trebst/
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The intermediate phase has the smallest finite-size gap ever seen!
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dynamical structure factor
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dynamical structure factor
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specific heat
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h

PLKSL GSL

present MC results in the small α region, which strongly
supports that Tc estimated from the anomaly inCv is indeed
the critical temperature between the low-T QSL and high-T
paramagnet. Meanwhile, in the limit of α → 3=2, by using
the perturbation expansion in terms of Jz=J, we find that Tc
is scaled by J4z=J3 [18]. The dashed lines in Figs. 3(a) and
3(b) represent the fitting of MC data by this asymptotic
scaling. It also well explains the MC data, supporting the
phase transition at Tc.
Figure 3(c) summarizes the MC estimates of Tc in the 3D

plot. In the entire parameter space, the low-T QSL is
separated from the high-T paramagnet by the thermody-
namic singularity at Tc. There is no adiabatic connection
between the two states, and the transition always appears
to be continuous within the present calculations. These are
in sharp contrast to the situation in conventional fluids
where liquid and gas are adiabatically connected with each
other beyond the critical end point in the phase boundary
of the discontinuous transition. Thus, the thermodynamics
of the QSLs is not understood by the conventional theory
for liquids.
Interestingly, thevalue ofTc becomesmaximumatα≃ 1:

the QSL phase is most stable against thermal fluctuations

in the isotropic case. The bond-dependent interactions
in the Kitaev model compete with each other; it is not
possible to optimize the exchange energy on the x, y,
and z bonds simultaneously. The frustration becomes
strongest at α ¼ 1. Hence, interestingly, our MC results
in Fig. 3(c) show that the frustration tends to stabilize the
QSL against thermal fluctuations. This frustration effect
is opposite to that on conventional magnetically ordered
states where frustration suppresses the critical temperatures.
In the vicinity of α ¼ 1, the ground state is the gapless

QSL. By decreasing α, the ground state changes into the
gapped QSL at the quantum critical point at α ¼ 3=4, as
shown in Fig. 1(c). However, Tc changes smoothly around
α ¼ 3=4, as shown in Fig. 3. Also, we find no singularity in
the T dependence of Cv around α ¼ 3=4 within the present
precision, except for Tc [e.g., see Fig. 4(a)]. In the low-T
limit, however, there should be some anomaly in Cv,
reflecting the change of low-energy excitations. The results
suggest that such anomaly will happen to be seen at much
lower T than 10−4.
Now let us discuss the reason why the specific heat Cv

exhibits two peaks. We show the T dependence of the
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FIG. 2 (color online). (a) Temperature dependence of the
specific heat in the isotropic case with Jx ¼ Jy ¼ Jz ¼ 1=3
(α ¼ 1). (b) The enlarged view in the vicinity of the low-
temperature peak. The calculations were performed for the
systems on the hyperhoneycomb lattice with N ¼ 4L3 spins
up to L ¼ 6. The inset in (b) shows the peak temperature T 0

c of the
specific heat as a function of the inverse of the system sizeN. The
dotted line represents the linear fit for the three largest N.
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FIG. 3 (color online). Finite-temperature phase diagram of
the 3D Kitaev model. (a) Cut of the phase diagram along the
α and α0 axes shown in the insets. Log-scale plot for (a) is shown
in (b). The solid (dashed) line is the α dependence of Tc obtained
by the perturbation expansion in terms of J=Jz (Jz=J), where
J ¼ Jx ¼ Jy. (c) 3D plot of the phase diagram in the whole
parameter space. The base triangle represents the ground state
phase diagram shown in Fig. 1(c).
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Kitaev unHiggsed!

Synopsis: for strong magnetic fields, the Kitaev model exhibits 
                 a Higgs transition to a gapless U(1) spin liquid.

Represent spins in terms of complex fermions S↵
i = f†

i,µ�
↵
µ⌫fi,⌫

F. J. Burnell and C. Nayak, 
PRB 84, 125125 (2011)

Kitaev SL gapless SL polarized
h

�v

�f

E
vison gap

fermion gap

confinement 
transition

gapped 
topological SC

gapless 
Fermi surface

gapped
trivial insulator

fermions

Z2 (Higgsed) U(1) U(1) [confined]gauge field

Higgs transition à la Metlitski et al., PRB 91, 115111 (2015)
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Stability of U(1) spin liquid
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Summary

Kitaev spin liquids are textbook examples of Z2 spin liquids. 

H = �

X

��bonds

K� S�
i S

�
j �

X

i

h · Si

<latexit sha1_base64="NhBkZ+mZc3CY8Z7h50428XoZBAQ="></latexit><latexit sha1_base64="NhBkZ+mZc3CY8Z7h50428XoZBAQ="></latexit><latexit sha1_base64="NhBkZ+mZc3CY8Z7h50428XoZBAQ="></latexit><latexit sha1_base64="NhBkZ+mZc3CY8Z7h50428XoZBAQ="></latexit>

For AFM Kitaev couplings and strong magnetic fields,  
a Higgs transition to a gapless U(1) spin liquid occurs.

The U(1) spin liquid is probably the generic high-field phase, and 
parent phase to the KSLs, but also all kinds of magnetic order.

C. Hickey and ST 
Nature Comm. 10, 530 (2019)
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classification 
of quantum spin liquids

http://www.kitp.ucsb.edu/~trebst/
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Quantum spin liquids
Quantum spin liquids are exotic ground states of frustrated quantum 
magnets, in which local moments are highly correlated but still 
fluctuate strongly down to zero temperature.

entanglement

S = aL+ c �(Lx, Ly) S = cL ln(L)

S = aL� �

spatial dimensions

energy spectrum

Classification scheme

two spatial dimensions

three spatial dimensions

gapped gapless

singular points 
e.g. Dirac cones

spinon surface, 
Bose surface

topological 
spin liquids

gapless 
spin liquids
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Summary

• The formation of quantum spin liquids in an interacting 
quantum many-body system is one of the most fascinating 
phenomena in condensed matter physics 

• The identification of topological order or gapless spin 
liquids builds on concepts from  

• statistical physics 

• quantum information theory 

• mathematical physics 

• The exploration of macroscopic entanglement is a rich and 
quickly evolving research field – a great field to work in.

van Neumann & Renyi entropies

entanglement

boundary laws, anyon theories

All slides of this presentation will become available on our group webpage at www.thp.uni-koeln.de/trebst
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