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Abstract

We trained a large, deep convolutional neural network to classify the 1.2 million
high-resolution images in the ImageNet LSVRC-2010 contest into the 1000 dif-
ferent classes. On the test data, we achieved top-1 and top-5 error rates of 37.5%
and 17.0% which is considerably better than the previous state-of-the-art. The
neural network, which has 60 million parameters and 650,000 neurons, consists
of five convolutional layers, some of which are followed by max-pooling layers,
and three fully-connected layers with a final 1000-way softmax. To make train-
ing faster, we used non-saturating neurons and a very efficient GPU implemen-
tation of the convolution operation. To reduce overfitting in the fully-connected
layers we employed a recently-developed regularization method called “dropout”
that proved to be very effective. We also entered a variant of this model in the
ILSVRC-2012 competition and achieved a winning top-5 test error rate of 15.3%,
compared to 26.2% achieved by the second-best entry.

1 Introduction

Current approaches to object recognition make essential use of machine learning methods. To im-
prove their performance, we can collect larger datasets, learn more powerful models, and use bet-
ter techniques for preventing overfitting. Until recently, datasets of labeled images were relatively
small — on the order of tens of thousands of images (e.g., NORB [16], Caltech-101/256 [8, 9], and
CIFAR-10/100 [12]). Simple recognition tasks can be solved quite well with datasets of this size,
especially if they are augmented with label-preserving transformations. For example, the current-
best error rate on the MNIST digit-recognition task (<0.3%) approaches human performance [4].
But objects in realistic settings exhibit considerable variability, so to learn to recognize them it is
necessary to use much larger training sets. And indeed, the shortcomings of small image datasets
have been widely recognized (e.g., Pinto et al. [21]), but it has only recently become possible to col-
lect labeled datasets with millions of images. The new larger datasets include LabelMe [23], which
consists of hundreds of thousands of fully-segmented images, and ImageNet [6], which consists of
over 15 million labeled high-resolution images in over 22,000 categories.

To learn about thousands of objects from millions of images, we need a model with a large learning
capacity. However, the immense complexity of the object recognition task means that this prob-
lem cannot be specified even by a dataset as large as ImageNet, so our model should also have lots
of prior knowledge to compensate for all the data we don’t have. Convolutional neural networks
(CNNs) constitute one such class of models [16, 11, 13, 18, 15, 22, 26]. Their capacity can be con-
trolled by varying their depth and breadth, and they also make strong and mostly correct assumptions
about the nature of images (namely, stationarity of statistics and locality of pixel dependencies).
Thus, compared to standard feedforward neural networks with similarly-sized layers, CNNs have
much fewer connections and parameters and so they are easier to train, while their theoretically-best
performance is likely to be only slightly worse.
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2012 paper that launched recent deep learning era (20k citations)

Figure 4: (Left) Eight ILSVRC-2010 test images and the five labels considered most probable by our model.
The correct label is written under each image, and the probability assigned to the correct label is also shown
with a red bar (if it happens to be in the top 5). (Right) Five ILSVRC-2010 test images in the first column. The
remaining columns show the six training images that produce feature vectors in the last hidden layer with the
smallest Euclidean distance from the feature vector for the test image.

In the left panel of Figure 4 we qualitatively assess what the network has learned by computing its
top-5 predictions on eight test images. Notice that even off-center objects, such as the mite in the
top-left, can be recognized by the net. Most of the top-5 labels appear reasonable. For example,
only other types of cat are considered plausible labels for the leopard. In some cases (grille, cherry)
there is genuine ambiguity about the intended focus of the photograph.

Another way to probe the network’s visual knowledge is to consider the feature activations induced
by an image at the last, 4096-dimensional hidden layer. If two images produce feature activation
vectors with a small Euclidean separation, we can say that the higher levels of the neural network
consider them to be similar. Figure 4 shows five images from the test set and the six images from
the training set that are most similar to each of them according to this measure. Notice that at the
pixel level, the retrieved training images are generally not close in L2 to the query images in the first
column. For example, the retrieved dogs and elephants appear in a variety of poses. We present the
results for many more test images in the supplementary material.

Computing similarity by using Euclidean distance between two 4096-dimensional, real-valued vec-
tors is inefficient, but it could be made efficient by training an auto-encoder to compress these vectors
to short binary codes. This should produce a much better image retrieval method than applying auto-
encoders to the raw pixels [14], which does not make use of image labels and hence has a tendency
to retrieve images with similar patterns of edges, whether or not they are semantically similar.

7 Discussion

Our results show that a large, deep convolutional neural network is capable of achieving record-
breaking results on a highly challenging dataset using purely supervised learning. It is notable
that our network’s performance degrades if a single convolutional layer is removed. For example,
removing any of the middle layers results in a loss of about 2% for the top-1 performance of the
network. So the depth really is important for achieving our results.

To simplify our experiments, we did not use any unsupervised pre-training even though we expect
that it will help, especially if we obtain enough computational power to significantly increase the
size of the network without obtaining a corresponding increase in the amount of labeled data. Thus
far, our results have improved as we have made our network larger and trained it longer but we still
have many orders of magnitude to go in order to match the infero-temporal pathway of the human
visual system. Ultimately we would like to use very large and deep convolutional nets on video
sequences where the temporal structure provides very helpful information that is missing or far less
obvious in static images.
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ImageNet: 

• 1.2 million training 
images (150k test) 

• 1000 categories 

• 15% neural net error 

• 26% next best error



Image Generation

Under review as a conference paper at ICLR 2016

Figure 7: Vector arithmetic for visual concepts. For each column, the Z vectors of samples are
averaged. Arithmetic was then performed on the mean vectors creating a new vector Y . The center
sample on the right hand side is produce by feeding Y as input to the generator. To demonstrate
the interpolation capabilities of the generator, uniform noise sampled with scale +-0.25 was added
to Y to produce the 8 other samples. Applying arithmetic in the input space (bottom two examples)
results in noisy overlap due to misalignment.

Further work is needed to tackle this from of instability. We think that extending this framework
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ABSTRACT

In recent years, supervised learning with convolutional networks (CNNs) has
seen huge adoption in computer vision applications. Comparatively, unsupervised
learning with CNNs has received less attention. In this work we hope to help
bridge the gap between the success of CNNs for supervised learning and unsuper-
vised learning. We introduce a class of CNNs called deep convolutional generative
adversarial networks (DCGANs), that have certain architectural constraints, and
demonstrate that they are a strong candidate for unsupervised learning. Training
on various image datasets, we show convincing evidence that our deep convolu-
tional adversarial pair learns a hierarchy of representations from object parts to
scenes in both the generator and discriminator. Additionally, we use the learned
features for novel tasks - demonstrating their applicability as general image repre-
sentations.

1 INTRODUCTION

Learning reusable feature representations from large unlabeled datasets has been an area of active
research. In the context of computer vision, one can leverage the practically unlimited amount of
unlabeled images and videos to learn good intermediate representations, which can then be used on
a variety of supervised learning tasks such as image classification. We propose that one way to build
good image representations is by training Generative Adversarial Networks (GANs) (Goodfellow
et al., 2014), and later reusing parts of the generator and discriminator networks as feature extractors
for supervised tasks. GANs provide an attractive alternative to maximum likelihood techniques.
One can additionally argue that their learning process and the lack of a heuristic cost function (such
as pixel-wise independent mean-square error) are attractive to representation learning. GANs have
been known to be unstable to train, often resulting in generators that produce nonsensical outputs.
There has been very limited published research in trying to understand and visualize what GANs
learn, and the intermediate representations of multi-layer GANs.

In this paper, we make the following contributions

• We propose and evaluate a set of constraints on the architectural topology of Convolutional
GANs that make them stable to train in most settings. We name this class of architectures
Deep Convolutional GANs (DCGAN)

• We use the trained discriminators for image classification tasks, showing competitive per-
formance with other unsupervised algorithms.

• We visualize the filters learnt by GANs and empirically show that specific filters have
learned to draw specific objects.
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What is machine learning?

Framework / philosophy, not single method

Any system that, given more data, performs 
increasingly better at some task

Data driven problem solving



Software 1.0

Software 2.0

https://medium.com/@karpathy/software-2-0-a64152b37c35



Basics of Machine Learning



28x28 grayscale

70000 labeled images

Example of a Dataset  –  Fashion MNIST

10 categories (labels)



Anatomy of a Dataset

training set test set



Anatomy of a Dataset

training set test set

validation set



Anatomy of a Dataset

training set test set

validation set 1



Anatomy of a Dataset

training set test set

validation set 2



Anatomy of a Dataset

training set test set

validation set 3



Anatomy of a Dataset

training set test set

validation set 4



Types of learning tasks:

• Supervised learning      (labeled data)

• Unsupervised learning  (unlabeled data)

• Reinforcement learning (must collect data)

a priori knowledge

high

low



Given labeled training data (labels     and    ) 
                     
Find decision function

Supervised Learning

f(x)

f(x) > 0

f(x) < 0

x 2 A

x 2 B

A B

Example: identify photos of alligators and bears



given training set              , minimize cost function

Supervised Learning

C =
1

NT

X

j

(f(xj)� yj)
2 yj = { A

B

xj 2
xj 2

+1

�1

{xj , yj}
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Typical strategy:

Cost function measures distance of trial function 
from idealized "indicator" function

by varying adjustable params of

f(xj)
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•Find function          such that

•Find function          such that

•Find data clusters and which data belongs to 
each cluster

•Discover reduced representations of data     
for other learning tasks (e.g. supervised)

Given unlabeled training data

Unsupervised Learning

{xj}

f(x) f(xj) ' p(xj)

f(x) |f(xj)|2 ' p(xj)



General Philosophy of Machine Learning

• Solution to problem just some function 

• Parameterize very flexible functions                           
(prefer convenient over "correct")

• Of all     that come closest to     for training data,            
prefer the simplest 

y(x)
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Tensors in Machine Learning

Where can tensors appear in 
machine learning applications?



Multi-Dimensional Data

r,g,b value

x coord

y coord

Figure 4: (Left) Eight ILSVRC-2010 test images and the five labels considered most probable by our model.
The correct label is written under each image, and the probability assigned to the correct label is also shown
with a red bar (if it happens to be in the top 5). (Right) Five ILSVRC-2010 test images in the first column. The
remaining columns show the six training images that produce feature vectors in the last hidden layer with the
smallest Euclidean distance from the feature vector for the test image.

In the left panel of Figure 4 we qualitatively assess what the network has learned by computing its
top-5 predictions on eight test images. Notice that even off-center objects, such as the mite in the
top-left, can be recognized by the net. Most of the top-5 labels appear reasonable. For example,
only other types of cat are considered plausible labels for the leopard. In some cases (grille, cherry)
there is genuine ambiguity about the intended focus of the photograph.

Another way to probe the network’s visual knowledge is to consider the feature activations induced
by an image at the last, 4096-dimensional hidden layer. If two images produce feature activation
vectors with a small Euclidean separation, we can say that the higher levels of the neural network
consider them to be similar. Figure 4 shows five images from the test set and the six images from
the training set that are most similar to each of them according to this measure. Notice that at the
pixel level, the retrieved training images are generally not close in L2 to the query images in the first
column. For example, the retrieved dogs and elephants appear in a variety of poses. We present the
results for many more test images in the supplementary material.

Computing similarity by using Euclidean distance between two 4096-dimensional, real-valued vec-
tors is inefficient, but it could be made efficient by training an auto-encoder to compress these vectors
to short binary codes. This should produce a much better image retrieval method than applying auto-
encoders to the raw pixels [14], which does not make use of image labels and hence has a tendency
to retrieve images with similar patterns of edges, whether or not they are semantically similar.

7 Discussion

Our results show that a large, deep convolutional neural network is capable of achieving record-
breaking results on a highly challenging dataset using purely supervised learning. It is notable
that our network’s performance degrades if a single convolutional layer is removed. For example,
removing any of the middle layers results in a loss of about 2% for the top-1 performance of the
network. So the depth really is important for achieving our results.

To simplify our experiments, we did not use any unsupervised pre-training even though we expect
that it will help, especially if we obtain enough computational power to significantly increase the
size of the network without obtaining a corresponding increase in the amount of labeled data. Thus
far, our results have improved as we have made our network larger and trained it longer but we still
have many orders of magnitude to go in order to match the infero-temporal pathway of the human
visual system. Ultimately we would like to use very large and deep convolutional nets on video
sequences where the temporal structure provides very helpful information that is missing or far less
obvious in static images.
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Medical Data

height weight symptomage



Neural Network Weight Layers

} ≈

Possible to interpret as a very high-order tensor 
(not just a matrix)



Weights of Discriminative, Generative Models

For certain cases of kernel learning and Gaussian processes, 
weights are naturally a high-order tensor

�
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Why Tensor Networks?



Tensor network = factorization of huge tensor into 
contracted product of smaller tensors

=

Benefits: 
• exponential reduction in memory needed 
• exponential speedup of computations (addition, product) 
• theoretical insight and interpretation 
• estimation of missing or corrupted entries 
• many optimization algorithms & strategies



N-index tensor represented as shape with N lines

s1 s2 s3 s4 sN

Notation – Tensor Diagrams

T s1s2s3···sN =

<latexit sha1_base64="LMCdMHHJm6X87ZnRCj0E2q48wOM="></latexit>



Diagrams for low-order tensors

vj
j

j Miji

j

i Tijkk



Joining lines implies contraction, can omit names

X

j

Mijvj
ji

AijBjk = AB

AijBji = Tr[AB]



=

Best understood tensor network in physics is the 
matrix product state (MPS)1,2

Known as tensor train in applied math literature 3

[1] Östlund, Rommer, PRL 75, 3537 (1995)

[2] Vidal, PRL 91, 147902 (2003)

[3] Oseledets, SIAM J. Sci. Comp. 33, 2295 (2011)



Name matrix product state refers to retrieving elements:



Name matrix product state refers to retrieving elements:
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=

Adjustable parameter of matrix product state (MPS) is 
bond dimension 

If modest        yields good approximation, 
obtain massive compression:

χ

χ χ χ χ χ χ χ χ χ

d d d d d d d d d d d d d d d d d d d d

χ

N N d χ2d



Can efficiently sum MPS compressed form:

Or multiply by other networks:

+ =

=



MPS can be perfectly sampled (no autocorrelation):

0 0 0 0 0 0
0 1 0 0 1 0
0 1 1 0 0 0
0 0 1 0 0 1
1 1 0 1 0 1
0 0 0 0 0 0
0 1 1 0 0 0



In quantum physics context, have rich theory of 
which tensor networks are suited for particular "data"

(Here "data" = samples/measurements of a quantum 
wavefunction)

1D system 1D critical system 2D system



Last but not least, can pull off impressive calculations

capture wavefunctions of 1000's of atoms
2

FIG. 2. Electronic density in the y � z plane of a linear
chain of 10 hydrogen atoms, equally spaced at a near neighbor
distance R = 2.4 a.u., calculated in a sliced cc-pVDZ basis
(with No = 4). A dimerization pattern is visible, induced
by the open ends of the chain, but representing the strong
tendency to dimerize into H2 molecules.

“z” direction we use a grid. This grid direction is cho-
sen to be the direction over which the molecule extends
furthest. At each grid point, the remaining transverse
dimensions, x and y, are captured by a small number
of basis functions derived from standard Gaussian basis
sets, making what we call a “slice”—see Fig. 1. The total
number of DMRG “sites” is therefore Nb = NzNo, where
Nz is the number of grid points, and No is the number
of transverse functions (“orbitals”) per grid point. The
DMRG path progresses through all orbitals on a slice,
then moves to the next. This approach has several ma-
jor advantages. First, all interaction terms Vijkl where i
and l are not on the same slice are zero, and similarly for
j and k. Thus the number of terms scales as N2

z . Sec-
ond, the remaining interactions can be compressed very
e�ciently, making the dominant part of the calculation
time linear in Nz. Third, since there is no spatial extent
of the basis functions in the z direction, there is no extra
entanglement due to nonlocality, potentially reducing the
number of states m needed for a given accuracy.

We demonstrate our method by simulating linear
chains of hydrogen atoms. Although these are three-
dimensional systems, their linear nature makes them es-
pecially well suited for both SBDMRG and QCDMRG.
They also exhibit strong correlation, and can be quite
challenging for electronic structure methods. The elec-
tronic density in a plane through the nuclei for a typical
calculation is presented in Fig. 2.

To define the sliced basis approach in detail, consider
the electronic structure Hamiltonian for fixed nuclei in
atomic units

Ĥel =
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Summation over spin labels � is implied above and in
what follows, and v(r) is the single particle potential gen-
erated by the nuclei.

Along the z direction, we make a grid approximation
by taking zn = n ·a with n an integer and a a small
grid spacing. Then on each slice n, we introduce a
finite, orthonormal basis of functions {�j(x, y)} where
j = 1, 2, . . . , No. For simplicity, we use the same No and

functions {�j(x, y)} on every slice n. At a later stage
one can perform a change of basis to adapt the basis for
each slice, possibly reducing the number of functions. We
introduce discrete operators ĉ†

nj� and ĉnj� which create
and destroy electrons in a slice orbital. In terms of these
operators, the discretized Hamiltonian takes the form
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Introducing the notation ⇢ = (x, y) for convenience, the
interaction integrals are defined as
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Note that the i, j, k, l indices only run over the small num-
ber of functions No on each slice. Thus, the Hamiltonian
is defined by just N2

z N4
o interaction integrals. The single-

particle couplings are defined to be
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Our discrete Hamiltonian treats the z-direction ki-
netic energy terms Eq. (7) on a di↵erent footing than
the “integral” terms. For the z-direction kinetic energy,
we treat the basis functions as being smooth functions
of z, and think of the slices as sampling those func-
tions. Thus we use standard finite di↵erence formulas,
defined via �nn0 . One could take a second order ap-
proximation for �, with nonzero terms �nn = �2 and
�n,n+1 = �n+1,n = 1. However, to reduce the grid er-
ror to a4 we use a fourth-order approximation. For the
“integral” terms, we think of the basis functions as being
completely localized and nonoverlapping between slices,
i.e. 'nj(r) = �

1
2 (z � zn)�j(x, y). This corresponds to

taking

ĉnj� =
p

a

Z

x,y
�j(x, y)  ̂n�(x, y, zn) . (8)

and then transforming Eq. (2) accordingly. The distinct
treatments of the terms means that the results are not
strictly variational at finite a. However, we find finite-a
errors for hydrogen chains of only about 0.1 mH per atom
for a = 0.1, and in the limit of a ! 0, the results are
variational.

In what follows, we construct the transverse basis func-
tions on a slice {�j(x, y)} out of standard atom-centered
Gaussian basis sets. We assume all the atoms are identi-
cal. In going from the spherical symmetry used in stan-
dard Gaussians to slices, we switch to cylindrical sym-
metry. Thus, an S-function becomes a � function, P -
functions become ⇡ functions, etc. Whereas there are

study challenging, correlated electron models in 2D

Figure 4: Charge and spin orders. Shown are sketches of the charge and spin orders in the
wavelength 8 stripes from (A) DMET, (B) AFQMC, (C) iPEPS and (D) DMRG. The local
magnetic moments and hole densities are shown above and below the order plots, respectively.
(Circle radius is proportional to hole density, arrow height is proportional to spin density). The
gray dashed lines represent the positions of maximum hole density and the magnetic domain
wall. For more details, see (30).
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benchmark results for the 2D Heisenberg model, the Shastry-
Sutherland model, and the t-J model to demonstrate the
performance of the variational approach compared to results
based on ITE. Finally, we discuss and summarize our findings
in Sec. V. In addition, in the Appendix we explain how to
implement a two-site variational optimization which can be
used complementary to the one-site update discussed in the
main text.

II. INTRODUCTION TO iPEPS

A. iPEPS ansatz

An iPEPS is an efficient variational tensor network ansatz
for 2D ground states of local Hamiltonians in the thermo-
dynamic limit [5,7,8,11,36] which obey an area law of the
entanglement entropy [10]. It consists of a rectangular unit
cell of tensors with one tensor per lattice site A[x,y], where
[x,y] label the coordinates of a tensor relative to the unit
cell of size Lx × Ly = NT , shown in Fig. 1(a). Each tensor
has one physical index carrying the local Hilbert space of a
lattice site and four auxiliary indices which connect to the
nearest-neighbor tensors on a square lattice (more generally,
a PEPS has z auxiliary indices, where z is the coordination
number of the lattice). The accuracy of the ansatz can be
systematically controlled by the bond dimension D of the
auxiliary indices.

For a translationally invariant state an ansatz with a
single-tensor unit cell can be chosen. However, if translational
symmetry is spontaneously broken, a larger unit-cell size com-
patible with the periodicity of the ground state is required (for
example, for an antiferromagnetic state two different tensors
for the two sublattices are needed). Since the periodicity of
the ground state is typically not known in advance, one has to
perform simulations with different unit cell sizes to determine
which cell size leads to the lowest variational energy. Using
different unit cells also offers the possibility to find different
competing low-energy states (see, e.g., Ref. [21]).

B. Contraction of an iPEPS

In order to compute an expectation value of an observable Ô
with respect to an iPEPS wave function |!〉, the corresponding
2D tensor network representing 〈!|Ô|!〉 has to be contracted
in a controlled, approximate way. In this work we use a
variant of the CTM renormalization group method [30–32]
for arbitrary unit-cell sizes [21,36], which is summarized in
the following.

Consider the problem of computing the norm of an iPEPS
〈!|!〉, which boils down to contracting the infinite 2D
square-lattice network of the reduced tensors a[x,y], shown in
Fig. 1(c), where each a[x,y] is obtained from contracting A[x,y]

with its conjugate tensor A†[x,y] [see Fig. 1(b)]. The goal of
the CTM approach is to compute the four corner tensors C1,
C2, C3, C4 and the four edge tensors T1, T2, T3, T4 for each
coordinate [x,y] in the unit cell, where each corner tensor
represents a quadrant and the edge tensors represent a half
row (or half column) of the infinite 2D network. All these
tensors together form the so-called environment, representing
the infinite system surrounding a bulk site (or several bulk
sites), as shown in Fig. 1(c). Once the environment has been
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FIG. 1. (a) iPEPS ansatz with a 3 × 2 unit cell of tensors which
is periodically repeated in the lattice. (b) The reduced tensor a[x,y] is
obtained from contracting an iPEPS tensor A[x,y] with its conjugate
A†[x,y] along the physical leg. (c) The norm 〈!|!〉 is represented
as an infinite square-lattice network of reduced tensors. The CTM
approach yields the environment tensors surrounding a bulk tensor
a[x,y] where the corner tensors C1, C2, C3, C4 take into account a
quarter-infinite system and the edge tensors T1, T2, T3, T4 take into
account an infinite half row or half column of the system. (d) A left
move is done by inserting a new column of tensors, multiplying the
tensors to the left, and performing a renormalization step (this is done
for all coordinates y). (e) Diagrams to compute the updated corner
and edge tensors C ′

1, C ′
4, T ′

4 at coordinate x (for all y coordinates).
Note that the coordinates are always taken modulo the unit cell size.
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Sutherland model, and the t-J model to demonstrate the
performance of the variational approach compared to results
based on ITE. Finally, we discuss and summarize our findings
in Sec. V. In addition, in the Appendix we explain how to
implement a two-site variational optimization which can be
used complementary to the one-site update discussed in the
main text.

II. INTRODUCTION TO iPEPS

A. iPEPS ansatz

An iPEPS is an efficient variational tensor network ansatz
for 2D ground states of local Hamiltonians in the thermo-
dynamic limit [5,7,8,11,36] which obey an area law of the
entanglement entropy [10]. It consists of a rectangular unit
cell of tensors with one tensor per lattice site A[x,y], where
[x,y] label the coordinates of a tensor relative to the unit
cell of size Lx × Ly = NT , shown in Fig. 1(a). Each tensor
has one physical index carrying the local Hilbert space of a
lattice site and four auxiliary indices which connect to the
nearest-neighbor tensors on a square lattice (more generally,
a PEPS has z auxiliary indices, where z is the coordination
number of the lattice). The accuracy of the ansatz can be
systematically controlled by the bond dimension D of the
auxiliary indices.

For a translationally invariant state an ansatz with a
single-tensor unit cell can be chosen. However, if translational
symmetry is spontaneously broken, a larger unit-cell size com-
patible with the periodicity of the ground state is required (for
example, for an antiferromagnetic state two different tensors
for the two sublattices are needed). Since the periodicity of
the ground state is typically not known in advance, one has to
perform simulations with different unit cell sizes to determine
which cell size leads to the lowest variational energy. Using
different unit cells also offers the possibility to find different
competing low-energy states (see, e.g., Ref. [21]).

B. Contraction of an iPEPS

In order to compute an expectation value of an observable Ô
with respect to an iPEPS wave function |!〉, the corresponding
2D tensor network representing 〈!|Ô|!〉 has to be contracted
in a controlled, approximate way. In this work we use a
variant of the CTM renormalization group method [30–32]
for arbitrary unit-cell sizes [21,36], which is summarized in
the following.

Consider the problem of computing the norm of an iPEPS
〈!|!〉, which boils down to contracting the infinite 2D
square-lattice network of the reduced tensors a[x,y], shown in
Fig. 1(c), where each a[x,y] is obtained from contracting A[x,y]

with its conjugate tensor A†[x,y] [see Fig. 1(b)]. The goal of
the CTM approach is to compute the four corner tensors C1,
C2, C3, C4 and the four edge tensors T1, T2, T3, T4 for each
coordinate [x,y] in the unit cell, where each corner tensor
represents a quadrant and the edge tensors represent a half
row (or half column) of the infinite 2D network. All these
tensors together form the so-called environment, representing
the infinite system surrounding a bulk site (or several bulk
sites), as shown in Fig. 1(c). Once the environment has been
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Are tensor networks only useful for wavefunctions? 
Why not other tensors too?

Actually, since late 2000's, applied math community 
exploring tensor networks (Hackbusch, Oseledets,...)



Tensor networks a general tool for linear algebra in 
exponentially high-dimensional spaces

Notions like entanglement entropy correspond to 
multilinear tensor rank



MPS and other tensor networks already being 
explored for machine learning:

...and many others
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unsupervised learning

Bengua, Phien, Tuan, 10.1109/BigDataCongress.2015.105 (2015)

Cichocki et al, dx.doi.org/10.1561/2200000067 (2017)

Han, et al, Phys. Rev. X 8, 031012 (2018)

Stokes, Terilla, arxiv:1902.06888

} ≈
Novikov et al., Advances in NIPS (2015), arxiv:1509.06569

Garipov, Podoprikhin, Novikov, arxiv:1611.03214

compressing neural nets

Yu, Zheng, Anandkumar, , arxiv:1711.00073

Miller, et al., arxiv:2003.01039

supervised learning

Novikov, Trofimov, Oseledets, arxiv:1605.03795
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Compressing Neural Network Weight Layers 

} ≈
Novikov et al., Advances in Neural Information Processing (2015) (arxiv:1509.06569)

Garipov, Podoprikhin, Novikov, arxiv:1611.03214

• Train very "wide" model: 262,144 hidden units 
• Achieve 80x compression, only 1% accuracy loss

Hallam, Andrew, et al. "Compact neural networks based on the multiscale entanglement 
renormalization ansatz." arXiv:1711.03357

Rose Yu, Stephan Zheng, Anima Anandkumar, Yisong Yue, "Long-term 
Forecasting using Tensor-Train RNNs", arXiv:1711.00073



Framework where tensor network plays  
central role?

W

• Can natural images be more complex than wavefunctions? 

• Import many ideas, algorithms from physics 

• Improve tensor network methods 

Motivation:



MPS and Tensor Networks  
for General Data



Ingredients for machine learning:
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Data ( + labels):

Objective / cost function:

Class of model functions:



How to get a class of functions where a huge (order-N) 
tensor appears?

Consider a polynomial over N variables:

f(x1, x2, . . . , xN ) =
X

n

Wn1n2···nNxn1
1 xn2

2 · · ·xnN
N
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More generally, use any basis of  
products of functions

f(x1, x2, . . . , xN ) =
X

n
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n2(x2) · · ·�nN (xN )
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Main idea: factorize weight tensor

n1 n2 n3 n4 n5 n6

Wn1n2n3n4n5n6
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Can use as a model class for supervised or 
unsupervised learning

n1 n2 n3 n4 n5 n6

xn1
1 xn2

2 · · ·xn6
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Immediate payoff: adaptivity of weights

1) merge (contract) a pair of tensors

2) optimize parameters (e.g. gradient steps)

3) SVD factorization to adapt size of bond index



How well do tensor networks perform for supervised 
& unsupervised learning?

What applications can be done?



Supervised Learning

MPS have been used as proof-of-principle for 
tensor networks in supervised learning

1. MNIST data set  (99% test accuracy)
Stoudenmire, Schwab, NIPS 29, 4799 (2016)

2. Fashion MNIST data set (89% test accuracy)
Stoudenmire, Quant. Sci. Tech. 3, 034003 (2018)

Glasser, Pancotti, Cirac, arxiv:1806.05964 (2018)
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FIG. 12. Using convolutional Neural Networks as feature vec-
tor extractors from real data: the output of the CNN is seen
as an image with a third dimension collecting the di↵erent
features. For each pixel of this image, the vector of features
is contracted with the open legs of a tensor network.

V. NUMERICAL EXPERIMENTS

We test the generalized tensor network approach
on the task of image classification, where a natural
two-dimensional geometry that can be reflected in
the architecture of the tensor network is present, as
well as on the task of urban sound recognition, where
the time dimension provides a one-dimensional geometry.

A. Image classification

We first consider the MNIST dataset[48], which con-
sists of 28 ⇥ 28 greyscale images of digits. There are 10
classes and we adopt a multiclass classification procedure
in which one tensor of the tensor network is parametrized
by the ten possible labels. The original training set is
split into training and validation sets of 55000 and 5000
examples and the performance of the di↵erent models is
evaluated on the test set of 10000 examples. We con-
sider the following generalized tensor networks: a snake-
SBS with 4 strings (Fig. 5b), a 2D-SBS (Fig. 5a), an
EPS with a 2⇥ 2 translational-invariant plaquette com-
bined with a linear classifier, (Fig. 7c), an EPS-SBS with
translational-invariant plaquette combined with a snake-
SBS (Fig. 6) and a CNN-snake-SBS which uses a 1-layer
CNN as input features (Fig. 12). The CNN considered
here uses a convolutional layer applying 6 5 ⇥ 5 filters
(stride 1) with ReLU activation function and a pooling
layer performing max pooling with a 2 ⇥ 2 filter. All
other networks use the choice of features presented in
Eq. (26) and the greyscale values are normalized between
0 and 1. We compare the performance of these networks
with a MPS and a RBM (the number of hidden units of
250, 500, 750 or 1000 is taken as a hyperparameter). All
networks use a batch size of 20 examples and hyperpa-
rameters such as the learning rate ↵, the regularization
rate � and number of iterations over the training set are
determined through a grid search while evaluating the
performance on the validation set. Best performance is
typically achieved with ↵ = 10�4, � = 0.95 and a hun-

(a) (b)

FIG. 13. Examples of images from the MNIST (a) and fashion
MNIST (b) dataset.

FIG. 14. Test set accuracy of di↵erent generalized tensor
networks on the MNIST dataset.

dred iterations.
The test set accuracy, presented in Fig. 14, shows that

even with a very small bond dimension generalized ten-
sor network are able to accurately classify the dataset.
Their performance is significantly better than that of a
tree tensor network[46] or a MPS trained in frequency
space[45], and while a MPS can also achieve 99.03% ac-
curacy with a bond dimension of 120 [15], the cost of
optimizing very large tensors has prohibited the use of
this method for larger problems so far. The snake-SBS
with bond dimension larger than 6 has also better per-
formance than a RBM. Since the snake-SBS provides an
interpolation between RBM and MPS, the choice of num-
ber of strings and geometry can be seen as additional pa-
rameters which could be tuned further to improve over
the performance of both methods. All networks have a
training set accuracy very close to 100% when the bond
dimension is larger than 6, and we expect that better
regularization techniques or network architectures have
to be developed to significantly increase the test set per-
formances obtained here. We also optimized a snake-SBS
with positive elements (by parametrizing each element in
a tensor as the exponential of the new parameters), which
is a graphical model. Using the same algorithm, we were
not able to achieve better performance than 93% classi-
fication accuracy with bond dimensions up to 10. This
shows that while having a structure closely related to

10

FIG. 12. Using convolutional Neural Networks as feature vec-
tor extractors from real data: the output of the CNN is seen
as an image with a third dimension collecting the di↵erent
features. For each pixel of this image, the vector of features
is contracted with the open legs of a tensor network.

V. NUMERICAL EXPERIMENTS

We test the generalized tensor network approach
on the task of image classification, where a natural
two-dimensional geometry that can be reflected in
the architecture of the tensor network is present, as
well as on the task of urban sound recognition, where
the time dimension provides a one-dimensional geometry.

A. Image classification

We first consider the MNIST dataset[48], which con-
sists of 28 ⇥ 28 greyscale images of digits. There are 10
classes and we adopt a multiclass classification procedure
in which one tensor of the tensor network is parametrized
by the ten possible labels. The original training set is
split into training and validation sets of 55000 and 5000
examples and the performance of the di↵erent models is
evaluated on the test set of 10000 examples. We con-
sider the following generalized tensor networks: a snake-
SBS with 4 strings (Fig. 5b), a 2D-SBS (Fig. 5a), an
EPS with a 2⇥ 2 translational-invariant plaquette com-
bined with a linear classifier, (Fig. 7c), an EPS-SBS with
translational-invariant plaquette combined with a snake-
SBS (Fig. 6) and a CNN-snake-SBS which uses a 1-layer
CNN as input features (Fig. 12). The CNN considered
here uses a convolutional layer applying 6 5 ⇥ 5 filters
(stride 1) with ReLU activation function and a pooling
layer performing max pooling with a 2 ⇥ 2 filter. All
other networks use the choice of features presented in
Eq. (26) and the greyscale values are normalized between
0 and 1. We compare the performance of these networks
with a MPS and a RBM (the number of hidden units of
250, 500, 750 or 1000 is taken as a hyperparameter). All
networks use a batch size of 20 examples and hyperpa-
rameters such as the learning rate ↵, the regularization
rate � and number of iterations over the training set are
determined through a grid search while evaluating the
performance on the validation set. Best performance is
typically achieved with ↵ = 10�4, � = 0.95 and a hun-

(a) (b)

FIG. 13. Examples of images from the MNIST (a) and fashion
MNIST (b) dataset.

FIG. 14. Test set accuracy of di↵erent generalized tensor
networks on the MNIST dataset.

dred iterations.
The test set accuracy, presented in Fig. 14, shows that

even with a very small bond dimension generalized ten-
sor network are able to accurately classify the dataset.
Their performance is significantly better than that of a
tree tensor network[46] or a MPS trained in frequency
space[45], and while a MPS can also achieve 99.03% ac-
curacy with a bond dimension of 120 [15], the cost of
optimizing very large tensors has prohibited the use of
this method for larger problems so far. The snake-SBS
with bond dimension larger than 6 has also better per-
formance than a RBM. Since the snake-SBS provides an
interpolation between RBM and MPS, the choice of num-
ber of strings and geometry can be seen as additional pa-
rameters which could be tuned further to improve over
the performance of both methods. All networks have a
training set accuracy very close to 100% when the bond
dimension is larger than 6, and we expect that better
regularization techniques or network architectures have
to be developed to significantly increase the test set per-
formances obtained here. We also optimized a snake-SBS
with positive elements (by parametrizing each element in
a tensor as the exponential of the new parameters), which
is a graphical model. Using the same algorithm, we were
not able to achieve better performance than 93% classi-
fication accuracy with bond dimensions up to 10. This
shows that while having a structure closely related to

Efthymiou, Hidary, Leichenauer, arxiv:1906.06329



Generative Modeling

MPS have been used to parameterize generative 
models

1. Trained by gradient optimization of log-likelihood 7
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Figure 5. Training NLL and sampling images for |T | = 100 bina-
rized MNIST dataset. ln(|T |) is the theoretical minimum of NLL.
The TTN exactly remembers all the information of the images when
Dmax = |T |.

digits of 28 ⇥ 28 pixels of value 0 or 1. In order to facil-
itate comparison with other work, we directly use the same
standard binary MNIST dataset that has been used in the anal-
ysis of Deep Belief Networks and been widely recognized by
the machine learning community41. The dataset can be down-
loaded directly from the corresponding website.42

We did three experiments on the binary MNIST dataset. In
the first experiment we use 100 randomly selected images for
training TTN with di↵erent Dmax. The results are shown in
Figure 5 where we can see that with the NLL gradually de-
creases, the quality of the generated samples becomes better.
The training NLL would decrease to its theoretical minimum
as Dmax increasing to |T | where the sampling image will be
exactly the same as one in the training set.

In Figure 6 we plot the two-site correlation function of pix-
els. In each row, we randomly select three pixels, then cal-
culate the correlation function of the selected pixels with all
others pixels. The values of the correlations are represented by
color. The real correlations extracted from the original data is
illustrated in the top row, and correlations constructed from
learned MPS and TTN are shown in the bottom rows for com-
parison. For TTN and MPS, the Dmax is 50 and 100 respec-
tively, which correspond to the models with the smallest test
NLL. As we can see that in the original dataset, the correlation
between pixels consists of short-range correlation and a small
number of long-range correlation. However, the MPS model
can faithfully represent the short-range correlation of pixels,
while the TTN model performs well in both short-range and
long-range correlations.

Next we carry out experiments using the whole MNIST
dataset with 50, 000 training images to quantitatively com-
pare the performance of TTN with existing popular machine
learning models. The performance is characterized by eval-
uating NLL on the 10, 000 test images. We also applied the
same dataset to the tree-structure factor graph and the MPS
generative model, and compare on the same dataset the test
NLL with RBM, Variational AutoEncoder (VAE) and Pixel-
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Figure 6. Two-site correlation of pixels extracted from the original
data (1st row), the MPS (2nd row) and the TTN model (3rd row).
We randomly choose three pixels at the 10th row of the images. The
Dmax of TTN is 50, the Dmax of MPS is 100, which correspond to the
models with the smallest test NLL.

Table I. Test NLL of di↵erent model for binary MNIST dataset

Model Test NLL

Tree factor graph 175.8
MPS 101.5
TTN-1d 96.9
TTN-2d 94.3
RBM 86.3* 41

VAE 84.8* 43

PixelCNN 81.3 10

* stands for approximated NLL.

CNN which currently gives the state-of-the-art performance.
Among these results, RBM and VAE only evaluate approxi-
mately the partition function, hence gives only approximate
NLL. While TTN, MPS, together with PixelCNN are able to
evaluate exactly the partition function and give exact NLL val-
ues.

The results are shown in Table I, where we can see that the
test NLL obtained by the tree-structure factor graph is 175.8,
the result of MPS is 101.45, with corresponding Dmax = 100.
While for the TTN on 1-D data representation (as depicted in
Fig. 2(b)) with Dmax = 50, the test NLL already reduces to
96.88. With the same Dmax, the TTN performed on 2-D data
representation (as depicted in Fig. 2(a,c)) can do even better,
giving NLL around 94.25. However, we see from the table
that when compared to the state-of-the-art machine learning
models, the tensor network models still have a lot of space
to improve: the RBM using 500 hidden neurons and 25-step
contrastive divergence could reach NLL approximately 86.3,
and the PixelCNN with 7 layers gives NLL around 81.3.

In Figure 7 we draw the sampled images from TTN trained

Han, Wang, Fan, Wang, Zhang, PRX 8, 031012 (2018)

Cheng, Wang, Xiang, Zhang, PRB 99, 155131 (2019)

MNIST data set

2. Trained by local-exact-solution algorithm

Stokes, Terilla, arxiv:1902.06888

parity (N=20) data set
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The exact single-site DMRG algorithm begins with an initial vector y0 2M and pro-
duces y1,y2, . . . inductively by solving an effective problem

(13) Ht+1 := at+1(Heff,t+1)

which we now describe. Let us drop the subscript t + 1 from the isometry at+1 and the
effective Hilbert space Heff,t+1 in the relevant effective problem—just be aware that the
embedding

(14) a : Heff !H

will change from step to step. The map a is defined using an MPS factorization of yt
in mixed canonical form relative to a fixed site which varies at each step according to a
predetermined schedule. For the purposes of illustration, the third site is the fixed site in
the pictures below.

(15)
yt =

The effective space is Heff =W ⌦V ⌦W and the isometric embedding a : W ⌦V ⌦W !

V⌦N is defined for any f 2W ⌦V ⌦W by replacing the tensor at the fixed site of yt with
f :

(16) a

To see that a is an isometry, use the gauge condition that the MPS factorization of yt is in
mixed canonical form relative to the fixed site, as illustrated below:

(17) ha(f),a(f 0)i= = = hf ,f 0
i.

The adjoint map a⇤ : V⌦N
!W ⌦V ⌦W has a clean pictorial depiction as well.

(18)
a⇤

To see that a⇤ as pictured above is, in fact, the adjoint of a , note that for any h 2H and
any f 2Heff, both hh ,a(f)i and ha⇤(h),fi result in the same tensor contraction:

(19) hh ,a(f)i= = ha⇤(h),fi

In the picture above, begin with the blue tensors. Contracting with the yellow tensor gives
a(f) and then contracting with the red tensor gives hh ,a(f)i. On the other hand, first
contracting with the red tensor yields a⇤(h) resulting in ha⇤(h),fi after contracting with
the yellow tensor.
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y0

ybp

(A) The initial vector y0 and the vector ybp
lie in the unit sphere of H.

y0

ybp

y1

(B) The vector y0 is used to define the sub-
space H1. The unit vectors in H1 define a
lower dimensional sphere in H (in blue). The
vector y1 is the vector in that sphere that is
closest to ybp .

y0

ybp

y1

y2

(C) The vector y1 is used to define the sub-
space H2. The unit sphere in H2 (in blue)
contains y1 but does not contain y0. The
vector y2 is the unit vector in H2 closest to
ybp .

y0

ybp

y1

y2

y3

(D) The vector y2 is used to define the sub-
space H3. The vector y3 is the unit vector in
H3 closest to ybp . And so on.

FIGURE 1. A bird’s eye view of the training dynamics of exact single-
site DMRG on the unit sphere.

Let a : Heff !H be an isometric embedding of a Hilbert space Heff into H. We refer to
Heff as the effective Hilbert space. The isometry a and its adjoint map a⇤ are summarized
by the following diagram,

Heff H

a

idHeff

a⇤

P

The composition a⇤a = idHeff is the identity on Heff. The composition in the other order
aa⇤ is an orthogonal projection onto a(Heff) which is a subspace of H isometrically
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FIG. 12. Using convolutional Neural Networks as feature vec-
tor extractors from real data: the output of the CNN is seen
as an image with a third dimension collecting the di↵erent
features. For each pixel of this image, the vector of features
is contracted with the open legs of a tensor network.

V. NUMERICAL EXPERIMENTS

We test the generalized tensor network approach
on the task of image classification, where a natural
two-dimensional geometry that can be reflected in
the architecture of the tensor network is present, as
well as on the task of urban sound recognition, where
the time dimension provides a one-dimensional geometry.

A. Image classification

We first consider the MNIST dataset[48], which con-
sists of 28 ⇥ 28 greyscale images of digits. There are 10
classes and we adopt a multiclass classification procedure
in which one tensor of the tensor network is parametrized
by the ten possible labels. The original training set is
split into training and validation sets of 55000 and 5000
examples and the performance of the di↵erent models is
evaluated on the test set of 10000 examples. We con-
sider the following generalized tensor networks: a snake-
SBS with 4 strings (Fig. 5b), a 2D-SBS (Fig. 5a), an
EPS with a 2⇥ 2 translational-invariant plaquette com-
bined with a linear classifier, (Fig. 7c), an EPS-SBS with
translational-invariant plaquette combined with a snake-
SBS (Fig. 6) and a CNN-snake-SBS which uses a 1-layer
CNN as input features (Fig. 12). The CNN considered
here uses a convolutional layer applying 6 5 ⇥ 5 filters
(stride 1) with ReLU activation function and a pooling
layer performing max pooling with a 2 ⇥ 2 filter. All
other networks use the choice of features presented in
Eq. (26) and the greyscale values are normalized between
0 and 1. We compare the performance of these networks
with a MPS and a RBM (the number of hidden units of
250, 500, 750 or 1000 is taken as a hyperparameter). All
networks use a batch size of 20 examples and hyperpa-
rameters such as the learning rate ↵, the regularization
rate � and number of iterations over the training set are
determined through a grid search while evaluating the
performance on the validation set. Best performance is
typically achieved with ↵ = 10�4, � = 0.95 and a hun-

(a) (b)

FIG. 13. Examples of images from the MNIST (a) and fashion
MNIST (b) dataset.

FIG. 14. Test set accuracy of di↵erent generalized tensor
networks on the MNIST dataset.

dred iterations.
The test set accuracy, presented in Fig. 14, shows that

even with a very small bond dimension generalized ten-
sor network are able to accurately classify the dataset.
Their performance is significantly better than that of a
tree tensor network[46] or a MPS trained in frequency
space[45], and while a MPS can also achieve 99.03% ac-
curacy with a bond dimension of 120 [15], the cost of
optimizing very large tensors has prohibited the use of
this method for larger problems so far. The snake-SBS
with bond dimension larger than 6 has also better per-
formance than a RBM. Since the snake-SBS provides an
interpolation between RBM and MPS, the choice of num-
ber of strings and geometry can be seen as additional pa-
rameters which could be tuned further to improve over
the performance of both methods. All networks have a
training set accuracy very close to 100% when the bond
dimension is larger than 6, and we expect that better
regularization techniques or network architectures have
to be developed to significantly increase the test set per-
formances obtained here. We also optimized a snake-SBS
with positive elements (by parametrizing each element in
a tensor as the exponential of the new parameters), which
is a graphical model. Using the same algorithm, we were
not able to achieve better performance than 93% classi-
fication accuracy with bond dimensions up to 10. This
shows that while having a structure closely related to

fashion MNIST

Method Test Accuracy

AlexNet 88.90%

Tree tensor net. 1 88.97%

String bond state 2 89.2%

CNN-String bond state 2 92.3%

GoogLeNet 93.7%

Glasser, Pancotti, Cirac, arxiv:1806.05964
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covariance matrix can be seen in the last two panels of
Fig. 7. The manipulations there show the fidelity F1 can
be written in terms of ⇢12 as

F1 =
X

s1s2s0
1s0

2t

U † t
1 s0

1s0
2
⇢

s0
1s0

2
12 s1s2U

s1s2
1 t . (17)

It follows that the optimal isometry U1 can be computed
by diagonalizing ⇢12 as

⇢12 = U1P12U
†
1 , (18)

here viewing ⇢12 as a matrix with row index (s1s2) and
column index (s0

1s
0
2) as shown in Fig. 8. The matrix

P12 is a diagonal matrix whose diagonal elements are the
eigenvalues of ⇢12. After the diagonalization, the columns
of U1 are chosen to be the eigenvectors corresponding to
the D largest eigenvalues of ⇢12. Let the rank of the
matrix ⇢12 be r and call its eigenvalues {pi}r

i=1. One
way to determine the number D of eigenvalues to keep
is to choose a predetermined threshold ✏ and define D
such that the truncation error E is less than ✏, where
the truncation error is defined as

E =

Pr
i=D pi

Tr[⇢12]
< ✏ . (19)

This is the same procedure proposed by White in the
context of the density matrix renormalization group

F1 =

j

j

1

NT

NTX

j=1

=

U1

U †
1

j

j

1

NT

NTX

j=1

�

=

F =

FIG. 7. The fidelity F is defined as the average inner product
of the training set feature vectors, or equivalently the trace
of the covariance matrix ⇢. The isometry U1 is chosen to
maximize the fidelity following coarse graining (second panel
above) which is equivalent to maximizing the trace of ⇢12 after
coarse graining (last panel above).

=
X

j

⇢12 =

s1 s2

s0
1 s0

2

s1 s2

s0
1 s0

2

⇢12 =

s1 s2

s0
1 s0

2

s1 s2

s0
1 s0

2

= P12

U12

U †
12

(a)

(b)

s0
3

=⇢34 =
X

j

s0
4

s3 s4

s0
3 s0

4

s3 s4

(c)

FIG. 8. Definition (a) of the reduced covariance matrix ⇢12;
(b) computation of the optimal isometry U1 by diagonalizing
⇢12 and truncating its smallest eigenvalues; (c) definition of
the reduced covariance matrix ⇢34.

(DMRG) algorithm used in quantum mechanics, where
the �s

j is analogous to an ensemble of wavefunctions enu-
merated by j; ⇢ is the full density matrix; and ⇢12 is a
reduced density matrix [24].

To compute the remaining isometries which will form
the first layer, the procedure continues in an analogous
fashion by next computing the reduced covariance matrix
⇢34 as in Fig. 8(c) and diagonalizing it to obtain the isom-
etry U34. Note that the calculation of the reduced covari-
ance matrices as well as the individual summations over
the training data used to produce them can be performed
in parallel. What is more, we find that when summing
over the training data in a random order, the reduced
covariance matrices typically converge before summing
over the entire training set, and this convergence can be
monitored to ensure a controlled approximation. After
diagonalizing the reduced covariance matrices for every
pair of local indices (s2i�1, s2i), one obtains the first layer
of isometries depicted in Fig. 9.

The isometry layer can now be used to coarse grain
each of the training set feature vectors �(xj). After the

�(x)

= �1(x)

FIG. 9. Having determined a layer of isometries, these isome-
tries can be used to coarse grain the feature vectors.

Data feature map:
3

(c)

�(x) =(a)

f(x) = W

�(x)
(b)

W =

FIG. 3. Choosing the feature map (a) to be a tensor product
of local feature maps leads to a model f(x) of the form (b)
where the weight parameters W have (c) the structure of an
order-N tensor.

size, then many singular values sn will be very small or
zero and the corresponding rows of U† can be discarded.
Following such a truncation, Eq. (5) says that to a good
approximation, the optimal weights can be parameter-
ized within a significantly reduced space of parameters
�n and U† is the transformation from the entire feature
space to the reduced parameter space.

Computing the singular value decomposition of �s
j di-

rectly would not scale well for large training sets or high-
dimensional feature maps, yet as we will show it is never-
theless possible to e�ciently determine the transforma-
tion U in truncated form. Observe that U diagonalizes
the feature space covariance matrix [50] defined as

⇢s
0

s =
1

NT

NTX

j=1

�s0

j �†j
s (6)

=
X

n

U s0

n Pn U†n
s (7)

where Pn = (Sn
n)2 are the eigenvalues of the Hermitian

matrix ⇢. As we demonstrate in Sec. III below, the fea-
ture space covariance matrix ⇢ is amenable to decomposi-
tion as a layered tensor network. Computing every layer
of this network can provide an e�cient expression for
the elements of the basis U corresponding to the largest
eigenvalues of ⇢. Computing only some of the layers still
has the beneficial e↵ect of projecting out directions in
feature space along which ⇢ has small or zero eigenval-
ues. By carrying out an iterative procedure to truncate
directions in feature space along which ⇢ has a very small
projection, one can rapidly reduce the size of the space
needed to carry out learning tasks.

We will also see that ⇢ is not the only choice of ma-
trix for determining a tensor network basis for features.
As demonstrated in Sec. V, other choices result in a net-
work more adapted for a specific task, and can have fewer
latent parameters without reducing model performance.

B. Tensor Product Feature Maps

Before describing the algorithm to partially or fully
diagonalize ⇢ as a tensor network, we briefly review the
class of feature maps which lead to a natural represen-
tation of model parameters as a tensor network, as dis-
cussed in Refs. 4–6. These are feature maps �(x) which
map inputs x from a space of dimension N into a space
of dimension dN with a tensor product structure. The
simplest case of such a map begins by defining a local
feature map �sj (xj) where sj = 1, 2, . . . , d. These local
feature maps define the full feature map as:

�s1s2···sN (x) = �s1(x1)�
s2(x2) · · · �sN (xN ) (8)

as shown in Fig. 3(a), where placement of tensors next
to each other implies an outer product. This choice of
feature map leads to models of the form

f(x) =
X

s1s2···sN

Ws1s2···sN �s1(x1)�
s2(x2) · · · �sN (xN )

(9)

which are depicted in Fig. 3(b). As evident from the
above expression, the weight parameters are indexed by
N indices of dimension d. Thus there are dN weight
parameters and W is a tensor of order N . We will be
interested in the case where d is small (of order one or
ten) and N is many hundreds or thousands in size.

Of course, manipulating or even storing dN parameters
quickly becomes impossible as N increases. A solution
that is both practical and interesting is to assume that
the optimal weights W can be e�ciently approximated
by a tensor network [12, 28], an idea proposed recently
by several groups [4–6, 36].

A tensor network is a factorization of an order N tensor
into the contracted product of low-order tensors. Key
examples of well-understood tensor networks for which
e�cient algorithms are known are depicted in Fig. 2 and
include:

• the matrix product state (MPS) [19–21, 51] or ten-
sor train decomposition [52], Fig. 2(a)

• the PEPS tensor network [22], Fig. 2(b)

• the tree tensor network [53, 54] or hierarchical
Tucker decomposition [55], Fig. 2(c)

• the MERA tensor network [23, 31], Fig. 2(d).

Each of these networks makes various tradeo↵s in terms
of how complicated they are to manipulate versus their
ability to represent statistical systems with higher-
dimensional interactions or more slowly decaying corre-
lations. A good introduction to tensor networks in the
physics context is given by Orús in Ref. 12 and in a math-
ematics context by Cichocki in Ref. 56. Other detailed
reviews include Refs. 28, 32, 57, and 58.

x<latexit sha1_base64="4zwzgokxf3WY/V4pft6LY3cqhHg="></latexit>

Deterministic tensor learning:

Resulting model – train top tensors for supervised objective:

89% accuracy on 
Fashion MNIST data set

Stoudenmire, Quant. Sci. Tech. 3, 034003 (2018)   [arxiv:1801.00315]
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s1 s2

s0
1 s0

2

=

+

= P12

U12

U †
12

µ
X

j

(1 � µ)

s1 s2

s0
1 s0

2

s1 s2

s0
1 s0

2

s0
1 s0

2

s1 s2

⇢µ
12 = +(1 � µ) ⇢̂12 µ ⇢̂W12

FIG. 11. In the mixed unsupervised/supervised algorithm for
determining the tree tensors making up U , the reduced co-
variance matrices are a weighted sum of the reduced training
data covariance matrix and reduced covariance matrix from
the provided supervised weights in MPS form. The figure
above shows the computation of the mixed reduced covari-
ance for the first two sites; the computation for other pairs
of sites is similar just with di↵erent choices for which indices
are traced or left open.

The key algorithmic di↵erence from the unsupervised
case is that after determining each layer, one must also
coarse grain the provided weights W along with the train-
ing data so one can compute the reduced covariance ma-
trices from ⇢µ at the next scale. Although the weights W
in MPS form have additional internal indices as shown
in Fig. 2(a), it is straightforward to coarse grain an MPS
with a tree tensor network layer: one simply contracts
each isometry with pairs of MPS tensors.

For the case of a multi-class supervised task there will
be multiple prior weight MPS W `, one for each label `
(or one can equivalently provide a single MPS with an
external or uncontracted label index). To generalize the
above algorithm to the multi-task setting, one defines
the covariance matrix ⇢W as the sum over the covariance
matrices of each of the prior supervised weights W `

(⇢W )ss0 =
X

`

W †s
` W `

s0 . (28)

To test whether the strategy of mixing in a prior es-
timate of the supervised task weights results in an im-
proved model, we experiment again on the MNIST hand-
written digits data set. Using a mixing parameter µ = 0.5
and a truncation error cuto↵ ✏ = 4⇥10�4 results in a tree
tensor network with top index sizes 279 and 393, where
after making the tree layers in a single pass, only the
top tensor is optimized further for the supervised task.
Despite the top index sizes being significantly smaller
than those for the best experiment in Sec. IV (where
the sizes were 328 and 444), the results are slightly bet-
ter: the cost function value is C = 0.0325, training set
accuracy is 99.798%, and test set accuracy is 98.110%.
This experiment strongly suggests that mixing weights
trained for the supervised task with the covariance ma-
trix based purely on the data leads to a representation of

the data more suited for the specific task, which can be
compressed further without diminishing performance.

VI. PARTIAL COARSE GRAINING: TREE
CURTAIN MODEL

While the approaches in the previous sections involved
computing tree tensor networks with the maximum num-
ber of layers, computing fewer layers can balance the ben-
efits of a compressed data representation against the loss
of expressiveness from accumulated truncations when
computing more layers.

One interesting aspect of computing fewer tree lay-
ers is that after coarse graining, the data are still repre-
sented as high-order tensors, similar to Fig. 9. Specifi-
cally, the order of the data tensors after R rescalings will
be Ntop = N/2R. Therefore to complete the model, the
top tensor must also be a tensor of order Ntop if the out-
put is to be a scalar, or order Ntop + 1 for vector-valued
output in the multi-task case. So to complete the model
one can use another type of tensor network to represent
the top tensor, such as a matrix product state.

Choosing a matrix product state (MPS) form of the
top tensor results in the architecture shown in Fig. 12.
After coarse graining the training data through the tree
layers, one can optimize the top MPS using previously
developed methods for supervised [5, 6] or unsupervised
[39] learning tasks. The resulting model resembles an
MPS with a tree “curtain” attached.

To test the e↵ectiveness of the partial coarse-grained
approach, and the resulting tree-curtain model, we study
the fashion MNIST dataset [60]. Similarly to MNIST,
the data set consists of 28⇥28 grayscale images with ten
labels, with 60,000 training and 10,000 test images. How-
ever, the supervised learning task is significantly more
challenging than MNIST because the images consist of
photographs of a variety of clothing (shirts, shoes, etc.).
Example images from the data set are shown in Fig. 13.

To compute a tree curtain model for fashion MNIST,
we first training a linear classifier resulting in only 83%
test accuracy. We then represent each of the linear clas-
sifier vectors V ` as MPS and used the mixed covariance
matrix approach (Sec. V) with mixing parameter µ = 0.9
to optimize four tree tensor layers. Using a truncation

`f `(x) =

�(x)

U

}

}
w`

FIG. 12. Computing only a few tree layers results in a model
with a high-order top tensor. In the model above the top
tensor w` is represented as a matrix product state with a
label index ` appropriate for the multi-task case.
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(a)

(b)

(c)

(d)

FIG. 12. Mapping of the generative matrix product state
(MPS) quantum circuit with V = 3 to a bond dimension
D = 23 MPS tensor network diagram. First (a) interpret the
circuit diagram as a tensor diagram by interpreting reference
states h0| as vectors [1, 0]; qubit lines as dimension 2 tensor
indices; and measurements as setting indices to fixed values.
Then (b) contract the reference states into the unitary tensors
and (c) redraw the tensors in a linear chain. Finally, (d) merge
three D = 2 indices into a single D = 8 dimensional index on
each bond.

Given the ability to measure and reset a subset of phys-
ical qubits, a key advantage of implementing a discrim-
inative or generative tensor network model based on an
MPS is that for a model with V virtual qubits, an arbi-
trary number of inputs or outputs can be processed by
using only V +1 physical qubits. The circuits illustrating
how this can be done are shown in Fig. 11.

The implementation of the discriminative algorithm
shown in Fig. 11(a) begins by preparing and entangling
V input qubit states. One of the qubits is measured and
reset to the next input state. Then all V + 1 qubits are
entangled and a single qubit measured and re-prepared.
Continuing in this way, one can process all of the inputs.
Once all inputs are processed, the model output is ob-
tained by sampling one or more of the physical qubits.

To implement the generative MPS algorithm shown in
Fig. 11(b), one prepares all qubits to a reference state

|0i⌦V +1 and after entangling the qubits, one measures
and records a single qubit to generate the first output
value. This qubit is reset to the state |0i and all the
qubits are then acted on by another (V + 1) qubit uni-
tary. A single qubit is again measured to generate the
second output value, and the algorithm continues until
N outputs have been generated.

To understand the equivalence of the generative circuit
of Fig. 11(b) to conventional tensor diagram notation for
an MPS, interpret the circuit diagram Fig. 12(a) as a ten-
sor network diagram, treating elements such as reference
states h0| as tensors or vectors [1, 0]. One can contract
or sum over the reference state indices and merge any V

qubit indices into a single index of dimension D = 2V .
The result is a standard MPS tensor network diagram
Fig. 12(d) for the amplitude of observing a particular set
of values of the measured qubits.

C. Noise Resilience

Any implementation of our proposed approach on
near-term quantum hardware will have to contend with
a significant level of noise due to qubit and gate imper-
fections. But one intuition about noise e↵ects in our
tree models is that an error which corrupts a qubit only
scrambles the information coming from the patch of in-
puts belonging to the past “causal cone” of that qubit.
And because the vast majority of the operations occur
near the leaves of the tree, the most likely errors there-
fore correspond to scrambling only small patches of the
input data. We note that a good classifier should nat-
urally be robust to small deformations and corruptions
of the input, and, in fact, adding various kinds of noise
during training is a commonly used strategy in classical
machine learning. Based on these intuitions, we expect
our circuits could demonstrate a high level of tolerance
to noise.

In order to quantitatively understand the robustness of
our proposed approach to noise on quantum hardware,

FIG. 13. The test accuracy for each of the pairwise classifiers
under noise corresponding to a T1 of 5µs, a T2 of 7µs, and
a gate time of 200 ns. In most cases, the accuracy is compa-
rable to the results from training without noise. Note that it
was necessary to choose a di↵erent set of hyper-parameters to
enable successful training under noise.
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trary number of inputs or outputs can be processed by
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Continuing in this way, one can process all of the inputs.
Once all inputs are processed, the model output is ob-
tained by sampling one or more of the physical qubits.
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value. This qubit is reset to the state |0i and all the
qubits are then acted on by another (V + 1) qubit uni-
tary. A single qubit is again measured to generate the
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N outputs have been generated.

To understand the equivalence of the generative circuit
of Fig. 11(b) to conventional tensor diagram notation for
an MPS, interpret the circuit diagram Fig. 12(a) as a ten-
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states h0| as tensors or vectors [1, 0]. One can contract
or sum over the reference state indices and merge any V

qubit indices into a single index of dimension D = 2V .
The result is a standard MPS tensor network diagram
Fig. 12(d) for the amplitude of observing a particular set
of values of the measured qubits.

C. Noise Resilience

Any implementation of our proposed approach on
near-term quantum hardware will have to contend with
a significant level of noise due to qubit and gate imper-
fections. But one intuition about noise e↵ects in our
tree models is that an error which corrupts a qubit only
scrambles the information coming from the patch of in-
puts belonging to the past “causal cone” of that qubit.
And because the vast majority of the operations occur
near the leaves of the tree, the most likely errors there-
fore correspond to scrambling only small patches of the
input data. We note that a good classifier should nat-
urally be robust to small deformations and corruptions
of the input, and, in fact, adding various kinds of noise
during training is a commonly used strategy in classical
machine learning. Based on these intuitions, we expect
our circuits could demonstrate a high level of tolerance
to noise.

In order to quantitatively understand the robustness of
our proposed approach to noise on quantum hardware,

FIG. 13. The test accuracy for each of the pairwise classifiers
under noise corresponding to a T1 of 5µs, a T2 of 7µs, and
a gate time of 200 ns. In most cases, the accuracy is compa-
rable to the results from training without noise. Note that it
was necessary to choose a di↵erent set of hyper-parameters to
enable successful training under noise.

D = 23
see also Cramer et al, Nat. Comm. 2010

Reuse! 

MPS with exponentially large bond dimensions



Related idea:  infinite DMRG on quantum computers 
with finite number of physical qubits

Barratt, Dborin, Bal, Stojevic, Pollmann, Green, arxiv: 2003.12087 

Some of these techniques could be used for 
machine learning too



Review: Notable Recent Works Using 
              Tensor Network Machine Learning



Schematic Learning 
Process

Marco Trenti, Lorenzo Sestini, Alessio Gianelle, Davide Zuliani, Timo Felser, Donatella Lucchesi, 
Simone Montangero, arxiv:2004.13747

Quantum-Inspired Machine Learning on 
High-Energy Physics Data

• Used tree tensor network  
• Determine charge of quark from events 
• Compared to neural networks and gave excellent results



Anomaly Detection with Tensor Networks

• Used squared tensor network (locally purified state) 
• Perform anomaly detection task 
• Strongly competes with, and for tabular data exceeds performance of 

state-of-art neural net approaches

Jinhui Wang, Chase Roberts, Guifre Vidal, Stefan Leichenauer, arxiv:2006.02516

Geometric Anomaly 
Detection

Model Architecture

Results on Tabular Data



Quantum process tomography with 
unsupervised learning and tensor networks

• Also used squared tensor network (locally purified state) 
• Deduce noisy circuit (actually CPTP map) that explains observed data 
• First scalable approach to quantum process tomography, as far as I 

know

Giacomo Torlai, Christopher J. Wood, Atithi Acharya, Giuseppe Carleo, Juan Carrasquilla, Leandro 
Aolita, arxiv: 2006.02424

Model Architecture

Learning Random Quantum 
Circuits



Summary & Future Directions

Tensor networks are a natural way to parameterize 
interesting and powerful machine learning models

• Linear scaling  

• Adaptive weights 

• Learning data "features"

Benefits:
• Interpretability & theory 

• Better algorithms 

• Quantum computing

Much work to be done: 
• best approach for various data set types 
• theory of learning of tensor networks (it is possible!) 
• developing new learning algorithms


