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Efficient algorithms to find ground state and 
excitations

Different strategies possible for LGT

variational, imaginary time…
work directly in the TD limit

truncate the gauge dof, integrate out
explicit symmetries in tensors



discrete system → finite lattice spacing

How to do the continuum calculation?
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discrete system → finite lattice spacing

How to do the continuum calculation?

reduce lattice spacing → need larger size (N)

extrapolate to vanishing spacing → possible 
divergences

x

L

alternative: infinite size
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Scan parameters

COMPUTING CONTINUUM QUANTITIES
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m/g mass gaps and GS energy density 
in the continuum x��

(up to ~850)
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convergence

finite-size
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MCB, Cichy, Cirac, Jansen JHEP11(2013)158

alternative: infinite size

Buyens et al. PRL113 (2014) 091601



after the 
continuum 

limit
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dispersion relation

Sample 
calculation

better precision than any earlier numerics
m/g DMRG MPS with 

OBC [1]
gauge inv. 
uMPS [2]

0 0.5641859 0.56414(26) 0.56418(2) 

125 0.53950(7) 0.53946(20) 0.539491(8) 

0.25 0.51918(5) 0.51915(14) 0.51917(2) 

0.5 0.48747(2) 0.48748(6) 0.487473(7) 

SCE MPS with 
OBC [1]

gauge inv. 
uMPS [2]

1,128379 1.1283(10) -
1.22(2) 1.2155(28) 1.222(4)

1.24(3) 1.2239(22) 1.2282(4) 

1.20(3) 1.1998(17) 1.2004(1) 

[1] MCB, Cichy, Cirac, Jansen JHEP11(2013)158
[2] Buyens et al. PRL113 (2014) 091601



MPS give us access to observables: 
expectation values



MPS STATES ➞ OBSERVABLES

chiral condensate in the GS: order parameter 
for chiral symmetry breaking (m/g=0)
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exact 0.159929
0.159930(8)



MPS STATES ➞ OBSERVABLES

chiral condensate in the GS: order parameter 
for chiral symmetry breaking (m/g=0)

no exact value known for m/g≠0
only estimations de Forcrand et al. 97

Hosotani 97
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MPS STATES ➞ OBSERVABLES

chiral condensate in the GS: order parameter 
for chiral symmetry breaking (m/g=0)

no exact value known for m/g≠0
only estimations de Forcrand et al. 97

Hosotani 97

�
x

L

�

n

(�1)n 1 + �3
n

2
in the spin language

logarithmic divergence ➞ same as in non-interacting case
substract exact non-interacting 
condensate

�
g

=
��̄��

g

from Buyens et al. arXiv:1411.0020



uMPS: how important is the 
truncation of gauge dof?



uniform MPS (uMPS)
cannot integrate out gauge | . . . se so se so . . .�� � �

but physical states have to satisfy Gauss’ law
⇒ symmetries

↵ = (`↵ a)
<latexit sha1_base64="6y0sjKfo9VOVJuFCFqb8vB5PEPg=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREBN0IRTcuK9gHNCHcTKft0MkkzEyEEgpu/BU3LhRx60+482+ctllo64ELZ865l7n3hAlnSjvOt1VYWl5ZXSuulzY2t7Z37N29popTSWiDxDyW7RAU5UzQhmaa03YiKUQhp61weDPxWw9UKhaLez1KqB9BX7AeI6CNFNgHHvBkAFcVj3IeZLPX2DvFcBLYZafqTIEXiZuTMspRD+wvrxuTNKJCEw5KdVwn0X4GUjPC6bjkpYomQIbQpx1DBURU+dn0hjE+NkoX92JpSmg8VX9PZBApNYpC0xmBHqh5byL+53VS3bv0MyaSVFNBZh/1Uo51jCeB4C6TlGg+MgSIZGZXTAYggWgTW8mE4M6fvEiaZ1XXqbp35+XadR5HER2iI1RBLrpANXSL6qiBCHpEz+gVvVlP1ov1bn3MWgtWPrOP/sD6/AHWAZb6</latexit><latexit sha1_base64="6y0sjKfo9VOVJuFCFqb8vB5PEPg=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREBN0IRTcuK9gHNCHcTKft0MkkzEyEEgpu/BU3LhRx60+482+ctllo64ELZ865l7n3hAlnSjvOt1VYWl5ZXSuulzY2t7Z37N29popTSWiDxDyW7RAU5UzQhmaa03YiKUQhp61weDPxWw9UKhaLez1KqB9BX7AeI6CNFNgHHvBkAFcVj3IeZLPX2DvFcBLYZafqTIEXiZuTMspRD+wvrxuTNKJCEw5KdVwn0X4GUjPC6bjkpYomQIbQpx1DBURU+dn0hjE+NkoX92JpSmg8VX9PZBApNYpC0xmBHqh5byL+53VS3bv0MyaSVFNBZh/1Uo51jCeB4C6TlGg+MgSIZGZXTAYggWgTW8mE4M6fvEiaZ1XXqbp35+XadR5HER2iI1RBLrpANXSL6qiBCHpEz+gVvVlP1ov1bn3MWgtWPrOP/sD6/AHWAZb6</latexit><latexit sha1_base64="6y0sjKfo9VOVJuFCFqb8vB5PEPg=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREBN0IRTcuK9gHNCHcTKft0MkkzEyEEgpu/BU3LhRx60+482+ctllo64ELZ865l7n3hAlnSjvOt1VYWl5ZXSuulzY2t7Z37N29popTSWiDxDyW7RAU5UzQhmaa03YiKUQhp61weDPxWw9UKhaLez1KqB9BX7AeI6CNFNgHHvBkAFcVj3IeZLPX2DvFcBLYZafqTIEXiZuTMspRD+wvrxuTNKJCEw5KdVwn0X4GUjPC6bjkpYomQIbQpx1DBURU+dn0hjE+NkoX92JpSmg8VX9PZBApNYpC0xmBHqh5byL+53VS3bv0MyaSVFNBZh/1Uo51jCeB4C6TlGg+MgSIZGZXTAYggWgTW8mE4M6fvEiaZ1XXqbp35+XadR5HER2iI1RBLrpANXSL6qiBCHpEz+gVvVlP1ov1bn3MWgtWPrOP/sD6/AHWAZb6</latexit><latexit sha1_base64="6y0sjKfo9VOVJuFCFqb8vB5PEPg=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREBN0IRTcuK9gHNCHcTKft0MkkzEyEEgpu/BU3LhRx60+482+ctllo64ELZ865l7n3hAlnSjvOt1VYWl5ZXSuulzY2t7Z37N29popTSWiDxDyW7RAU5UzQhmaa03YiKUQhp61weDPxWw9UKhaLez1KqB9BX7AeI6CNFNgHHvBkAFcVj3IeZLPX2DvFcBLYZafqTIEXiZuTMspRD+wvrxuTNKJCEw5KdVwn0X4GUjPC6bjkpYomQIbQpx1DBURU+dn0hjE+NkoX92JpSmg8VX9PZBApNYpC0xmBHqh5byL+53VS3bv0MyaSVFNBZh/1Uo51jCeB4C6TlGg+MgSIZGZXTAYggWgTW8mE4M6fvEiaZ1XXqbp35+XadR5HER2iI1RBLrpANXSL6qiBCHpEz+gVvVlP1ov1bn3MWgtWPrOP/sD6/AHWAZb6</latexit>

� = (`� b)
<latexit sha1_base64="gRfzzTMsURkj9v6crTdy/4dL5mA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNCNUHTjsoJ9QBPCZHrTDp08mJkIJdSNv+LGhSJu/Qt3/o3TNAttPXDhzDn3MvceP+FMKsv6NkpLyyura+X1ysbm1vaOubvXlnEqKLRozGPR9YkEziJoKaY4dBMBJPQ5dPzRzdTvPICQLI7u1TgBNySDiAWMEqUlzzxwfFDkquYA516WPybOKfZPPLNq1a0ceJHYBamiAk3P/HL6MU1DiBTlRMqebSXKzYhQjHKYVJxUQkLoiAygp2lEQpBull8wwcda6eMgFroihXP190RGQinHoa87Q6KGct6biv95vVQFl27GoiRVENHZR0HKsYrxNA7cZwKo4mNNCBVM74rpkAhClQ6tokOw509eJO2zum3V7bvzauO6iKOMDtERqiEbXaAGukVN1EIUPaJn9IrejCfjxXg3PmatJaOY2Ud/YHz+ADgflhM=</latexit><latexit sha1_base64="gRfzzTMsURkj9v6crTdy/4dL5mA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNCNUHTjsoJ9QBPCZHrTDp08mJkIJdSNv+LGhSJu/Qt3/o3TNAttPXDhzDn3MvceP+FMKsv6NkpLyyura+X1ysbm1vaOubvXlnEqKLRozGPR9YkEziJoKaY4dBMBJPQ5dPzRzdTvPICQLI7u1TgBNySDiAWMEqUlzzxwfFDkquYA516WPybOKfZPPLNq1a0ceJHYBamiAk3P/HL6MU1DiBTlRMqebSXKzYhQjHKYVJxUQkLoiAygp2lEQpBull8wwcda6eMgFroihXP190RGQinHoa87Q6KGct6biv95vVQFl27GoiRVENHZR0HKsYrxNA7cZwKo4mNNCBVM74rpkAhClQ6tokOw509eJO2zum3V7bvzauO6iKOMDtERqiEbXaAGukVN1EIUPaJn9IrejCfjxXg3PmatJaOY2Ud/YHz+ADgflhM=</latexit><latexit sha1_base64="gRfzzTMsURkj9v6crTdy/4dL5mA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNCNUHTjsoJ9QBPCZHrTDp08mJkIJdSNv+LGhSJu/Qt3/o3TNAttPXDhzDn3MvceP+FMKsv6NkpLyyura+X1ysbm1vaOubvXlnEqKLRozGPR9YkEziJoKaY4dBMBJPQ5dPzRzdTvPICQLI7u1TgBNySDiAWMEqUlzzxwfFDkquYA516WPybOKfZPPLNq1a0ceJHYBamiAk3P/HL6MU1DiBTlRMqebSXKzYhQjHKYVJxUQkLoiAygp2lEQpBull8wwcda6eMgFroihXP190RGQinHoa87Q6KGct6biv95vVQFl27GoiRVENHZR0HKsYrxNA7cZwKo4mNNCBVM74rpkAhClQ6tokOw509eJO2zum3V7bvzauO6iKOMDtERqiEbXaAGukVN1EIUPaJn9IrejCfjxXg3PmatJaOY2Ud/YHz+ADgflhM=</latexit><latexit sha1_base64="gRfzzTMsURkj9v6crTdy/4dL5mA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNCNUHTjsoJ9QBPCZHrTDp08mJkIJdSNv+LGhSJu/Qt3/o3TNAttPXDhzDn3MvceP+FMKsv6NkpLyyura+X1ysbm1vaOubvXlnEqKLRozGPR9YkEziJoKaY4dBMBJPQ5dPzRzdTvPICQLI7u1TgBNySDiAWMEqUlzzxwfFDkquYA516WPybOKfZPPLNq1a0ceJHYBamiAk3P/HL6MU1DiBTlRMqebSXKzYhQjHKYVJxUQkLoiAygp2lEQpBull8wwcda6eMgFroihXP190RGQinHoa87Q6KGct6biv95vVQFl27GoiRVENHZR0HKsYrxNA7cZwKo4mNNCBVM74rpkAhClQ6tokOw509eJO2zum3V7bvzauO6iKOMDtERqiEbXaAGukVN1EIUPaJn9IrejCfjxXg3PmatJaOY2Ud/YHz+ADgflhM=</latexit>

Ai `
↵�

<latexit sha1_base64="0LOqBEd2XvOXK8NQteXMTliqITg=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8SJgRQY9RLx4jmAUy41DTqSRNeha6e4Qw5ODFX/HiQRGvfoQ3/8bOctDEBwWP96qoqhemgivtON/W0vLK6tp6YaO4ubW9s2vv7TdUkkmGdZaIRLZCUCh4jHXNtcBWKhGiUGAzHFyP/eYDSsWT+E4PU/Qj6MW8yxloIwV26fI+594J9VCIUZB7INI+UC9EDaPALjsVZwK6SNwZKZMZaoH95XUSlkUYayZAqbbrpNrPQWrOBI6KXqYwBTaAHrYNjSFC5eeTJ0b0yCgd2k2kqVjTifp7IodIqWEUms4IdF/Ne2PxP6+d6e6Fn/M4zTTGbLqomwmqEzpOhHa4RKbF0BBgkptbKeuDBKZNbkUTgjv/8iJpnFZcp+LenpWrV7M4CqREDskxcck5qZIbUiN1wsgjeSav5M16sl6sd+tj2rpkzWYOyB9Ynz8uH5fL</latexit><latexit sha1_base64="0LOqBEd2XvOXK8NQteXMTliqITg=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8SJgRQY9RLx4jmAUy41DTqSRNeha6e4Qw5ODFX/HiQRGvfoQ3/8bOctDEBwWP96qoqhemgivtON/W0vLK6tp6YaO4ubW9s2vv7TdUkkmGdZaIRLZCUCh4jHXNtcBWKhGiUGAzHFyP/eYDSsWT+E4PU/Qj6MW8yxloIwV26fI+594J9VCIUZB7INI+UC9EDaPALjsVZwK6SNwZKZMZaoH95XUSlkUYayZAqbbrpNrPQWrOBI6KXqYwBTaAHrYNjSFC5eeTJ0b0yCgd2k2kqVjTifp7IodIqWEUms4IdF/Ne2PxP6+d6e6Fn/M4zTTGbLqomwmqEzpOhHa4RKbF0BBgkptbKeuDBKZNbkUTgjv/8iJpnFZcp+LenpWrV7M4CqREDskxcck5qZIbUiN1wsgjeSav5M16sl6sd+tj2rpkzWYOyB9Ynz8uH5fL</latexit><latexit sha1_base64="0LOqBEd2XvOXK8NQteXMTliqITg=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8SJgRQY9RLx4jmAUy41DTqSRNeha6e4Qw5ODFX/HiQRGvfoQ3/8bOctDEBwWP96qoqhemgivtON/W0vLK6tp6YaO4ubW9s2vv7TdUkkmGdZaIRLZCUCh4jHXNtcBWKhGiUGAzHFyP/eYDSsWT+E4PU/Qj6MW8yxloIwV26fI+594J9VCIUZB7INI+UC9EDaPALjsVZwK6SNwZKZMZaoH95XUSlkUYayZAqbbrpNrPQWrOBI6KXqYwBTaAHrYNjSFC5eeTJ0b0yCgd2k2kqVjTifp7IodIqWEUms4IdF/Ne2PxP6+d6e6Fn/M4zTTGbLqomwmqEzpOhHa4RKbF0BBgkptbKeuDBKZNbkUTgjv/8iJpnFZcp+LenpWrV7M4CqREDskxcck5qZIbUiN1wsgjeSav5M16sl6sd+tj2rpkzWYOyB9Ynz8uH5fL</latexit><latexit sha1_base64="0LOqBEd2XvOXK8NQteXMTliqITg=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8SJgRQY9RLx4jmAUy41DTqSRNeha6e4Qw5ODFX/HiQRGvfoQ3/8bOctDEBwWP96qoqhemgivtON/W0vLK6tp6YaO4ubW9s2vv7TdUkkmGdZaIRLZCUCh4jHXNtcBWKhGiUGAzHFyP/eYDSsWT+E4PU/Qj6MW8yxloIwV26fI+594J9VCIUZB7INI+UC9EDaPALjsVZwK6SNwZKZMZaoH95XUSlkUYayZAqbbrpNrPQWrOBI6KXqYwBTaAHrYNjSFC5eeTJ0b0yCgd2k2kqVjTifp7IodIqWEUms4IdF/Ne2PxP6+d6e6Fn/M4zTTGbLqomwmqEzpOhHa4RKbF0BBgkptbKeuDBKZNbkUTgjv/8iJpnFZcp+LenpWrV7M4CqREDskxcck5qZIbUiN1wsgjeSav5M16sl6sd+tj2rpkzWYOyB9Ynz8uH5fL</latexit>

`� = `↵ +
(�1)i + (�1)n

2
<latexit sha1_base64="T7PyopfgZNHx/Ly3wR+1DqQ0apc=">AAACG3icbVDLSsNAFJ34rPVVdekmWASlWJIi6EYounFZwT6gqeVmemMHJ5MwMxFKyH+48VfcuFDEleDCv3HaZqHVA8OcOede7tzjx5wp7Thf1tz8wuLScmGluLq2vrFZ2tpuqSiRFJs04pHs+KCQM4FNzTTHTiwRQp9j27+7GPvte5SKReJaj2LshXArWMAoaCP1SzUPOe+nno8asrP8ATweQlbxAgk0PThyD29YZXKJLK1l/VLZqToT2H+Jm5MyydHolz68QUSTEIWmHJTquk6seylIzSjHrOglCmOgd3CLXUMFhKh66WS3zN43ysAOImmO0PZE/dmRQqjUKPRNZQh6qGa9sfif1010cNpLmYgTjYJOBwUJt3Vkj4OyB0wi1XxkCFDJzF9tOgSTiDZxFk0I7uzKf0mrVnWdqnt1XK6f53EUyC7ZIwfEJSekTi5JgzQJJQ/kibyQV+vRerberPdp6ZyV9+yQX7A+vwGiS6B3</latexit><latexit sha1_base64="T7PyopfgZNHx/Ly3wR+1DqQ0apc=">AAACG3icbVDLSsNAFJ34rPVVdekmWASlWJIi6EYounFZwT6gqeVmemMHJ5MwMxFKyH+48VfcuFDEleDCv3HaZqHVA8OcOede7tzjx5wp7Thf1tz8wuLScmGluLq2vrFZ2tpuqSiRFJs04pHs+KCQM4FNzTTHTiwRQp9j27+7GPvte5SKReJaj2LshXArWMAoaCP1SzUPOe+nno8asrP8ATweQlbxAgk0PThyD29YZXKJLK1l/VLZqToT2H+Jm5MyydHolz68QUSTEIWmHJTquk6seylIzSjHrOglCmOgd3CLXUMFhKh66WS3zN43ysAOImmO0PZE/dmRQqjUKPRNZQh6qGa9sfif1010cNpLmYgTjYJOBwUJt3Vkj4OyB0wi1XxkCFDJzF9tOgSTiDZxFk0I7uzKf0mrVnWdqnt1XK6f53EUyC7ZIwfEJSekTi5JgzQJJQ/kibyQV+vRerberPdp6ZyV9+yQX7A+vwGiS6B3</latexit><latexit sha1_base64="T7PyopfgZNHx/Ly3wR+1DqQ0apc=">AAACG3icbVDLSsNAFJ34rPVVdekmWASlWJIi6EYounFZwT6gqeVmemMHJ5MwMxFKyH+48VfcuFDEleDCv3HaZqHVA8OcOede7tzjx5wp7Thf1tz8wuLScmGluLq2vrFZ2tpuqSiRFJs04pHs+KCQM4FNzTTHTiwRQp9j27+7GPvte5SKReJaj2LshXArWMAoaCP1SzUPOe+nno8asrP8ATweQlbxAgk0PThyD29YZXKJLK1l/VLZqToT2H+Jm5MyydHolz68QUSTEIWmHJTquk6seylIzSjHrOglCmOgd3CLXUMFhKh66WS3zN43ysAOImmO0PZE/dmRQqjUKPRNZQh6qGa9sfif1010cNpLmYgTjYJOBwUJt3Vkj4OyB0wi1XxkCFDJzF9tOgSTiDZxFk0I7uzKf0mrVnWdqnt1XK6f53EUyC7ZIwfEJSekTi5JgzQJJQ/kibyQV+vRerberPdp6ZyV9+yQX7A+vwGiS6B3</latexit><latexit sha1_base64="T7PyopfgZNHx/Ly3wR+1DqQ0apc=">AAACG3icbVDLSsNAFJ34rPVVdekmWASlWJIi6EYounFZwT6gqeVmemMHJ5MwMxFKyH+48VfcuFDEleDCv3HaZqHVA8OcOede7tzjx5wp7Thf1tz8wuLScmGluLq2vrFZ2tpuqSiRFJs04pHs+KCQM4FNzTTHTiwRQp9j27+7GPvte5SKReJaj2LshXArWMAoaCP1SzUPOe+nno8asrP8ATweQlbxAgk0PThyD29YZXKJLK1l/VLZqToT2H+Jm5MyydHolz68QUSTEIWmHJTquk6seylIzSjHrOglCmOgd3CLXUMFhKh66WS3zN43ysAOImmO0PZE/dmRQqjUKPRNZQh6qGa9sfif1010cNpLmYgTjYJOBwUJt3Vkj4OyB0wi1XxkCFDJzF9tOgSTiDZxFk0I7uzKf0mrVnWdqnt1XK6f53EUyC7ZIwfEJSekTi5JgzQJJQ/kibyQV+vRerberPdp6ZyV9+yQX7A+vwGiS6B3</latexit>

` = `�
<latexit sha1_base64="IqzeesL0Vzq6xP8QULf1XiyiaYo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUQE3QhFNy4r2Ac0IUymN+3QySTMTJQS+yluXCji1i9x5984abPQ1gP3cjjnXubOCVPOlHacb2tldW19Y7OyVd3e2d3bt2sHHZVkkkKbJjyRvZAo4ExAWzPNoZdKIHHIoRuObwq/+wBSsUTc60kKfkyGgkWMEm2kwK55wPlV0YLcC0GTaWDXnYYzA14mbknqqEQrsL+8QUKzGISmnCjVd51U+zmRmlEO06qXKUgJHZMh9A0VJAbl57PTp/jEKAMcJdKU0Him/t7ISazUJA7NZEz0SC16hfif1890dOnnTKSZBkHnD0UZxzrBRQ54wCRQzSeGECqZuRXTEZGEapNW1YTgLn55mXTOGq7TcO/O683rMo4KOkLH6BS56AI10S1qoTai6BE9o1f0Zj1ZL9a79TEfXbHKnUP0B9bnD2R7lBM=</latexit><latexit sha1_base64="IqzeesL0Vzq6xP8QULf1XiyiaYo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUQE3QhFNy4r2Ac0IUymN+3QySTMTJQS+yluXCji1i9x5984abPQ1gP3cjjnXubOCVPOlHacb2tldW19Y7OyVd3e2d3bt2sHHZVkkkKbJjyRvZAo4ExAWzPNoZdKIHHIoRuObwq/+wBSsUTc60kKfkyGgkWMEm2kwK55wPlV0YLcC0GTaWDXnYYzA14mbknqqEQrsL+8QUKzGISmnCjVd51U+zmRmlEO06qXKUgJHZMh9A0VJAbl57PTp/jEKAMcJdKU0Him/t7ISazUJA7NZEz0SC16hfif1890dOnnTKSZBkHnD0UZxzrBRQ54wCRQzSeGECqZuRXTEZGEapNW1YTgLn55mXTOGq7TcO/O683rMo4KOkLH6BS56AI10S1qoTai6BE9o1f0Zj1ZL9a79TEfXbHKnUP0B9bnD2R7lBM=</latexit><latexit sha1_base64="IqzeesL0Vzq6xP8QULf1XiyiaYo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUQE3QhFNy4r2Ac0IUymN+3QySTMTJQS+yluXCji1i9x5984abPQ1gP3cjjnXubOCVPOlHacb2tldW19Y7OyVd3e2d3bt2sHHZVkkkKbJjyRvZAo4ExAWzPNoZdKIHHIoRuObwq/+wBSsUTc60kKfkyGgkWMEm2kwK55wPlV0YLcC0GTaWDXnYYzA14mbknqqEQrsL+8QUKzGISmnCjVd51U+zmRmlEO06qXKUgJHZMh9A0VJAbl57PTp/jEKAMcJdKU0Him/t7ISazUJA7NZEz0SC16hfif1890dOnnTKSZBkHnD0UZxzrBRQ54wCRQzSeGECqZuRXTEZGEapNW1YTgLn55mXTOGq7TcO/O683rMo4KOkLH6BS56AI10S1qoTai6BE9o1f0Zj1ZL9a79TEfXbHKnUP0B9bnD2R7lBM=</latexit><latexit sha1_base64="IqzeesL0Vzq6xP8QULf1XiyiaYo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUQE3QhFNy4r2Ac0IUymN+3QySTMTJQS+yluXCji1i9x5984abPQ1gP3cjjnXubOCVPOlHacb2tldW19Y7OyVd3e2d3bt2sHHZVkkkKbJjyRvZAo4ExAWzPNoZdKIHHIoRuObwq/+wBSsUTc60kKfkyGgkWMEm2kwK55wPlV0YLcC0GTaWDXnYYzA14mbknqqEQrsL+8QUKzGISmnCjVd51U+zmRmlEO06qXKUgJHZMh9A0VJAbl57PTp/jEKAMcJdKU0Him/t7ISazUJA7NZEz0SC16hfif1890dOnnTKSZBkHnD0UZxzrBRQ54wCRQzSeGECqZuRXTEZGEapNW1YTgLn55mXTOGq7TcO/O683rMo4KOkLH6BS56AI10S1qoTai6BE9o1f0Zj1ZL9a79TEfXbHKnUP0B9bnD2R7lBM=</latexit>

`↵
<latexit sha1_base64="0KhS+Bu0DxGS+BwwtmSRsEzS82E=">AAAB9HicbVDLSgMxFM34rPVVdekmWARXQ1KstruiG5cV7AM6Q8mkmTY0kxmTTKEM/Q43LhRx68e4829M21lo9cCFwzn3cu89QSK4Ngh9OWvrG5tb24Wd4u7e/sFh6ei4reNUUdaisYhVNyCaCS5Zy3AjWDdRjESBYJ1gfDv3OxOmNI/lg5kmzI/IUPKQU2Ks5HtMiH7mEZGMyKxfKiO3inD9CkPkVqqoXkOWoAUgzkkZ5Gj2S5/eIKZpxKShgmjdwygxfkaU4VSwWdFLNUsIHZMh61kqScS0ny2OnsFzqwxgGCtb0sCF+nMiI5HW0yiwnRExI73qzcX/vF5qwpqfcZmkhkm6XBSmApoYzhOAA64YNWJqCaGK21shHRFFqLE5FW0IePXlv6RdcTFy8f1luXGTx1EAp+AMXAAMrkED3IEmaAEKHsETeAGvzsR5dt6c92XrmpPPnIBfcD6+AV77knw=</latexit><latexit sha1_base64="0KhS+Bu0DxGS+BwwtmSRsEzS82E=">AAAB9HicbVDLSgMxFM34rPVVdekmWARXQ1KstruiG5cV7AM6Q8mkmTY0kxmTTKEM/Q43LhRx68e4829M21lo9cCFwzn3cu89QSK4Ngh9OWvrG5tb24Wd4u7e/sFh6ei4reNUUdaisYhVNyCaCS5Zy3AjWDdRjESBYJ1gfDv3OxOmNI/lg5kmzI/IUPKQU2Ks5HtMiH7mEZGMyKxfKiO3inD9CkPkVqqoXkOWoAUgzkkZ5Gj2S5/eIKZpxKShgmjdwygxfkaU4VSwWdFLNUsIHZMh61kqScS0ny2OnsFzqwxgGCtb0sCF+nMiI5HW0yiwnRExI73qzcX/vF5qwpqfcZmkhkm6XBSmApoYzhOAA64YNWJqCaGK21shHRFFqLE5FW0IePXlv6RdcTFy8f1luXGTx1EAp+AMXAAMrkED3IEmaAEKHsETeAGvzsR5dt6c92XrmpPPnIBfcD6+AV77knw=</latexit><latexit sha1_base64="0KhS+Bu0DxGS+BwwtmSRsEzS82E=">AAAB9HicbVDLSgMxFM34rPVVdekmWARXQ1KstruiG5cV7AM6Q8mkmTY0kxmTTKEM/Q43LhRx68e4829M21lo9cCFwzn3cu89QSK4Ngh9OWvrG5tb24Wd4u7e/sFh6ei4reNUUdaisYhVNyCaCS5Zy3AjWDdRjESBYJ1gfDv3OxOmNI/lg5kmzI/IUPKQU2Ks5HtMiH7mEZGMyKxfKiO3inD9CkPkVqqoXkOWoAUgzkkZ5Gj2S5/eIKZpxKShgmjdwygxfkaU4VSwWdFLNUsIHZMh61kqScS0ny2OnsFzqwxgGCtb0sCF+nMiI5HW0yiwnRExI73qzcX/vF5qwpqfcZmkhkm6XBSmApoYzhOAA64YNWJqCaGK21shHRFFqLE5FW0IePXlv6RdcTFy8f1luXGTx1EAp+AMXAAMrkED3IEmaAEKHsETeAGvzsR5dt6c92XrmpPPnIBfcD6+AV77knw=</latexit><latexit sha1_base64="0KhS+Bu0DxGS+BwwtmSRsEzS82E=">AAAB9HicbVDLSgMxFM34rPVVdekmWARXQ1KstruiG5cV7AM6Q8mkmTY0kxmTTKEM/Q43LhRx68e4829M21lo9cCFwzn3cu89QSK4Ngh9OWvrG5tb24Wd4u7e/sFh6ei4reNUUdaisYhVNyCaCS5Zy3AjWDdRjESBYJ1gfDv3OxOmNI/lg5kmzI/IUPKQU2Ks5HtMiH7mEZGMyKxfKiO3inD9CkPkVqqoXkOWoAUgzkkZ5Gj2S5/eIKZpxKShgmjdwygxfkaU4VSwWdFLNUsIHZMh61kqScS0ny2OnsFzqwxgGCtb0sCF+nMiI5HW0yiwnRExI73qzcX/vF5qwpqfcZmkhkm6XBSmApoYzhOAA64YNWJqCaGK21shHRFFqLE5FW0IePXlv6RdcTFy8f1luXGTx1EAp+AMXAAMrkED3IEmaAEKHsETeAGvzsR5dt6c92XrmpPPnIBfcD6+AV77knw=</latexit>

a
<latexit sha1_base64="9exCotMHAD9MmNsirYKDG5VO+3E=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzUYP1CkbhlQqtXFBO3VCbVCrGELIBpRoooQ71f+OwNYp6GEBkumdZdShLjTZkygkuY5XuphoTxMRtC19KIhaC96eLQGT63ygAHsbIVGbxQf05MWaj1JPRtZ8jMSK96c/E/r5uaoOJNRZSkBiK+XBSkEpsYz7/GA6GAGzmxhHEl7K2Yj5hi3Nhs8jYEuvryX9IquZS4tHFZrN1kceTQKTpDF4iia1RDd6iOmogjQE/oBb06D86z8+a8L1vXnGzmBP2C8/ENBr6NEw==</latexit><latexit sha1_base64="9exCotMHAD9MmNsirYKDG5VO+3E=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzUYP1CkbhlQqtXFBO3VCbVCrGELIBpRoooQ71f+OwNYp6GEBkumdZdShLjTZkygkuY5XuphoTxMRtC19KIhaC96eLQGT63ygAHsbIVGbxQf05MWaj1JPRtZ8jMSK96c/E/r5uaoOJNRZSkBiK+XBSkEpsYz7/GA6GAGzmxhHEl7K2Yj5hi3Nhs8jYEuvryX9IquZS4tHFZrN1kceTQKTpDF4iia1RDd6iOmogjQE/oBb06D86z8+a8L1vXnGzmBP2C8/ENBr6NEw==</latexit><latexit sha1_base64="9exCotMHAD9MmNsirYKDG5VO+3E=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzUYP1CkbhlQqtXFBO3VCbVCrGELIBpRoooQ71f+OwNYp6GEBkumdZdShLjTZkygkuY5XuphoTxMRtC19KIhaC96eLQGT63ygAHsbIVGbxQf05MWaj1JPRtZ8jMSK96c/E/r5uaoOJNRZSkBiK+XBSkEpsYz7/GA6GAGzmxhHEl7K2Yj5hi3Nhs8jYEuvryX9IquZS4tHFZrN1kceTQKTpDF4iia1RDd6iOmogjQE/oBb06D86z8+a8L1vXnGzmBP2C8/ENBr6NEw==</latexit><latexit sha1_base64="9exCotMHAD9MmNsirYKDG5VO+3E=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzUYP1CkbhlQqtXFBO3VCbVCrGELIBpRoooQ71f+OwNYp6GEBkumdZdShLjTZkygkuY5XuphoTxMRtC19KIhaC96eLQGT63ygAHsbIVGbxQf05MWaj1JPRtZ8jMSK96c/E/r5uaoOJNRZSkBiK+XBSkEpsYz7/GA6GAGzmxhHEl7K2Yj5hi3Nhs8jYEuvryX9IquZS4tHFZrN1kceTQKTpDF4iia1RDd6iOmogjQE/oBb06D86z8+a8L1vXnGzmBP2C8/ENBr6NEw==</latexit>

`�
<latexit sha1_base64="AIySeh46q11l0nhZiO7Ro3wPRH4=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8LTPBaHILevEYwTwgu4TZSScZMvtgZlYIS37DiwdFvPoz3vwbJ8keNFrQUFR1090VJFJoQ8iXs7a+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6AdMgRQQtI4yEbqKAhYGETjC5nfudR1BaxNGDmSbgh2wUiaHgzFjJ80DKfuYFYNisXyoTt0po/Ypi4laqpF4jlpAFMM1JGeVo9kuf3iDmaQiR4ZJp3aMkMX7GlBFcwqzopRoSxidsBD1LIxaC9rPFzTN8bpUBHsbKVmTwQv05kbFQ62kY2M6QmbFe9ebif14vNcOan4koSQ1EfLlomEpsYjwPAA+EAm7k1BLGlbC3Yj5minFjYyraEOjqy39Ju+JS4tL7y3LjJo+jgE7RGbpAFF2jBrpDTdRCHCXoCb2gVyd1np03533ZuubkMyfoF5yPb5Rlkgg=</latexit><latexit sha1_base64="AIySeh46q11l0nhZiO7Ro3wPRH4=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8LTPBaHILevEYwTwgu4TZSScZMvtgZlYIS37DiwdFvPoz3vwbJ8keNFrQUFR1090VJFJoQ8iXs7a+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6AdMgRQQtI4yEbqKAhYGETjC5nfudR1BaxNGDmSbgh2wUiaHgzFjJ80DKfuYFYNisXyoTt0po/Ypi4laqpF4jlpAFMM1JGeVo9kuf3iDmaQiR4ZJp3aMkMX7GlBFcwqzopRoSxidsBD1LIxaC9rPFzTN8bpUBHsbKVmTwQv05kbFQ62kY2M6QmbFe9ebif14vNcOan4koSQ1EfLlomEpsYjwPAA+EAm7k1BLGlbC3Yj5minFjYyraEOjqy39Ju+JS4tL7y3LjJo+jgE7RGbpAFF2jBrpDTdRCHCXoCb2gVyd1np03533ZuubkMyfoF5yPb5Rlkgg=</latexit><latexit sha1_base64="AIySeh46q11l0nhZiO7Ro3wPRH4=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8LTPBaHILevEYwTwgu4TZSScZMvtgZlYIS37DiwdFvPoz3vwbJ8keNFrQUFR1090VJFJoQ8iXs7a+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6AdMgRQQtI4yEbqKAhYGETjC5nfudR1BaxNGDmSbgh2wUiaHgzFjJ80DKfuYFYNisXyoTt0po/Ypi4laqpF4jlpAFMM1JGeVo9kuf3iDmaQiR4ZJp3aMkMX7GlBFcwqzopRoSxidsBD1LIxaC9rPFzTN8bpUBHsbKVmTwQv05kbFQ62kY2M6QmbFe9ebif14vNcOan4koSQ1EfLlomEpsYjwPAA+EAm7k1BLGlbC3Yj5minFjYyraEOjqy39Ju+JS4tL7y3LjJo+jgE7RGbpAFF2jBrpDTdRCHCXoCb2gVyd1np03533ZuubkMyfoF5yPb5Rlkgg=</latexit><latexit sha1_base64="AIySeh46q11l0nhZiO7Ro3wPRH4=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8LTPBaHILevEYwTwgu4TZSScZMvtgZlYIS37DiwdFvPoz3vwbJ8keNFrQUFR1090VJFJoQ8iXs7a+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6AdMgRQQtI4yEbqKAhYGETjC5nfudR1BaxNGDmSbgh2wUiaHgzFjJ80DKfuYFYNisXyoTt0po/Ypi4laqpF4jlpAFMM1JGeVo9kuf3iDmaQiR4ZJp3aMkMX7GlBFcwqzopRoSxidsBD1LIxaC9rPFzTN8bpUBHsbKVmTwQv05kbFQ62kY2M6QmbFe9ebif14vNcOan4koSQ1EfLlomEpsYjwPAA+EAm7k1BLGlbC3Yj5minFjYyraEOjqy39Ju+JS4tL7y3LjJo+jgE7RGbpAFF2jBrpDTdRCHCXoCb2gVyd1np03533ZuubkMyfoF5yPb5Rlkgg=</latexit>

b
<latexit sha1_base64="Qao3mlRZzmCoiuf+knCumNqC+IA=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzU8PuFInHLhFavKCZuqUyqFWIJWQDTjBRRhnq/8NkbxDwNITJcMq27lCTGmzJlBJcwy/dSDQnjYzaErqURC0F708WhM3xulQEOYmUrMnih/pyYslDrSejbzpCZkV715uJ/Xjc1QcWbiihJDUR8uShIJTYxnn+NB0IBN3JiCeNK2FsxHzHFuLHZ5G0IdPXlv6RVcilxaeOyWLvJ4sihU3SGLhBF16iG7lAdNRFHgJ7QC3p1Hpxn5815X7auOdnMCfoF5+MbCEKNFA==</latexit><latexit sha1_base64="Qao3mlRZzmCoiuf+knCumNqC+IA=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzU8PuFInHLhFavKCZuqUyqFWIJWQDTjBRRhnq/8NkbxDwNITJcMq27lCTGmzJlBJcwy/dSDQnjYzaErqURC0F708WhM3xulQEOYmUrMnih/pyYslDrSejbzpCZkV715uJ/Xjc1QcWbiihJDUR8uShIJTYxnn+NB0IBN3JiCeNK2FsxHzHFuLHZ5G0IdPXlv6RVcilxaeOyWLvJ4sihU3SGLhBF16iG7lAdNRFHgJ7QC3p1Hpxn5815X7auOdnMCfoF5+MbCEKNFA==</latexit><latexit sha1_base64="Qao3mlRZzmCoiuf+knCumNqC+IA=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzU8PuFInHLhFavKCZuqUyqFWIJWQDTjBRRhnq/8NkbxDwNITJcMq27lCTGmzJlBJcwy/dSDQnjYzaErqURC0F708WhM3xulQEOYmUrMnih/pyYslDrSejbzpCZkV715uJ/Xjc1QcWbiihJDUR8uShIJTYxnn+NB0IBN3JiCeNK2FsxHzHFuLHZ5G0IdPXlv6RVcilxaeOyWLvJ4sihU3SGLhBF16iG7lAdNRFHgJ7QC3p1Hpxn5815X7auOdnMCfoF5+MbCEKNFA==</latexit><latexit sha1_base64="Qao3mlRZzmCoiuf+knCumNqC+IA=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzU8PuFInHLhFavKCZuqUyqFWIJWQDTjBRRhnq/8NkbxDwNITJcMq27lCTGmzJlBJcwy/dSDQnjYzaErqURC0F708WhM3xulQEOYmUrMnih/pyYslDrSejbzpCZkV715uJ/Xjc1QcWbiihJDUR8uShIJTYxnn+NB0IBN3JiCeNK2FsxHzHFuLHZ5G0IdPXlv6RVcilxaeOyWLvJ4sihU3SGLhBF16iG7lAdNRFHgJ7QC3p1Hpxn5815X7auOdnMCfoF5+MbCEKNFA==</latexit>

i
<latexit sha1_base64="iXvcBhf7MlAeP51xLGJQfA5Dx4g=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzUEP1CkbhlQqtXFBO3VCbVCrGELIBpRoooQ71f+OwNYp6GEBkumdZdShLjTZkygkuY5XuphoTxMRtC19KIhaC96eLQGT63ygAHsbIVGbxQf05MWaj1JPRtZ8jMSK96c/E/r5uaoOJNRZSkBiK+XBSkEpsYz7/GA6GAGzmxhHEl7K2Yj5hi3Nhs8jYEuvryX9IquZS4tHFZrN1kceTQKTpDF4iia1RDd6iOmogjQE/oBb06D86z8+a8L1vXnGzmBP2C8/ENEt6NGw==</latexit><latexit sha1_base64="iXvcBhf7MlAeP51xLGJQfA5Dx4g=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzUEP1CkbhlQqtXFBO3VCbVCrGELIBpRoooQ71f+OwNYp6GEBkumdZdShLjTZkygkuY5XuphoTxMRtC19KIhaC96eLQGT63ygAHsbIVGbxQf05MWaj1JPRtZ8jMSK96c/E/r5uaoOJNRZSkBiK+XBSkEpsYz7/GA6GAGzmxhHEl7K2Yj5hi3Nhs8jYEuvryX9IquZS4tHFZrN1kceTQKTpDF4iia1RDd6iOmogjQE/oBb06D86z8+a8L1vXnGzmBP2C8/ENEt6NGw==</latexit><latexit sha1_base64="iXvcBhf7MlAeP51xLGJQfA5Dx4g=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzUEP1CkbhlQqtXFBO3VCbVCrGELIBpRoooQ71f+OwNYp6GEBkumdZdShLjTZkygkuY5XuphoTxMRtC19KIhaC96eLQGT63ygAHsbIVGbxQf05MWaj1JPRtZ8jMSK96c/E/r5uaoOJNRZSkBiK+XBSkEpsYz7/GA6GAGzmxhHEl7K2Yj5hi3Nhs8jYEuvryX9IquZS4tHFZrN1kceTQKTpDF4iia1RDd6iOmogjQE/oBb06D86z8+a8L1vXnGzmBP2C8/ENEt6NGw==</latexit><latexit sha1_base64="iXvcBhf7MlAeP51xLGJQfA5Dx4g=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzUEP1CkbhlQqtXFBO3VCbVCrGELIBpRoooQ71f+OwNYp6GEBkumdZdShLjTZkygkuY5XuphoTxMRtC19KIhaC96eLQGT63ygAHsbIVGbxQf05MWaj1JPRtZ8jMSK96c/E/r5uaoOJNRZSkBiK+XBSkEpsYz7/GA6GAGzmxhHEl7K2Yj5hi3Nhs8jYEuvryX9IquZS4tHFZrN1kceTQKTpDF4iia1RDd6iOmogjQE/oBb06D86z8+a8L1vXnGzmBP2C8/ENEt6NGw==</latexit> <̀latexit sha1_base64="M1Fd41nBsZg0DDcfsdF+8mXdczY=">AAAB63icbVDLSgMxFM34rPVVdekmWARXQ1KstruiG5cV7APaoWTSTBuaZIYkI5TSX3DjQhG3/pA7/8ZMOwutHrhwOOde7r0nTAQ3FqEvb219Y3Nru7BT3N3bPzgsHR23TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt5nfeWTa8Fg92GnCAklGikecEptJfSbEoFRGfhXh+hWGyK9UUb2GHEELQJyTMsjRHJQ++8OYppIpSwUxpodRYoMZ0ZZTwebFfmpYQuiEjFjPUUUkM8FscescnjtlCKNYu1IWLtSfEzMijZnK0HVKYsdm1cvE/7xeaqNaMOMqSS1TdLkoSgW0Mcweh0OuGbVi6gihmrtbIR0TTah18RRdCHj15b+kXfEx8vH9Zblxk8dRAKfgDFwADK5BA9yBJmgBCsbgCbyAV096z96b975sXfPymRPwC97HN1C4jmk=</latexit><latexit sha1_base64="M1Fd41nBsZg0DDcfsdF+8mXdczY=">AAAB63icbVDLSgMxFM34rPVVdekmWARXQ1KstruiG5cV7APaoWTSTBuaZIYkI5TSX3DjQhG3/pA7/8ZMOwutHrhwOOde7r0nTAQ3FqEvb219Y3Nru7BT3N3bPzgsHR23TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt5nfeWTa8Fg92GnCAklGikecEptJfSbEoFRGfhXh+hWGyK9UUb2GHEELQJyTMsjRHJQ++8OYppIpSwUxpodRYoMZ0ZZTwebFfmpYQuiEjFjPUUUkM8FscescnjtlCKNYu1IWLtSfEzMijZnK0HVKYsdm1cvE/7xeaqNaMOMqSS1TdLkoSgW0Mcweh0OuGbVi6gihmrtbIR0TTah18RRdCHj15b+kXfEx8vH9Zblxk8dRAKfgDFwADK5BA9yBJmgBCsbgCbyAV096z96b975sXfPymRPwC97HN1C4jmk=</latexit><latexit sha1_base64="M1Fd41nBsZg0DDcfsdF+8mXdczY=">AAAB63icbVDLSgMxFM34rPVVdekmWARXQ1KstruiG5cV7APaoWTSTBuaZIYkI5TSX3DjQhG3/pA7/8ZMOwutHrhwOOde7r0nTAQ3FqEvb219Y3Nru7BT3N3bPzgsHR23TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt5nfeWTa8Fg92GnCAklGikecEptJfSbEoFRGfhXh+hWGyK9UUb2GHEELQJyTMsjRHJQ++8OYppIpSwUxpodRYoMZ0ZZTwebFfmpYQuiEjFjPUUUkM8FscescnjtlCKNYu1IWLtSfEzMijZnK0HVKYsdm1cvE/7xeaqNaMOMqSS1TdLkoSgW0Mcweh0OuGbVi6gihmrtbIR0TTah18RRdCHj15b+kXfEx8vH9Zblxk8dRAKfgDFwADK5BA9yBJmgBCsbgCbyAV096z96b975sXfPymRPwC97HN1C4jmk=</latexit><latexit sha1_base64="M1Fd41nBsZg0DDcfsdF+8mXdczY=">AAAB63icbVDLSgMxFM34rPVVdekmWARXQ1KstruiG5cV7APaoWTSTBuaZIYkI5TSX3DjQhG3/pA7/8ZMOwutHrhwOOde7r0nTAQ3FqEvb219Y3Nru7BT3N3bPzgsHR23TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt5nfeWTa8Fg92GnCAklGikecEptJfSbEoFRGfhXh+hWGyK9UUb2GHEELQJyTMsjRHJQ++8OYppIpSwUxpodRYoMZ0ZZTwebFfmpYQuiEjFjPUUUkM8FscescnjtlCKNYu1IWLtSfEzMijZnK0HVKYsdm1cvE/7xeaqNaMOMqSS1TdLkoSgW0Mcweh0OuGbVi6gihmrtbIR0TTah18RRdCHj15b+kXfEx8vH9Zblxk8dRAKfgDFwADK5BA9yBJmgBCsbgCbyAV096z96b975sXfPymRPwC97HN1C4jmk=</latexit>
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from B. Buyens

symmetric MPS has block structure

a maximum bond 
dimension per block

`� = `↵ +
(�1)i + (�1)n
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Buyens et al PRD 95 (2017) 094509

decay of Schmidt values required D towards cont

D increases as x1/2



THERMAL EQUILIBRIUM



THERMAL PROPERTIES WITH MPO

⇢th(�) = e�
�
2 H1e�

�
2 H

hOith = tr(Oe
� �

2 H1e�
�
2 H)

�th(�)

combining real time 
evolution can compute 

thermal response 
functions

Barthel, NJP 2013
Karrasch et al NJP 2013 alternative method: METTS

White, PRL 2009
Binder, Barthel, PRB 2015



PRD 92, 034519 (2015); PRD93, 094512 (2016)

THERMAL PROPERTIES WITH MPO

m/g chiral condensate as a function of 
temperature, in the continuum x��

extrapolation

finite-size

x��

Scan parameters; perform extrapolations for each �

convergence
D D � [80, 160]

N (up to ~800)N �
�

x

� sufficiently small for resolution

x x � [9, 1024]

Buyens PRD 94, 085018 (2016)



THERMAL PROPERTIES SCHWINGER
chiral condensate at finite T: analytical for m/g=0

smooth 
restoration of 
chiral symmetry

Sachs, Wipf 92
�
g

T � 0
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gβ
PRD 92, 034519 (2015); PRD 93, 094512 (2016)

T ��

Buyens PRD 94, 085018 (2016)



REAL TIME



Reliable for moderate times, or in some 
setups

Useful for quantum simulation 
S. Kühn et al., Phys. Rev. A 90, 042305 (2014)

S. Kühn et al., JHEP 07 (2015) 130 
Buyens et al., PRL 2014; PRX 2016

Rico et al., PRL 2014; NJP 2014; PRX 2016

No full continuum extrapolation yet, but results 
near the continuum limit

BASIC EVOLUTION ALGORITHMS



QUENCH SCENARIO

B. Buyens et al, PRD96, 114501 (2017)

Interacting vacuum (TI)

switch on background electric field ! 
⇒ pair production

iTEBD evolution



QUENCH SCENARIO

B. Buyens et al, PRD96, 114501 (2017)

Interacting vacuum (TI)

switch on background electric field ! 
⇒ pair production

iTEBD evolution

weak field



QUENCH SCENARIO

B. Buyens et al, PRD96, 114501 (2017)

Interacting vacuum (TI)

switch on background electric field ! 
⇒ pair production

iTEBD evolution

strong field



BEYOND SCHWINGER
CHEMICAL POTENTIAL: 

OVERCOMING THE SIGN PROBLEM



FINITE DENSITY WITH MPS

S. Kuehn et al, PRL118 (2017) 071601

Several fermion flavors, different chemical potentials
ground state density changes (first order PT)
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BEYOND SCHWINGER
NON-ABELIAN 1D 

MODELS



SU(2) MODEL

H =
1

2a

X

n,b,c

⇣
�
b
n
†
U

bc
n �

c
n+1 + h.c.

⌘
+m

X

n,b

(�1)n�b
n
†
�
b
n +

ag
2

2

X

n

J2
n

plus non-Abelian Gauss’ Law
G⌫

n = L⌫
n �R⌫

n�1 �Q⌫
n,

G⌫
n| physi = 0

a proper tensor product basis for MPS…

Kogut-Susskind ‘75

SU(2) matrices

Q⌫
n =

X

bc

1

2
�b
n
†
�⌫
bc�

c
n

| . . . n1n2 n1n2 . . .ij``0

truncate gauge dof
integrate out gauge

also P. Sala et al, PRB 98, 034505 (2018)



ENTROPY



SU(2) MODEL
Entropy can be efficiently computed from MPS state

gauge constraints not purely local ⇒ not all entropy physical

j

Gosh et al JHEP 2015
 Soni, Trivedi JHEP 2016

van Acoleyen et al PRL 2016

S(⇢) = �
X

j

pj log2(pj) +
X

j

pj log2(2j + 1) +
X

j

pjS(⇢̄j)

Srepr SdistSclass
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SU(2) MODEL
Entropy can be efficiently computed from MPS state

gauge constraints not purely local ⇒ not all entropy physical

Gosh et al JHEP 2015
 Soni, Trivedi JHEP 2016

van Acoleyen et al PRL 2016

S(⇢) = �
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pj log2(pj) +
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pj log2(2j + 1) +
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SU(2)

PRX7, 041046 (2017)

Entropy can be efficiently computed from MPS state
gauge constraints not purely local ⇒ not all entropy physical

Casini et al 2014; Gosh et al JHEP 2015
 Soni, Trivedi JHEP 2016; van Acoleyen et al PRL 2016

divergence in the continuum limit

S / c

6
log2

⇠

a
Calabrese, Cardy JStatMech 2004

Buyens PRX6, 041040 (2016)
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earlier for Schwinger



BEYOND 1D



Tagliacozzo et al PRX 2014
 Haegeman et al PRX 2014
Zohar et al Ann Phys 2015

explicitly gauge invariant PEPS
restricted ansatz calculations

PEPS FOR 2+1 D LGT

also Gaussian PEPS Zohar, Cirac PRD 2018
Emonts et. al., PRD 102, 074501 (2020)

standard PEPS toolbox contains all ingredients 
for full variational computation

Zapp, Orús PRD 2017

some results with other TNS Tagliacozzo, Vidal PRB 2011
Felser et al. PRX 2020

Magnifico et al. 2011.10658

computational cost, required D

plaquette terms



computational cost, required D

plaquette terms

PEPS FOR LGT

great recent progress Corboz PRB94, 035133 (2016)
Vanderstraeten et al. PRB 94, 155123 (2016)

Corboz PRB93, 045116 (2016)
PRL 113, 046402 (2014)

outperform other methods

optimizing four tensors at 
once ⇒ much larger cost

Dusuel et al. PRL 2011
Schulz et al. NJP 2012



can also be used to impose Gauss’ law

A NEW STRATEGY

incorporate in iPEPS imaginary time evolution

plaquette terms reduced to nearest neighbour 
at the cost of introducing ancillary dof

generalizes a strategy proposed for digital quantum 
simulation Zohar et al. PRL 118, 070501 (2017);

PRA 95, 023604 (2017); JPA 50, 085301(2017)

use it to study the phase diagram of Z3 pure 
LGT

D. Robaina, MCB, J. I. Cirac, PRL126, 050401 (2021)



Z3 LGT MODEL



Z3 LGT

<latexit sha1_base64="IQltPSFYS9vyLKWqITs9RDsBf00=">AAACHHicbZBNS8NAEIY3ftb6VfXoZbEInkpSFb0IRRE8KlgVmho220ld3E3C7kQsIT/Ei3/FiwdFvHgQ/Dduaw5+vbDw8M4Ms/OGqRQGXffDGRufmJyarsxUZ+fmFxZrS8tnJsk0hzZPZKIvQmZAihjaKFDCRaqBqVDCeXh9MKyf34A2IolPcZBCV7F+LCLBGVorqG0eBT7CLWqVHxZ0j/qRZjzvXzaLvFlQ32QqyH2QsqCHl80Sg1rdbbgj0b/glVAnpY6D2pvfS3imIEYumTEdz02xmzONgksoqn5mIGX8mvWhYzFmCkw3Hx1X0HXr9GiUaPtipCP3+0TOlDEDFdpOxfDK/K4Nzf9qnQyj3W4u4jRDiPnXoiiTFBM6TIr2hAaOcmCBcS3sXym/YjYetHlWbQje75P/wlmz4W033JOtemu/jKNCVska2SAe2SEtckSOSZtwckceyBN5du6dR+fFef1qHXPKmRXyQ877J7kuocU=</latexit>

HE =
g
2

2

X

`

E
2
`

<latexit sha1_base64="9+4DUpfklqXcSQ2DHDZUDxwSM9M=">AAAB/nicbVDLSsNAFJ34rPUVFVduBosgCCURRTdCUYQsK9gHNCFMppN26MwkzkyEEgr+ihsXirj1O9z5N07bLLT1wIXDOfdy7z1RyqjSjvNtLSwuLa+sltbK6xubW9v2zm5TJZnEpIETlsh2hBRhVJCGppqRdioJ4hEjrWhwM/Zbj0Qqmoh7PUxJwFFP0JhipI0U2vvelRfmvuTwdnTihb56yJAkoV1xqs4EcJ64BamAAvXQ/vK7Cc44ERozpFTHdVId5EhqihkZlf1MkRThAeqRjqECcaKCfHL+CB4ZpQvjRJoSGk7U3xM54koNeWQ6OdJ9NeuNxf+8TqbjyyCnIs00EXi6KM4Y1AkcZwG7VBKs2dAQhCU1t0LcRxJhbRIrmxDc2ZfnSfO06p5XnbuzSu26iKMEDsAhOAYuuAA14IE6aAAMcvAMXsGb9WS9WO/Wx7R1wSpm9sAfWJ8/N6WVBA==</latexit>

H = HE +H⇤

<latexit sha1_base64="6u3zw5w3E4ccWVuMzIjiSpOj26M=">AAACAHicbZDLSgMxFIbPeK31VnXhwk2wCK7KjCi6EYoiuKxgL9AOJZOetqGZzJBkhDLtxldx40IRtz6GO9/G9CJo6w+Bj/+cw8n5g1hwbVz3y1lYXFpeWc2sZdc3Nre2czu7FR0limGZRSJStYBqFFxi2XAjsBYrpGEgsBr0rkf16gMqzSN5b/ox+iHtSN7mjBprNXP7NwOCDUVlR+AlwcEPN3N5t+CORebBm0Iepio1c5+NVsSSEKVhgmpd99zY+ClVhjOBw2wj0RhT1qMdrFuUNETtp+MDhuTIOi3SjpR90pCx+3sipaHW/TCwnSE1XT1bG5n/1eqJaV/4KZdxYlCyyaJ2IoiJyCgN0uIKmRF9C5Qpbv9KWJcqyozNLGtD8GZPnofKScE7K7h3p/ni1TSODBzAIRyDB+dQhFsoQRkYDOEJXuDVeXSenTfnfdK64Exn9uCPnI9vMoGWKA==</latexit>

E|ei = e|ei
<latexit sha1_base64="k5kWyCmeizCawHy+vReHVGzBB/I=">AAAB+HicbVDLSgNBEOz1GeMjUY9eBoPgIYZdUfQY9OIxgnlANoTZSScZMju7zMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3BbHg2rjut7Oyura+sZnbym/v7O4VivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqd+8xGV5pF8MOMYOyEdSN7njBordYsFJD6Xfnrmld2y50+6xZJbcWcgy8TLSAky1LrFL78XsSREaZigWrc9NzadlCrDmcBJ3k80xpSN6ADblkoaou6ks8Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9607KZZwYlGy+qJ8IYiIyTYH0uEJmxNgSyhS3txI2pIoyY7PK2xC8xZeXSeO84l1W3PuLUvUmiyMHR3AMp+DBFVThDmpQBwYJPMMrvDlPzovz7nzMW1ecbOYQ/sD5/AGgKZHE</latexit>

e 2 {�1, 0, 1}

<latexit sha1_base64="pRhGs4XKCiLowW6CDEJiD5Hygak=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSa2wWYhFN24rGgf0IYymUzaoZNJmJkIpfQT3LhQxK1f5M6/cdJWUNEDFw7n3Mu99wQpZ0oj9GEVVlbX1jeKm6Wt7Z3dvfL+QVslmSS0RRKeyG6AFeVM0JZmmtNuKimOA047wfgq9zv3VCqWiDs9Sakf46FgESNYG+k2vKgOyhVkI9dzHQSR7SLHq+bE8+o114WOjeaogCWag/J7P0xIFlOhCcdK9RyUan+KpWaE01mpnymaYjLGQ9ozVOCYKn86P3UGT4wSwiiRpoSGc/X7xBTHSk3iwHTGWI/Uby8X//J6mY7q/pSJNNNUkMWiKONQJzD/G4ZMUqL5xBBMJDO3QjLCEhNt0imZEL4+hf+T9pntuDa6qVUal8s4iuAIHINT4IBz0ADXoAlagIAheABP4Nni1qP1Yr0uWgvWcuYQ/ID19gkuNY2+</latexit>

d = 3
<latexit sha1_base64="/nST6CCE3NzMqDDcMLwyCwx+ljs=">AAAB8HicdVDLSgNBEJz1GeMr6tHLYBA8LbOaxeQW9OIxgnlIsoTZSScZMju7zMwKYc1XePGgiFc/x5t/4+QhqGhBQ1HVTXdXmAiuDSEfztLyyuraem4jv7m1vbNb2Ntv6DhVDOosFrFqhVSD4BLqhhsBrUQBjUIBzXB0OfWbd6A0j+WNGScQRHQgeZ8zaqx0ew8dReVAQLdQJC7xK75HMHF94lXOpqRSKZd8H3sumaGIFqh1C++dXszSCKRhgmrd9khigowqw5mASb6TakgoG9EBtC2VNAIdZLODJ/jYKj3cj5UtafBM/T6R0UjrcRTazoiaof7tTcW/vHZq+uUg4zJJDUg2X9RPBTYxnn6Pe1wBM2JsCWWK21sxG1JFmbEZ5W0IX5/i/0nj1PV8l1yXitWLRRw5dIiO0Any0DmqoitUQ3XEUIQe0BN6dpTz6Lw4r/PWJWcxc4B+wHn7BHiekNw=</latexit>

|ei

<latexit sha1_base64="NleojUe2jl7io8VkeCNgsBnfBog="></latexit>

H⇤ = � 1

2g2

X

⇤
UP + U

†
P

<latexit sha1_base64="TDrw3oT05osiaP2xvsG5vQtxa6Q=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZlVo/EW9OIxATcJJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42QTQUULGoqqbrq7/ERwpQn5sApLyyura8X10sbm1vZOeXevpeJUMnBZLGLZ8akCwSNwNdcCOokEGvoC2v74eua370EqHke3epKAF9JhxAPOqDZS0+2XK8SuEufynGBikxw5qTmnDnYWSgUt0OiX33uDmKUhRJoJqlTXIYn2Mio1ZwKmpV6qIKFsTIfQNTSiISgvyw+d4iOjDHAQS1ORxrn6fSKjoVKT0DedIdUj9dubiX953VQHNS/jUZJqiNh8UZAKrGM8+xoPuASmxcQQyiQ3t2I2opIybbIpmRC+PsX/k9aJ7VRt0jyr1K8WcRTRATpEx8hBF6iOblADuYghQA/oCT1bd9aj9WK9zlsL1mJmH/2A9fYJ4/iM/w==</latexit>

U

<latexit sha1_base64="gZKHzRhO9NjmMr7H/4CbtR/3w7s=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9io1XorevFYwbRCGstms0mXbrJhdyOU0J/hxYMiXv013vw3btMKKvpg4PHeDDPzgowzpRH6sCoLi0vLK9XV2tr6xuZWfXunq0QuCXWJ4ELeBlhRzlLqaqY5vc0kxUnAaS8YXU793j2Vion0Ro8z6ic4TlnECNZG8ty7oh/iOKZyMqg3kN1EzvkpgshGJUrSco4d6MyVBpijM6i/90NB8oSmmnCslOegTPsFlpoRTie1fq5ohskIx9QzNMUJVX5RnjyBB0YJYSSkqVTDUv0+UeBEqXESmM4E66H67U3Fvzwv11HLL1ia5ZqmZLYoyjnUAk7/hyGTlGg+NgQTycytkAyxxESblGomhK9P4f+ke2Q7TRtdnzTaF/M4qmAP7IND4IAz0AZXoANcQIAAD+AJPFvaerRerNdZa8Waz+yCH7DePgGlaJF/</latexit>

U † <latexit sha1_base64="CjcydaNvgAM+QJ4nIHaFnHbUN0s=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU8mq1XorevFYwW0L7VKyadqGZrNLkhXK0t/gxYMiXv1B3vw3ptsVVPTBwOO9GWbmBbHg2mD84RSWlldW14rrpY3Nre2d8u5eS0eJosyjkYhUJyCaCS6ZZ7gRrBMrRsJAsHYwuZ777XumNI/knZnGzA/JSPIhp8RYyfP6aXPWL1dwtYbdy3OMcBVnyEjdPXWRmysVyNHsl997g4gmIZOGCqJ118Wx8VOiDKeCzUq9RLOY0AkZsa6lkoRM+2l27AwdWWWAhpGyJQ3K1O8TKQm1noaB7QyJGevf3lz8y+smZlj3Uy7jxDBJF4uGiUAmQvPP0YArRo2YWkKo4vZWRMdEEWpsPiUbwten6H/SOqm6tSq+Pas0rvI4inAAh3AMLlxAA26gCR5Q4PAAT/DsSOfReXFeF60FJ5/Zhx9w3j4B/JSOzg==</latexit>

UP
<latexit sha1_base64="TDrw3oT05osiaP2xvsG5vQtxa6Q=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZlVo/EW9OIxATcJJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42QTQUULGoqqbrq7/ERwpQn5sApLyyura8X10sbm1vZOeXevpeJUMnBZLGLZ8akCwSNwNdcCOokEGvoC2v74eua370EqHke3epKAF9JhxAPOqDZS0+2XK8SuEufynGBikxw5qTmnDnYWSgUt0OiX33uDmKUhRJoJqlTXIYn2Mio1ZwKmpV6qIKFsTIfQNTSiISgvyw+d4iOjDHAQS1ORxrn6fSKjoVKT0DedIdUj9dubiX953VQHNS/jUZJqiNh8UZAKrGM8+xoPuASmxcQQyiQ3t2I2opIybbIpmRC+PsX/k9aJ7VRt0jyr1K8WcRTRATpEx8hBF6iOblADuYghQA/oCT1bd9aj9WK9zlsL1mJmH/2A9fYJ4/iM/w==</latexit>

U

<latexit sha1_base64="gZKHzRhO9NjmMr7H/4CbtR/3w7s=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9io1XorevFYwbRCGstms0mXbrJhdyOU0J/hxYMiXv013vw3btMKKvpg4PHeDDPzgowzpRH6sCoLi0vLK9XV2tr6xuZWfXunq0QuCXWJ4ELeBlhRzlLqaqY5vc0kxUnAaS8YXU793j2Vion0Ro8z6ic4TlnECNZG8ty7oh/iOKZyMqg3kN1EzvkpgshGJUrSco4d6MyVBpijM6i/90NB8oSmmnCslOegTPsFlpoRTie1fq5ohskIx9QzNMUJVX5RnjyBB0YJYSSkqVTDUv0+UeBEqXESmM4E66H67U3Fvzwv11HLL1ia5ZqmZLYoyjnUAk7/hyGTlGg+NgQTycytkAyxxESblGomhK9P4f+ke2Q7TRtdnzTaF/M4qmAP7IND4IAz0AZXoANcQIAAD+AJPFvaerRerNdZa8Waz+yCH7DePgGlaJF/</latexit>

U †
<latexit sha1_base64="OLZ8qIsy8YDFzqud7r8H2C8uiI0=">AAACAnicdVDLSgMxFM3UV62vUVfiJlgEN5aMWq0LoejGZQX7gLaUTHrbhmYyQ5IRSi1u/BU3LhRx61e4829M2xFU9MCFk3PuJfcePxJcG0I+nNTM7Nz8Qnoxs7S8srrmrm9UdBgrBmUWilDVfKpBcAllw42AWqSABr6Aqt+/GPvVG1Cah/LaDCJoBrQreYczaqzUcrfK+BYaisquAHxm+b6XvFpuluTyxDs9JpjkyAQTUvAOPewlShYlKLXc90Y7ZHEA0jBBta57JDLNIVWGMwGjTCPWEFHWp12oWyppALo5nJwwwrtWaeNOqGxJgyfq94khDbQeBL7tDKjp6d/eWPzLq8emU2gOuYxiA5JNP+rEApsQj/PAba6AGTGwhDLF7a6Y9aiizNjUMjaEr0vx/6RykPPyOXJ1lC2eJ3Gk0TbaQXvIQyeoiC5RCZURQ3foAT2hZ+feeXRenNdpa8pJZjbRDzhvn/jJloc=</latexit>

U |ei = |e� 1i

<latexit sha1_base64="jwpE6TIt1E6RnRMZ6Kd7Np59UcM=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZmNRuMtKILHiOYByRpmJ7PJkNkHM7NCWPIJXjwo4tUv8ubfONlEUNGChqKqm+4uLxZcaYw/rNzC4tLySn61sLa+sblV3N5pqiiRlDVoJCLZ9ohigoesobkWrB1LRgJPsJY3upj6rXsmFY/CWz2OmRuQQch9Tok20s3lXblXLGG7gp2zE4ywjTNkpOocOciZKyWYo94rvnf7EU0CFmoqiFIdB8faTYnUnAo2KXQTxWJCR2TAOoaGJGDKTbNTJ+jAKH3kR9JUqFGmfp9ISaDUOPBMZ0D0UP32puJfXifRftVNeRgnmoV0tshPBNIRmv6N+lwyqsXYEEIlN7ciOiSSUG3SKZgQvj5F/5Nm2XYqNr4+LtXO53HkYQ/24RAcOIUaXEEdGkBhAA/wBM+WsB6tF+t11pqz5jO78APW2yfwuY2T</latexit>

E2

ZN → U(1) as N →∞

electric

magnetic

<latexit sha1_base64="aGePW0/ywJG9HiL6It4ouHY19Bk=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSa1wWZXdOOyon1AG8tkOkmHTiZhZiKU0k9w40IRt36RO//GSVtBRQ9cOJxzL/feE6ScKY3Qh1VYWV1b3yhulra2d3b3yvsHbZVkktAWSXgiuwFWlDNBW5ppTruppDgOOO0E48vc79xTqVgibvUkpX6MI8FCRrA20k10Vx2UK8hGruc6CCLbRY53lhPPq9dcFzo2mqMClmgOyu/9YUKymApNOFaq56BU+1MsNSOczkr9TNEUkzGOaM9QgWOq/On81Bk8McoQhok0JTScq98npjhWahIHpjPGeqR+e7n4l9fLdFj3p0ykmaaCLBaFGYc6gfnfcMgkJZpPDMFEMnMrJCMsMdEmnZIJ4etT+D9pV23HtdF1rdK4WMZRBEfgGJwCB5yDBrgCTdACBETgATyBZ4tbj9aL9bpoLVjLmUPwA9bbJ2NojeE=</latexit>

g2
deconfined confined



Z3 LGT
<latexit sha1_base64="pRhGs4XKCiLowW6CDEJiD5Hygak=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSa2wWYhFN24rGgf0IYymUzaoZNJmJkIpfQT3LhQxK1f5M6/cdJWUNEDFw7n3Mu99wQpZ0oj9GEVVlbX1jeKm6Wt7Z3dvfL+QVslmSS0RRKeyG6AFeVM0JZmmtNuKimOA047wfgq9zv3VCqWiDs9Sakf46FgESNYG+k2vKgOyhVkI9dzHQSR7SLHq+bE8+o114WOjeaogCWag/J7P0xIFlOhCcdK9RyUan+KpWaE01mpnymaYjLGQ9ozVOCYKn86P3UGT4wSwiiRpoSGc/X7xBTHSk3iwHTGWI/Uby8X//J6mY7q/pSJNNNUkMWiKONQJzD/G4ZMUqL5xBBMJDO3QjLCEhNt0imZEL4+hf+T9pntuDa6qVUal8s4iuAIHINT4IBz0ADXoAlagIAheABP4Nni1qP1Yr0uWgvWcuYQ/ID19gkuNY2+</latexit>

d = 3
<latexit sha1_base64="/nST6CCE3NzMqDDcMLwyCwx+ljs=">AAAB8HicdVDLSgNBEJz1GeMr6tHLYBA8LbOaxeQW9OIxgnlIsoTZSScZMju7zMwKYc1XePGgiFc/x5t/4+QhqGhBQ1HVTXdXmAiuDSEfztLyyuraem4jv7m1vbNb2Ntv6DhVDOosFrFqhVSD4BLqhhsBrUQBjUIBzXB0OfWbd6A0j+WNGScQRHQgeZ8zaqx0ew8dReVAQLdQJC7xK75HMHF94lXOpqRSKZd8H3sumaGIFqh1C++dXszSCKRhgmrd9khigowqw5mASb6TakgoG9EBtC2VNAIdZLODJ/jYKj3cj5UtafBM/T6R0UjrcRTazoiaof7tTcW/vHZq+uUg4zJJDUg2X9RPBTYxnn6Pe1wBM2JsCWWK21sxG1JFmbEZ5W0IX5/i/0nj1PV8l1yXitWLRRw5dIiO0Any0DmqoitUQ3XEUIQe0BN6dpTz6Lw4r/PWJWcxc4B+wHn7BHiekNw=</latexit>

|ei

<latexit sha1_base64="TDrw3oT05osiaP2xvsG5vQtxa6Q=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZlVo/EW9OIxATcJJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42QTQUULGoqqbrq7/ERwpQn5sApLyyura8X10sbm1vZOeXevpeJUMnBZLGLZ8akCwSNwNdcCOokEGvoC2v74eua370EqHke3epKAF9JhxAPOqDZS0+2XK8SuEufynGBikxw5qTmnDnYWSgUt0OiX33uDmKUhRJoJqlTXIYn2Mio1ZwKmpV6qIKFsTIfQNTSiISgvyw+d4iOjDHAQS1ORxrn6fSKjoVKT0DedIdUj9dubiX953VQHNS/jUZJqiNh8UZAKrGM8+xoPuASmxcQQyiQ3t2I2opIybbIpmRC+PsX/k9aJ7VRt0jyr1K8WcRTRATpEx8hBF6iOblADuYghQA/oCT1bd9aj9WK9zlsL1mJmH/2A9fYJ4/iM/w==</latexit>

U

<latexit sha1_base64="gZKHzRhO9NjmMr7H/4CbtR/3w7s=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9io1XorevFYwbRCGstms0mXbrJhdyOU0J/hxYMiXv013vw3btMKKvpg4PHeDDPzgowzpRH6sCoLi0vLK9XV2tr6xuZWfXunq0QuCXWJ4ELeBlhRzlLqaqY5vc0kxUnAaS8YXU793j2Vion0Ro8z6ic4TlnECNZG8ty7oh/iOKZyMqg3kN1EzvkpgshGJUrSco4d6MyVBpijM6i/90NB8oSmmnCslOegTPsFlpoRTie1fq5ohskIx9QzNMUJVX5RnjyBB0YJYSSkqVTDUv0+UeBEqXESmM4E66H67U3Fvzwv11HLL1ia5ZqmZLYoyjnUAk7/hyGTlGg+NgQTycytkAyxxESblGomhK9P4f+ke2Q7TRtdnzTaF/M4qmAP7IND4IAz0AZXoANcQIAAD+AJPFvaerRerNdZa8Waz+yCH7DePgGlaJF/</latexit>

U † <latexit sha1_base64="CjcydaNvgAM+QJ4nIHaFnHbUN0s=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU8mq1XorevFYwW0L7VKyadqGZrNLkhXK0t/gxYMiXv1B3vw3ptsVVPTBwOO9GWbmBbHg2mD84RSWlldW14rrpY3Nre2d8u5eS0eJosyjkYhUJyCaCS6ZZ7gRrBMrRsJAsHYwuZ777XumNI/knZnGzA/JSPIhp8RYyfP6aXPWL1dwtYbdy3OMcBVnyEjdPXWRmysVyNHsl997g4gmIZOGCqJ118Wx8VOiDKeCzUq9RLOY0AkZsa6lkoRM+2l27AwdWWWAhpGyJQ3K1O8TKQm1noaB7QyJGevf3lz8y+smZlj3Uy7jxDBJF4uGiUAmQvPP0YArRo2YWkKo4vZWRMdEEWpsPiUbwten6H/SOqm6tSq+Pas0rvI4inAAh3AMLlxAA26gCR5Q4PAAT/DsSOfReXFeF60FJ5/Zhx9w3j4B/JSOzg==</latexit>

UP
<latexit sha1_base64="TDrw3oT05osiaP2xvsG5vQtxa6Q=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZlVo/EW9OIxATcJJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42QTQUULGoqqbrq7/ERwpQn5sApLyyura8X10sbm1vZOeXevpeJUMnBZLGLZ8akCwSNwNdcCOokEGvoC2v74eua370EqHke3epKAF9JhxAPOqDZS0+2XK8SuEufynGBikxw5qTmnDnYWSgUt0OiX33uDmKUhRJoJqlTXIYn2Mio1ZwKmpV6qIKFsTIfQNTSiISgvyw+d4iOjDHAQS1ORxrn6fSKjoVKT0DedIdUj9dubiX953VQHNS/jUZJqiNh8UZAKrGM8+xoPuASmxcQQyiQ3t2I2opIybbIpmRC+PsX/k9aJ7VRt0jyr1K8WcRTRATpEx8hBF6iOblADuYghQA/oCT1bd9aj9WK9zlsL1mJmH/2A9fYJ4/iM/w==</latexit>

U

<latexit sha1_base64="gZKHzRhO9NjmMr7H/4CbtR/3w7s=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9io1XorevFYwbRCGstms0mXbrJhdyOU0J/hxYMiXv013vw3btMKKvpg4PHeDDPzgowzpRH6sCoLi0vLK9XV2tr6xuZWfXunq0QuCXWJ4ELeBlhRzlLqaqY5vc0kxUnAaS8YXU793j2Vion0Ro8z6ic4TlnECNZG8ty7oh/iOKZyMqg3kN1EzvkpgshGJUrSco4d6MyVBpijM6i/90NB8oSmmnCslOegTPsFlpoRTie1fq5ohskIx9QzNMUJVX5RnjyBB0YJYSSkqVTDUv0+UeBEqXESmM4E66H67U3Fvzwv11HLL1ia5ZqmZLYoyjnUAk7/hyGTlGg+NgQTycytkAyxxESblGomhK9P4f+ke2Q7TRtdnzTaF/M4qmAP7IND4IAz0AZXoANcQIAAD+AJPFvaerRerNdZa8Waz+yCH7DePgGlaJF/</latexit>

U †

<latexit sha1_base64="jwpE6TIt1E6RnRMZ6Kd7Np59UcM=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZmNRuMtKILHiOYByRpmJ7PJkNkHM7NCWPIJXjwo4tUv8ubfONlEUNGChqKqm+4uLxZcaYw/rNzC4tLySn61sLa+sblV3N5pqiiRlDVoJCLZ9ohigoesobkWrB1LRgJPsJY3upj6rXsmFY/CWz2OmRuQQch9Tok20s3lXblXLGG7gp2zE4ywjTNkpOocOciZKyWYo94rvnf7EU0CFmoqiFIdB8faTYnUnAo2KXQTxWJCR2TAOoaGJGDKTbNTJ+jAKH3kR9JUqFGmfp9ISaDUOPBMZ0D0UP32puJfXifRftVNeRgnmoV0tshPBNIRmv6N+lwyqsXYEEIlN7ciOiSSUG3SKZgQvj5F/5Nm2XYqNr4+LtXO53HkYQ/24RAcOIUaXEEdGkBhAA/wBM+WsB6tF+t11pqz5jO78APW2yfwuY2T</latexit>

E2

<latexit sha1_base64="9+4DUpfklqXcSQ2DHDZUDxwSM9M=">AAAB/nicbVDLSsNAFJ34rPUVFVduBosgCCURRTdCUYQsK9gHNCFMppN26MwkzkyEEgr+ihsXirj1O9z5N07bLLT1wIXDOfdy7z1RyqjSjvNtLSwuLa+sltbK6xubW9v2zm5TJZnEpIETlsh2hBRhVJCGppqRdioJ4hEjrWhwM/Zbj0Qqmoh7PUxJwFFP0JhipI0U2vvelRfmvuTwdnTihb56yJAkoV1xqs4EcJ64BamAAvXQ/vK7Cc44ERozpFTHdVId5EhqihkZlf1MkRThAeqRjqECcaKCfHL+CB4ZpQvjRJoSGk7U3xM54koNeWQ6OdJ9NeuNxf+8TqbjyyCnIs00EXi6KM4Y1AkcZwG7VBKs2dAQhCU1t0LcRxJhbRIrmxDc2ZfnSfO06p5XnbuzSu26iKMEDsAhOAYuuAA14IE6aAAMcvAMXsGb9WS9WO/Wx7R1wSpm9sAfWJ8/N6WVBA==</latexit>

H = HE +H⇤
<latexit sha1_base64="9wwDPJf1hE2Wi9eldsEuwIIpfQ4=">AAAB8XicdVDLSgMxFM34rPVVdekmWIQKUjKtfS2Eogu7rGAfOB1KJk3b0ExmSDJiKf0LNy4UcevfuPNvzLQVVPTAhcM593LvPV7ImdIIfVhLyyura+uJjeTm1vbObmpvv6mCSBLaIAEPZNvDinImaEMzzWk7lBT7Hqctb3QZ+607KhULxI0eh9T18UCwPiNYG+nWqZ1eZe5P3HPUTaVRFhULlTyCKFtAdqlSMQShYjmfg7YhMdJggXo39d7pBSTyqdCEY6UcG4XanWCpGeF0muxEioaYjPCAOoYK7FPlTmYXT+GxUXqwH0hTQsOZ+n1ign2lxr5nOn2sh+q3F4t/eU6k+2V3wkQYaSrIfFE/4lAHMH4f9pikRPOxIZhIZm6FZIglJtqElDQhfH0K/yfNXNYuZNH1Wbp6sYgjAQ7BEcgAG5RAFdRAHTQAAQI8gCfwbCnr0XqxXuetS9Zi5gD8gPX2Cfx5j9Q=</latexit>

[H,G(x)] = 0

<latexit sha1_base64="hzRbS5yMIpylVqHkujRK8KaeT2E=">AAACAXicdVDLSgMxFM34rPU16kZwEyyCq5Jp7WshFEVwWcE+oFNLJs20oZkHSUYow7jxV9y4UMStf+HOvzHTVlDRAxcO59zLvfc4IWdSIfRhLCwuLa+sZtay6xubW9vmzm5LBpEgtEkCHoiOgyXlzKdNxRSnnVBQ7Dmctp3xeeq3b6mQLPCv1SSkPQ8PfeYygpWW+uZ+45TexAzarsAkLkA7ZElcTC6SvplDeVQu1YoIonwJWZVaTROEytViAVqapMiBORp9890eBCTyqK8Ix1J2LRSqXoyFYoTTJGtHkoaYjPGQdjX1sUdlL55+kMAjrQygGwhdvoJT9ftEjD0pJ56jOz2sRvK3l4p/ed1IudVezPwwUtQns0VuxKEKYBoHHDBBieITTTARTN8KyQjrLJQOLatD+PoU/k9ahbxVyqOrk1z9bB5HBhyAQ3AMLFABdXAJGqAJCLgDD+AJPBv3xqPxYrzOWheM+cwe+AHj7RP/pZag</latexit>

P = ei
2⇡
3 E

<latexit sha1_base64="8g6cOAt+97dv30eAq+9RBFa8Yic=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjKtfe2Kbly2YB/QDpJJ77SxmQdJRiilX+DGhSJu/SR3/o2ZtoKKHggczjmX3Hu8WHClCfmwMmvrG5tb2e3czu7e/kH+8KijokQyaLNIRLLnUQWCh9DWXAvoxRJo4AnoepOr1O/eg1Q8Cm/0NAY3oKOQ+5xRbaRW8zZfIDaplOslgoldJk61XjeEkEqtVMSOISkKaAWTfx8MI5YEEGomqFJ9h8TanVGpORMwzw0SBTFlEzqCvqEhDUC5s8Wic3xmlCH2I2leqPFC/T4xo4FS08AzyYDqsfrtpeJfXj/Rfs2d8TBONIRs+ZGfCKwjnF6Nh1wC02JqCGWSm10xG1NJmTbd5EwJX5fi/0mnaDtlm7QuCo3LVR1ZdIJO0TlyUBU10DVqojZiCNADekLP1p31aL1Yr8toxlrNHKMfsN4+ARSijSE=</latexit>

P

<latexit sha1_base64="TwbQ1tnyYOniAHbWhtHvzlJL7pU=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFSatfe2KblxWsA9IY5lMJunQyYOZiVBCP8ONC0Xc+jXu/BsnbQUVPXDhcM693HuPm3AmFUIfRmFtfWNzq7hd2tnd2z8oHx71ZZwKQnsk5rEYulhSziLaU0xxOkwExaHL6cCdXuX+4J4KyeLoVs0S6oQ4iJjPCFZasrt32cjDQUDFfFyuIBM16u0agsisI6vZbmuCUKNVq0JLkxwVsEJ3XH4feTFJQxopwrGUtoUS5WRYKEY4nZdGqaQJJlMcUFvTCIdUOtni5Dk804oH/VjoihRcqN8nMhxKOQtd3RliNZG/vVz8y7NT5becjEVJqmhElov8lEMVw/x/6DFBieIzTTARTN8KyQQLTJROqaRD+PoU/k/6VdOqm+jmotK5XMVRBCfgFJwDCzRBB1yDLugBAmLwAJ7As6GMR+PFeF22FozVzDH4AePtE9XRkaE=</latexit>

P †

<latexit sha1_base64="8g6cOAt+97dv30eAq+9RBFa8Yic=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjKtfe2Kbly2YB/QDpJJ77SxmQdJRiilX+DGhSJu/SR3/o2ZtoKKHggczjmX3Hu8WHClCfmwMmvrG5tb2e3czu7e/kH+8KijokQyaLNIRLLnUQWCh9DWXAvoxRJo4AnoepOr1O/eg1Q8Cm/0NAY3oKOQ+5xRbaRW8zZfIDaplOslgoldJk61XjeEkEqtVMSOISkKaAWTfx8MI5YEEGomqFJ9h8TanVGpORMwzw0SBTFlEzqCvqEhDUC5s8Wic3xmlCH2I2leqPFC/T4xo4FS08AzyYDqsfrtpeJfXj/Rfs2d8TBONIRs+ZGfCKwjnF6Nh1wC02JqCGWSm10xG1NJmTbd5EwJX5fi/0mnaDtlm7QuCo3LVR1ZdIJO0TlyUBU10DVqojZiCNADekLP1p31aL1Yr8toxlrNHKMfsN4+ARSijSE=</latexit>

P

<latexit sha1_base64="TwbQ1tnyYOniAHbWhtHvzlJL7pU=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFSatfe2KblxWsA9IY5lMJunQyYOZiVBCP8ONC0Xc+jXu/BsnbQUVPXDhcM693HuPm3AmFUIfRmFtfWNzq7hd2tnd2z8oHx71ZZwKQnsk5rEYulhSziLaU0xxOkwExaHL6cCdXuX+4J4KyeLoVs0S6oQ4iJjPCFZasrt32cjDQUDFfFyuIBM16u0agsisI6vZbmuCUKNVq0JLkxwVsEJ3XH4feTFJQxopwrGUtoUS5WRYKEY4nZdGqaQJJlMcUFvTCIdUOtni5Dk804oH/VjoihRcqN8nMhxKOQtd3RliNZG/vVz8y7NT5becjEVJqmhElov8lEMVw/x/6DFBieIzTTARTN8KyQQLTJROqaRD+PoU/k/6VdOqm+jmotK5XMVRBCfgFJwDCzRBB1yDLugBAmLwAJ7As6GMR+PFeF22FozVzDH4AePtE9XRkaE=</latexit>

P †<latexit sha1_base64="c9b4bo3cP36b7A8DDBqkP8vzng8=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjKtfe2KLnTZgn1AO5RMmmljM5khyQhl6Be4caGIWz/JnX9jpq2gogcuHM65l3vv8SLOlEbow8qsrW9sbmW3czu7e/sH+cOjjgpjSWibhDyUPQ8rypmgbc00p71IUhx4nHa96VXqd++pVCwUt3oWUTfAY8F8RrA2Uut6mC8gG1XK9RKCyC4jp1qvG4JQpVYqQseQFAWwQnOYfx+MQhIHVGjCsVJ9B0XaTbDUjHA6zw1iRSNMpnhM+4YKHFDlJotD5/DMKCPoh9KU0HChfp9IcKDULPBMZ4D1RP32UvEvrx9rv+YmTESxpoIsF/kxhzqE6ddwxCQlms8MwUQycyskEywx0SabnAnh61P4P+kUbadso9ZFoXG5iiMLTsApOAcOqIIGuAFN0AYEUPAAnsCzdWc9Wi/W67I1Y61mjsEPWG+fBv6NGA==</latexit>

G

<latexit sha1_base64="K/sNLOF6aq9p8V0hEeHJcQviZVA="></latexit>

ei
2⇡
3 (E`+Ed�Er�Eu)

<latexit sha1_base64="w1ra2ta+wII4yAuSaFZ58E31HMk="></latexit>

G(x)| i = e
2⇡i
3 q(x)| i

physical states: Gauss’ law

<latexit sha1_base64="4Ox+xcd7i0RXzg9nJOdPRWpm7U4=">AAAB9XicdVDLSgMxFM34rPVVdekmWAQXtSRifeyKblxWsA/ojCWTZtrQTGZMMkoZ+h9uXCji1n9x59+YtiNU0QMXDufcy733+LHg2iD06czNLywuLedW8qtr6xubha3tho4SRVmdRiJSLZ9oJrhkdcONYK1YMRL6gjX9weXYb94zpXkkb8wwZl5IepIHnBJjpds7l0s3PcQlVMLuqFMoojKaAM6QCsLnJxjiTCmCDLVO4cPtRjQJmTRUEK3bGMXGS4kynAo2yruJZjGhA9JjbUslCZn20snVI7hvlS4MImVLGjhRZydSEmo9DH3bGRLT17+9sfiX105McOalXMaJYZJOFwWJgCaC4whglytGjRhaQqji9lZI+0QRamxQeRvC96fwf9I4KuNKGV0fF6sXWRw5sAv2wAHA4BRUwRWogTqgQIFH8AxenAfnyXl13qatc042swN+wHn/AgLLkYs=</latexit>

q 2 {�1, 0, 1}
external charges



<latexit sha1_base64="xbxHPRGwtsq4zjZ6+7LRn6StHuU=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB6GnoSTeIt6CXHKGaBZAg9nZ6kSc9Cd48QhvyBFw+KePWPvPk3dhZBRR8UPN6roqqeFwuuNMYfVmZldW19I7uZ29re2d3L7x+0VJRIypo0EpHseEQxwUPW1FwL1oklI4EnWNsbX8/89j2TikfhnZ7EzA3IMOQ+p0Qb6bZ+2s8XsO1Uy9gpIkNwsXpZNgSXMC5VkGPjOQqwRKOff+8NIpoELNRUEKW6Do61mxKpORVsmuslisWEjsmQdQ0NScCUm84vnaITowyQH0lToUZz9ftESgKlJoFnOgOiR+q3NxP/8rqJ9qtuysM40Syki0V+IpCO0OxtNOCSUS0mhhAqubkV0RGRhGoTTs6E8PUp+p+0irZzYeOb80LtahlHFo7gGM7AgQrUoA4NaAIFHx7gCZ6tsfVovVivi9aMtZw5hB+w3j4BUaqNOg==</latexit>

H
0

EFFECTIVE PLAQUETTE 
TERMS

Zohar et al. PRL 118, 070501 (2017)
Zohar et al. PRA 95, 023604 (2017) 

Zohar, JPA 50, 085301(2017)

strategy proposed for digital quantum simulation

ancilla

<latexit sha1_base64="ZUU0HxYHekvFsTPhYGjLFLjnzBk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1lx6xfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI4fjMU=</latexit>=
unitary

stator
<latexit sha1_base64="pZgwcz4b5EPi9GtsZCUuitXRgbw=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZldE0xuQS8eEzSJkCxhdjKbjJl9MDMrhCVf4MWDIl79JG/+jZOHoKIFDUVVN91dfiK40hh/WLmV1bX1jfxmYWt7Z3evuH/QVnEqKWvRWMTy1ieKCR6xluZasNtEMhL6gnX88eXM79wzqXgc3ehJwryQDCMecEq0kZrX/WIJ27UaLpcrCNsV7Lpu1RB85lZrDnJsPEcJlmj0i++9QUzTkEWaCqJU18GJ9jIiNaeCTQu9VLGE0DEZsq6hEQmZ8rL5oVN0YpQBCmJpKtJorn6fyEio1CT0TWdI9Ej99mbiX1431UHVy3iUpJpFdLEoSAXSMZp9jQZcMqrFxBBCJTe3IjoiklBtsimYEL4+Rf+Ttms7FRs3y6X6xTKOPBzBMZyCA+dQhytoQAsoMHiAJ3i27qxH68V6XbTmrOXMIfyA9fYJGWuNJA==</latexit>

S

<latexit sha1_base64="JC7Apgq87yJ5l+b9pBSaP3sSZqM=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK6GjJji+1CKLrpslL7wHYomTTThmYyQ5IRytC/cONCEbf+jTv/xvQhqOiBC4dz7uXee/yYM6UR+rAyK6tr6xvZzdzW9s7uXn7/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3w989v3VCoWiVs9iakX4qFgASNYG+muAWvwEtZOYaOfLyC7UkHFYgkiu4Rc1y0bgs7dcsWBjo3mKIAl6v38e28QkSSkQhOOleo6KNZeiqVmhNNprpcoGmMyxkPaNVTgkCovnV88hSdGGcAgkqaEhnP1+0SKQ6UmoW86Q6xH6rc3E//yuokOyl7KRJxoKshiUZBwqCM4ex8OmKRE84khmEhmboVkhCUm2oSUMyF8fQr/Jy3Xdko2uikWqlfLOLLgCByDM+CAC1AFNVAHTUCAAA/gCTxbynq0XqzXRWvGWs4cgh+w3j4BISmPRQ==</latexit>

SH = H
0
S

system dof

<latexit sha1_base64="jiGMn59ZjJfvWcHXobIsd9mnhQo=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnpitmPQS44JmAWSIfR0KkmbnoXuHiEM+QIvHhTx6id582/sJCOo6IOCx3tVVNXzIsGVJuTDymxsbm3vZHdze/sHh0f545OOCmPJoM1CEcqeRxUIHkBbcy2gF0mgvieg681uln73HqTiYXCr5xG4Pp0EfMwZ1UZqNYb5ArHJCpjYRXJVqVUNIRWnXCpjJ7UKKEVzmH8fjEIW+xBoJqhSfYdE2k2o1JwJWOQGsYKIshmdQN/QgPqg3GR16AJfGGWEx6E0FWi8Ur9PJNRXau57ptOneqp+e0vxL68f63HNTXgQxRoCtl40jgXWIV5+jUdcAtNibghlkptbMZtSSZk22eRMCF+f4v9Jp2g7ZZu0SoX6dRpHFp2hc3SJHFRFddRATdRGDAF6QE/o2bqzHq0X63XdmrHSmVP0A9bbJ+HujP8=</latexit>

H



<latexit sha1_base64="xbxHPRGwtsq4zjZ6+7LRn6StHuU=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB6GnoSTeIt6CXHKGaBZAg9nZ6kSc9Cd48QhvyBFw+KePWPvPk3dhZBRR8UPN6roqqeFwuuNMYfVmZldW19I7uZ29re2d3L7x+0VJRIypo0EpHseEQxwUPW1FwL1oklI4EnWNsbX8/89j2TikfhnZ7EzA3IMOQ+p0Qb6bZ+2s8XsO1Uy9gpIkNwsXpZNgSXMC5VkGPjOQqwRKOff+8NIpoELNRUEKW6Do61mxKpORVsmuslisWEjsmQdQ0NScCUm84vnaITowyQH0lToUZz9ftESgKlJoFnOgOiR+q3NxP/8rqJ9qtuysM40Syki0V+IpCO0OxtNOCSUS0mhhAqubkV0RGRhGoTTs6E8PUp+p+0irZzYeOb80LtahlHFo7gGM7AgQrUoA4NaAIFHx7gCZ6tsfVovVivi9aMtZw5hB+w3j4BUaqNOg==</latexit>

H
0

EFFECTIVE PLAQUETTE 
TERMS

Zohar et al. PRL 118, 070501 (2017)
Zohar et al. PRA 95, 023604 (2017) 

Zohar, JPA 50, 085301(2017)

strategy proposed for digital quantum simulation

ancilla

<latexit sha1_base64="ZUU0HxYHekvFsTPhYGjLFLjnzBk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1lx6xfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI4fjMU=</latexit>=
unitary

stator
<latexit sha1_base64="pZgwcz4b5EPi9GtsZCUuitXRgbw=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZldE0xuQS8eEzSJkCxhdjKbjJl9MDMrhCVf4MWDIl79JG/+jZOHoKIFDUVVN91dfiK40hh/WLmV1bX1jfxmYWt7Z3evuH/QVnEqKWvRWMTy1ieKCR6xluZasNtEMhL6gnX88eXM79wzqXgc3ehJwryQDCMecEq0kZrX/WIJ27UaLpcrCNsV7Lpu1RB85lZrDnJsPEcJlmj0i++9QUzTkEWaCqJU18GJ9jIiNaeCTQu9VLGE0DEZsq6hEQmZ8rL5oVN0YpQBCmJpKtJorn6fyEio1CT0TWdI9Ej99mbiX1431UHVy3iUpJpFdLEoSAXSMZp9jQZcMqrFxBBCJTe3IjoiklBtsimYEL4+Rf+Ttms7FRs3y6X6xTKOPBzBMZyCA+dQhytoQAsoMHiAJ3i27qxH68V6XbTmrOXMIfyA9fYJGWuNJA==</latexit>

S

<latexit sha1_base64="JC7Apgq87yJ5l+b9pBSaP3sSZqM=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK6GjJji+1CKLrpslL7wHYomTTThmYyQ5IRytC/cONCEbf+jTv/xvQhqOiBC4dz7uXee/yYM6UR+rAyK6tr6xvZzdzW9s7uXn7/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3w989v3VCoWiVs9iakX4qFgASNYG+muAWvwEtZOYaOfLyC7UkHFYgkiu4Rc1y0bgs7dcsWBjo3mKIAl6v38e28QkSSkQhOOleo6KNZeiqVmhNNprpcoGmMyxkPaNVTgkCovnV88hSdGGcAgkqaEhnP1+0SKQ6UmoW86Q6xH6rc3E//yuokOyl7KRJxoKshiUZBwqCM4ex8OmKRE84khmEhmboVkhCUm2oSUMyF8fQr/Jy3Xdko2uikWqlfLOLLgCByDM+CAC1AFNVAHTUCAAA/gCTxbynq0XqzXRWvGWs4cgh+w3j4BISmPRQ==</latexit>

SH = H
0
S

system dof

<latexit sha1_base64="jiGMn59ZjJfvWcHXobIsd9mnhQo=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnpitmPQS44JmAWSIfR0KkmbnoXuHiEM+QIvHhTx6id582/sJCOo6IOCx3tVVNXzIsGVJuTDymxsbm3vZHdze/sHh0f545OOCmPJoM1CEcqeRxUIHkBbcy2gF0mgvieg681uln73HqTiYXCr5xG4Pp0EfMwZ1UZqNYb5ArHJCpjYRXJVqVUNIRWnXCpjJ7UKKEVzmH8fjEIW+xBoJqhSfYdE2k2o1JwJWOQGsYKIshmdQN/QgPqg3GR16AJfGGWEx6E0FWi8Ur9PJNRXau57ptOneqp+e0vxL68f63HNTXgQxRoCtl40jgXWIV5+jUdcAtNibghlkptbMZtSSZk22eRMCF+f4v9Jp2g7ZZu0SoX6dRpHFp2hc3SJHFRFddRATdRGDAF6QE/o2bqzHq0X63XdmrHSmVP0A9bbJ+HujP8=</latexit>

H

entangler

disentangler



EFFECTIVE PLAQUETTE 
TERMS

Zohar et al. PRL 118, 070501 (2017)
Zohar et al. PRA 95, 023604 (2017) 

Zohar, JPA 50, 085301(2017)

<latexit sha1_base64="jiGMn59ZjJfvWcHXobIsd9mnhQo=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnpitmPQS44JmAWSIfR0KkmbnoXuHiEM+QIvHhTx6id582/sJCOo6IOCx3tVVNXzIsGVJuTDymxsbm3vZHdze/sHh0f545OOCmPJoM1CEcqeRxUIHkBbcy2gF0mgvieg681uln73HqTiYXCr5xG4Pp0EfMwZ1UZqNYb5ArHJCpjYRXJVqVUNIRWnXCpjJ7UKKEVzmH8fjEIW+xBoJqhSfYdE2k2o1JwJWOQGsYKIshmdQN/QgPqg3GR16AJfGGWEx6E0FWi8Ur9PJNRXau57ptOneqp+e0vxL68f63HNTXgQxRoCtl40jgXWIV5+jUdcAtNibghlkptbMZtSSZk22eRMCF+f4v9Jp2g7ZZu0SoX6dRpHFp2hc3SJHFRFddRATdRGDAF6QE/o2bqzHq0X63XdmrHSmVP0A9bbJ+HujP8=</latexit>

H

system dof

<latexit sha1_base64="TDrw3oT05osiaP2xvsG5vQtxa6Q=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZlVo/EW9OIxATcJJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42QTQUULGoqqbrq7/ERwpQn5sApLyyura8X10sbm1vZOeXevpeJUMnBZLGLZ8akCwSNwNdcCOokEGvoC2v74eua370EqHke3epKAF9JhxAPOqDZS0+2XK8SuEufynGBikxw5qTmnDnYWSgUt0OiX33uDmKUhRJoJqlTXIYn2Mio1ZwKmpV6qIKFsTIfQNTSiISgvyw+d4iOjDHAQS1ORxrn6fSKjoVKT0DedIdUj9dubiX953VQHNS/jUZJqiNh8UZAKrGM8+xoPuASmxcQQyiQ3t2I2opIybbIpmRC+PsX/k9aJ7VRt0jyr1K8WcRTRATpEx8hBF6iOblADuYghQA/oCT1bd9aj9WK9zlsL1mJmH/2A9fYJ4/iM/w==</latexit>

U

<latexit sha1_base64="gZKHzRhO9NjmMr7H/4CbtR/3w7s=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9io1XorevFYwbRCGstms0mXbrJhdyOU0J/hxYMiXv013vw3btMKKvpg4PHeDDPzgowzpRH6sCoLi0vLK9XV2tr6xuZWfXunq0QuCXWJ4ELeBlhRzlLqaqY5vc0kxUnAaS8YXU793j2Vion0Ro8z6ic4TlnECNZG8ty7oh/iOKZyMqg3kN1EzvkpgshGJUrSco4d6MyVBpijM6i/90NB8oSmmnCslOegTPsFlpoRTie1fq5ohskIx9QzNMUJVX5RnjyBB0YJYSSkqVTDUv0+UeBEqXESmM4E66H67U3Fvzwv11HLL1ia5ZqmZLYoyjnUAk7/hyGTlGg+NgQTycytkAyxxESblGomhK9P4f+ke2Q7TRtdnzTaF/M4qmAP7IND4IAz0AZXoANcQIAAD+AJPFvaerRerNdZa8Waz+yCH7DePgGlaJF/</latexit>

U † <latexit sha1_base64="CjcydaNvgAM+QJ4nIHaFnHbUN0s=">AAAB7HicdVBNSwMxEJ2tX7V+VT16CRbBU8mq1XorevFYwW0L7VKyadqGZrNLkhXK0t/gxYMiXv1B3vw3ptsVVPTBwOO9GWbmBbHg2mD84RSWlldW14rrpY3Nre2d8u5eS0eJosyjkYhUJyCaCS6ZZ7gRrBMrRsJAsHYwuZ777XumNI/knZnGzA/JSPIhp8RYyfP6aXPWL1dwtYbdy3OMcBVnyEjdPXWRmysVyNHsl997g4gmIZOGCqJ118Wx8VOiDKeCzUq9RLOY0AkZsa6lkoRM+2l27AwdWWWAhpGyJQ3K1O8TKQm1noaB7QyJGevf3lz8y+smZlj3Uy7jxDBJF4uGiUAmQvPP0YArRo2YWkKo4vZWRMdEEWpsPiUbwten6H/SOqm6tSq+Pas0rvI4inAAh3AMLlxAA26gCR5Q4PAAT/DsSOfReXFeF60FJ5/Zhx9w3j4B/JSOzg==</latexit>

UP
<latexit sha1_base64="TDrw3oT05osiaP2xvsG5vQtxa6Q=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZlVo/EW9OIxATcJJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42QTQUULGoqqbrq7/ERwpQn5sApLyyura8X10sbm1vZOeXevpeJUMnBZLGLZ8akCwSNwNdcCOokEGvoC2v74eua370EqHke3epKAF9JhxAPOqDZS0+2XK8SuEufynGBikxw5qTmnDnYWSgUt0OiX33uDmKUhRJoJqlTXIYn2Mio1ZwKmpV6qIKFsTIfQNTSiISgvyw+d4iOjDHAQS1ORxrn6fSKjoVKT0DedIdUj9dubiX953VQHNS/jUZJqiNh8UZAKrGM8+xoPuASmxcQQyiQ3t2I2opIybbIpmRC+PsX/k9aJ7VRt0jyr1K8WcRTRATpEx8hBF6iOblADuYghQA/oCT1bd9aj9WK9zlsL1mJmH/2A9fYJ4/iM/w==</latexit>

U

<latexit sha1_base64="gZKHzRhO9NjmMr7H/4CbtR/3w7s=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9io1XorevFYwbRCGstms0mXbrJhdyOU0J/hxYMiXv013vw3btMKKvpg4PHeDDPzgowzpRH6sCoLi0vLK9XV2tr6xuZWfXunq0QuCXWJ4ELeBlhRzlLqaqY5vc0kxUnAaS8YXU793j2Vion0Ro8z6ic4TlnECNZG8ty7oh/iOKZyMqg3kN1EzvkpgshGJUrSco4d6MyVBpijM6i/90NB8oSmmnCslOegTPsFlpoRTie1fq5ohskIx9QzNMUJVX5RnjyBB0YJYSSkqVTDUv0+UeBEqXESmM4E66H67U3Fvzwv11HLL1ia5ZqmZLYoyjnUAk7/hyGTlGg+NgQTycytkAyxxESblGomhK9P4f+ke2Q7TRtdnzTaF/M4qmAP7IND4IAz0AZXoANcQIAAD+AJPFvaerRerNdZa8Waz+yCH7DePgGlaJF/</latexit>

U †



EFFECTIVE PLAQUETTE 
TERMS

Zohar et al. PRL 118, 070501 (2017)
Zohar et al. PRA 95, 023604 (2017) 

Zohar, JPA 50, 085301(2017)

<latexit sha1_base64="fbMqaBbOXqTSGJpVhn5UMjjWTUo="></latexit>

|ini = 1p
3

X

m=�1,0,1

|mi
<latexit sha1_base64="ZlcDaJom+wgjKcc5IFS91+eRigk=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ8+Q0eQW9OIxolkgGUJPpydp0rPQ3SOEIZ/gxYMiXv0ib/6NnUVQ0QcFj/eqqKoXpIIrjfGHtbK6tr6xWdgqbu/s7u2XDg5bKskkZU2aiER2AqKY4DFraq4F66SSkSgQrB2Mr2Z++55JxZP4Tk9S5kdkGPOQU6KNdNvuO/1SGdvYrXoVF2Hb9XDNqRniYad2XkGOjecowxKNfum9N0hoFrFYU0GU6jo41X5OpOZUsGmxlymWEjomQ9Y1NCYRU34+P3WKTo0yQGEiTcUazdXvEzmJlJpEgemMiB6p395M/MvrZjqs+jmP00yzmC4WhZlAOkGzv9GAS0a1mBhCqOTmVkRHRBKqTTpFE8LXp+h/0nJtx7PxTaVcv1zGUYBjOIEzcOAC6nANDWgChSE8wBM8W8J6tF6s10XrirWcOYIfsN4+AUKrjcs=</latexit>

W1

<latexit sha1_base64="LewUiyqt6ozZPlV03Mo/tO2fIlo=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ8+Q0eQW9OIxolkgGUJPpydp0rPQ3SOEIZ/gxYMiXv0ib/6NnUVQ0QcFj/eqqKoXpIIrjfGHtbK6tr6xWdgqbu/s7u2XDg5bKskkZU2aiER2AqKY4DFraq4F66SSkSgQrB2Mr2Z++55JxZP4Tk9S5kdkGPOQU6KNdNvuu/1SGdvYrXoVF2Hb9XDNqRniYad2XkGOjecowxKNfum9N0hoFrFYU0GU6jo41X5OpOZUsGmxlymWEjomQ9Y1NCYRU34+P3WKTo0yQGEiTcUazdXvEzmJlJpEgemMiB6p395M/MvrZjqs+jmP00yzmC4WhZlAOkGzv9GAS0a1mBhCqOTmVkRHRBKqTTpFE8LXp+h/0nJtx7PxTaVcv1zGUYBjOIEzcOAC6nANDWgChSE8wBM8W8J6tF6s10XrirWcOYIfsN4+AUQvjcw=</latexit>

W2

<latexit sha1_base64="rcMLqd6Zi9W3WHREC18zr+4b0bg=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFSax0XZXdOOygn1AG8tkMkmHTh7OTAol9DvcuFDErR/jzr9x+hBU9MCFwzn3cu89XsqZVAh9GIWV1bX1jeJmaWt7Z3evvH/QlkkmCG2RhCei62FJOYtpSzHFaTcVFEcepx1vdDXzO2MqJEviWzVJqRvhMGYBI1hpye0Mzu7yvo/DkIrpoFxBJrJrTtWGyLQdVLfqmjjIqp9XoWWiOSpgieag/N73E5JFNFaEYyl7FkqVm2OhGOF0WupnkqaYjHBIe5rGOKLSzedHT+GJVnwYJEJXrOBc/T6R40jKSeTpzgirofztzcS/vF6mgpqbszjNFI3JYlGQcagSOEsA+kxQovhEE0wE07dCMsQCE6VzKukQvj6F/5O2bVqOiW6qlcblMo4iOALH4BRY4AI0wDVoghYg4B48gCfwbIyNR+PFeF20FozlzCH4AePtEw0Tkk0=</latexit>

W †
3<latexit sha1_base64="lULd+FtnD96uI+ZkvGMWGHoVLnA=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuwiQk2u6KblxWsA9oY5lMJunQycOZSaGEfocbF4q49WPc+TdOH4KKHrhwOOde7r3HzziTCqEPY2V1bX1js7RV3t7Z3duvHBy2ZZoLQlsk5ano+lhSzhLaUkxx2s0ExbHPaccfXc38zpgKydLkVk0y6sU4SljICFZa8joD567oBziKqJgOKlVkIrvmOjZEpu2iulXXxEVW/dyBlonmqIIlmoPKez9ISR7TRBGOpexZKFNegYVihNNpuZ9LmmEywhHtaZrgmEqvmB89hadaCWCYCl2JgnP1+0SBYyknsa87Y6yG8rc3E//yerkKa17BkixXNCGLRWHOoUrhLAEYMEGJ4hNNMBFM3wrJEAtMlM6prEP4+hT+T9q2abkmunGqjctlHCVwDE7AGbDABWiAa9AELUDAPXgAT+DZGBuPxovxumhdMZYzR+AHjLdPDqGSTg==</latexit>

W †
4<latexit sha1_base64="OuJDMSDza8BxcevE0xiFKsh99bg="></latexit>

S = W⇤|ini

<latexit sha1_base64="irPEU4/FiTgo0Rz/e3T4nWJXeWM="></latexit>

W = U ⌦ P anc
1 + I⌦ P anc

0 + U † ⌦ P anc
�1

<latexit sha1_base64="p2/SftywiBZRwBhL6rY/vN9Hto8=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZldE0xuQS8eE3CTQLKE2UknGTP7YGZWCEu+wIsHRbz6Sd78GycPQUULGoqqbrq7gkRwpQn5sHJr6xubW/ntws7u3v5B8fCopeJUMvBYLGLZCagCwSPwNNcCOokEGgYC2sHkeu6370EqHke3epqAH9JRxIecUW2kptcvlohdq5FyuYKJXSGu61YNIRduteZgxyYLlNAKjX7xvTeIWRpCpJmgSnUdkmg/o1JzJmBW6KUKEsomdARdQyMagvKzxaEzfGaUAR7G0lSk8UL9PpHRUKlpGJjOkOqx+u3Nxb+8bqqHVT/jUZJqiNhy0TAVWMd4/jUecAlMi6khlElubsVsTCVl2mRTMCF8fYr/Jy3Xdio2aZZL9atVHHl0gk7ROXLQJaqjG9RAHmII0AN6Qs/WnfVovVivy9actZo5Rj9gvX0CHHONJg==</latexit>

U

<latexit sha1_base64="gYULtQ0uYXbUgmNAfuXfQmmF1jE=">AAAB6nicdVDLSgMxFL3js9ZX1aWbYBFcDZmxxXZXdOOyotMW2qFk0kwbmnmQZIQy9BPcuFDErV/kzr8xfQgqeiBwOOdccu8JUsGVxvjDWlldW9/YLGwVt3d29/ZLB4ctlWSSMo8mIpGdgCgmeMw8zbVgnVQyEgWCtYPx1cxv3zOpeBLf6UnK/IgMYx5ySrSRbr1+s18qY7tex5VKFWG7il3XrRmCz91a3UGOjecowxIm/94bJDSLWKypIEp1HZxqPydScyrYtNjLFEsJHZMh6xoak4gpP5+vOkWnRhmgMJHmxRrN1e8TOYmUmkSBSUZEj9Rvbyb+5XUzHdb8nMdppllMFx+FmUA6QbO70YBLRrWYGEKo5GZXREdEEqpNO0VTwtel6H/Scm2nauObSrlxuayjAMdwAmfgwAU04Bqa4AGFITzAEzxbwnq0XqzXRXTFWs4cwQ9Yb59wkY3p</latexit>

UP



<latexit sha1_base64="H3yvgH5VDYZmkwqP5TUSVcWJIZ8="></latexit>

SG = G+|ini

GAUSS’ LAW

Robaina, MCB, Cirac, PRL126, 050401 (2021)

projector for 
external charge 
on a vertex

<latexit sha1_base64="tF2jraZKAUqPJ6J7LvkrAWEttXM="></latexit>

Pq =
1

3

X

m=�1,0,1

eim
2⇡
3 (E1�E2�E3+E4�q(x))

<latexit sha1_base64="fbMqaBbOXqTSGJpVhn5UMjjWTUo="></latexit>

|ini = 1p
3

X

m=�1,0,1

|mi
<latexit sha1_base64="9OJebJMRbJMZjKbotlAfSFMcqtc=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqGjCa3oAc9RjQLJEPo6XSSJj0L3T1CGPIJXjwo4tUv8ubf2FkEFX1Q8Hiviqp6QSK40hh/WLmV1bX1jfxmYWt7Z3evuH/QVHEqKWvQWMSyHRDFBI9YQ3MtWDuRjISBYK1gfDnzW/dMKh5Hd3qSMD8kw4gPOCXaSLdXPadXLGEbuxWv7CJsux6uOlVDPOxUz8rIsfEcJVii3iu+d/sxTUMWaSqIUh0HJ9rPiNScCjYtdFPFEkLHZMg6hkYkZMrP5qdO0YlR+mgQS1ORRnP1+0RGQqUmYWA6Q6JH6rc3E//yOqkeVPyMR0mqWUQXiwapQDpGs79Rn0tGtZgYQqjk5lZER0QSqk06BRPC16fof9J0bcez8U25VLtYxpGHIziGU3DgHGpwDXVoAIUhPMATPFvCerRerNdFa85azhzCD1hvnypLjbs=</latexit>

G1
<latexit sha1_base64="Rln8Ae1zoI06pYsq8N2wKZauzUU="></latexit>

G = ei
2⇡
3 E ⌦ P anc

1 + I⌦ P anc
0 + e�i 2⇡

3 E ⌦ P anc
�1

<latexit sha1_base64="TQ9DWnGDk38LJXZqeRXUMlWdY2s=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFSah0XZXdKHLCvYBbSyTySQdOnk4MymU0O9w40IRt36MO//G6UNQ0QMXDufcy733eClnUiH0YRRWVtfWN4qbpa3tnd298v5BWyaZILRFEp6Irocl5SymLcUUp91UUBx5nHa80eXM74ypkCyJb9UkpW6Ew5gFjGClJfdqYN/lfR+HIRXTQbmCTGTXnKoNkWk7qG7VNXGQVT+rQstEc1TAEs1B+b3vJySLaKwIx1L2LJQqN8dCMcLptNTPJE0xGeGQ9jSNcUSlm8+PnsITrfgwSISuWMG5+n0ix5GUk8jTnRFWQ/nbm4l/eb1MBTU3Z3GaKRqTxaIg41AlcJYA9JmgRPGJJpgIpm+FZIgFJkrnVNIhfH0K/ydt27QcE91UK42LZRxFcASOwSmwwDlogGvQBC1AwD14AE/g2Rgbj8aL8bpoLRjLmUPwA8bbJ/J2kjw=</latexit>

G†
2

<latexit sha1_base64="ZQzV0xhubXjJr8akyiW4eSP0XmU=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuwiQ22u6KLnRZwT6gjWUymaRDJw9nJoUS+h1uXCji1o9x5984fQgqeuDC4Zx7ufceL+VMKoQ+jKXlldW19cJGcXNre2e3tLffkkkmCG2ShCei42FJOYtpUzHFaScVFEcep21veDn12yMqJEviWzVOqRvhMGYBI1hpyb3qn97lPR+HIRWTfqmMTGRXnYoNkWk7qGbVNHGQVTurQMtEM5TBAo1+6b3nJySLaKwIx1J2LZQqN8dCMcLppNjLJE0xGeKQdjWNcUSlm8+OnsBjrfgwSISuWMGZ+n0ix5GU48jTnRFWA/nbm4p/ed1MBVU3Z3GaKRqT+aIg41AlcJoA9JmgRPGxJpgIpm+FZIAFJkrnVNQhfH0K/yct27QcE91UyvWLRRwFcAiOwAmwwDmog2vQAE1AwD14AE/g2RgZj8aL8TpvXTIWMwfgB4y3T/QEkj0=</latexit>

G†
3

<latexit sha1_base64="TW/44VrsVaRcCSYzqPHTBOmvBFI=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSYh0XZXdKHLivYBbSiT6aQdOpmEmYlQQj/BjQtF3PpF7vwbpw9BRQ9cOJxzL/feE6acKY3Qh1VYWV1b3yhulra2d3b3yvsHLZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2H48uZ376nUrFE3OlJSoMYDwWLGMHaSLdXfa9friAbuVXfcyGyXR/VnJohPnJqZx50bDRHBSzR6Jffe4OEZDEVmnCsVNdBqQ5yLDUjnE5LvUzRFJMxHtKuoQLHVAX5/NQpPDHKAEaJNCU0nKvfJ3IcKzWJQ9MZYz1Sv72Z+JfXzXRUDXIm0kxTQRaLooxDncDZ33DAJCWaTwzBRDJzKyQjLDHRJp2SCeHrU/g/abm249voxqvUL5ZxFMEROAanwAHnoA6uQQM0AQFD8ACewLPFrUfrxXpdtBas5cwh+AHr7RMu142+</latexit>

G4

<latexit sha1_base64="5QVmfUPftHOVw+didN/xpdMkjUE="></latexit>

P̃q = I+ e�i 2⇡q
3 U + ei

2⇡q
3 U†

<latexit sha1_base64="tatwyLnsLa/v3BwWrl/bmVnffI4=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoNBsFpm1wSTQghaaBnRxECyLLOzk2TI7CMzs0JY0vgrNhaK2PoZdv6Nk4egogcuHM65l3vv8RPOpELow8gtLC4tr+RXC2vrG5tb5vZOU8apILRBYh6Llo8l5SyiDcUUp61EUBz6nN76g/OJf3tHhWRxdKNGCXVD3ItYlxGstOSZe9feBax7w9OOYjygWX3sDaHWPLOIrGoVlUpliKwychynogk6dipVG9oWmqII5qh75nsniEka0kgRjqVs2yhRboaFYoTTcaGTSppgMsA92tY0wiGVbjZ9YAwPtRLAbix0RQpO1e8TGQ6lHIW+7gyx6svf3kT8y2unqltxMxYlqaIRmS3qphyqGE7SgAETlCg+0gQTwfStkPSxwETpzAo6hK9P4f+k6Vh22UJXpWLtbB5HHuyDA3AEbHACauAS1EEDEDAGD+AJPBv3xqPxYrzOWnPGfGYX/IDx9gnZvZXz</latexit>

SGPq = P̃qSG



iPEPS SIMULATION

imaginary time evolution

simple update used to evolve the tensors

<latexit sha1_base64="LzM5ORf6UzolPBsK8wzMeeSWlos="></latexit>

e�⌧H |�i
ke�⌧H |�ik ! |E0i

<latexit sha1_base64="2n9EGsNBtkkvhvAMj0UQboEuI7E="></latexit>

e�⌧H = lim
n!1

⇣
e�

�⌧
2 HEe��⌧H⇤e�

�⌧
2 HE

⌘n

environment contraction with CTM
SYTEN toolkit by C. Hubig https://syten.eu/

local
using ancilla 
construction

Robaina, MCB, Cirac, PRL126, 050401 (2021)



iPEPS SIMULATION
unit cell links <latexit sha1_base64="pRhGs4XKCiLowW6CDEJiD5Hygak=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSa2wWYhFN24rGgf0IYymUzaoZNJmJkIpfQT3LhQxK1f5M6/cdJWUNEDFw7n3Mu99wQpZ0oj9GEVVlbX1jeKm6Wt7Z3dvfL+QVslmSS0RRKeyG6AFeVM0JZmmtNuKimOA047wfgq9zv3VCqWiDs9Sakf46FgESNYG+k2vKgOyhVkI9dzHQSR7SLHq+bE8+o114WOjeaogCWag/J7P0xIFlOhCcdK9RyUan+KpWaE01mpnymaYjLGQ9ozVOCYKn86P3UGT4wSwiiRpoSGc/X7xBTHSk3iwHTGWI/Uby8X//J6mY7q/pSJNNNUkMWiKONQJzD/G4ZMUqL5xBBMJDO3QjLCEhNt0imZEL4+hf+T9pntuDa6qVUal8s4iuAIHINT4IBz0ADXoAlagIAheABP4Nni1qP1Yr0uWgvWcuYQ/ID19gkuNY2+</latexit>

d = 3

plaquette ancillas
<latexit sha1_base64="HdgytSCppd+83eLrLEja2SWVOEQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjLtaDsLoejGZUX7gHYomUymDc1khiQjlNJPcONCEbd+kTv/xvQhqOiBC4dz7uXee4KUM6UR+rByK6tr6xv5zcLW9s7uXnH/oKWSTBLaJAlPZCfAinImaFMzzWknlRTHAaftYHQ189v3VCqWiDs9Tqkf44FgESNYG+k2vKj0iyVke7Wah1yIbBcht1o2pOJ53jmCjo3mKIElGv3iey9MSBZToQnHSnUdlGp/gqVmhNNpoZcpmmIywgPaNVTgmCp/Mj91Ck+MEsIokaaEhnP1+8QEx0qN48B0xlgP1W9vJv7ldTMd1fwJE2mmqSCLRVHGoU7g7G8YMkmJ5mNDMJHM3ArJEEtMtEmnYEL4+hT+T1pl2zmz0Y1bql8u48iDI3AMToEDqqAOrkEDNAEBA/AAnsCzxa1H68V6XbTmrOXMIfgB6+0TQcqNyw==</latexit>

d = 3

vertex ancillas
<latexit sha1_base64="EGDD3LmbBF7s482MbTLfnhU24+c=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSZtgnYhFN24rGgf0IYymUzaoZNJmJkIJfQT3LhQxK1f5M6/cfoQVPTAhcM593LvPUHKmdIIfViFldW19Y3iZmlre2d3r7x/0FZJJgltkYQnshtgRTkTtKWZ5rSbSorjgNNOML6a+Z17KhVLxJ2epNSP8VCwiBGsjXQbXtQG5QqyPeTUvTpEdtVDddc1BDkI1Vzo2GiOCliiOSi/98OEZDEVmnCsVM9BqfZzLDUjnE5L/UzRFJMxHtKeoQLHVPn5/NQpPDFKCKNEmhIaztXvEzmOlZrEgemMsR6p395M/MvrZTo693Mm0kxTQRaLooxDncDZ3zBkkhLNJ4ZgIpm5FZIRlphok07JhPD1KfyftKu249noxq00LpdxFMEROAanwAFnoAGuQRO0AAFD8ACewLPFrUfrxXpdtBas5cwh+AHr7RMWw42t</latexit>

d = 3

<latexit sha1_base64="WbMbfp1XgJ2gZmfkEbAue3ZseQc=">AAAB8XicdVDLSgNBEOyNrxhfUY9eBoPgKexK4uMW9OIxgnlgsoTZyWwyODu7zPQKIeQvvHhQxKt/482/cZKsEEULGoqqbrq7gkQKg6776eSWlldW1/LrhY3Nre2d4u5e08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lZwfzX1Ww9cGxGrWxwl3I/oQIlQMIpWuquQLoqIG1LpFUtu2Z2BLJCq612cesTLlBJkqPeKH91+zNKIK2SSGtPx3AT9MdUomOSTQjc1PKHsng54x1JF7Rp/PLt4Qo6s0idhrG0pJDN1cWJMI2NGUWA7I4pD89ubin95nRTDc38sVJIiV2y+KEwlwZhM3yd9oTlDObKEMi3srYQNqaYMbUgFG8L3p+R/0jwpe9Wye1Mp1S6zOPJwAIdwDB6cQQ2uoQ4NYKDgEZ7hxTHOk/PqvM1bc042sw8/4Lx/AXD9kB4=</latexit>

4⇥ 4

charge sector 
imposed at the 
beginning with 
vertex projector

Robaina, MCB, Cirac, PRL126, 050401 (2021)
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PHASE DIAGRAM
first order phase transition

Blöte, Swendsen, PRL 1979
Bhanot,  Creutz, PRD 1980
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<latexit sha1_base64="syPG2EIFUmFb0K7C72VgHSRw9Z0=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KklR9FgUwWMF0xbaWDbbSbt0swm7G6GU/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY0EmmGPosEYlqhVSj4BJ9w43AVqqQxqHAZji8mfrNJ1SaJ/LBjFIMYtqXPOKMGiv5/ccque2Wym7FnYEsEy8nZchR75a+Or2EZTFKwwTVuu25qQnGVBnOBE6KnUxjStmQ9rFtqaQx6mA8O3ZCTq3SI1GibElDZurviTGNtR7Foe2MqRnoRW8q/ue1MxNdBWMu08ygZPNFUSaIScj0c9LjCpkRI0soU9zeStiAKsqMzadoQ/AWX14mjWrFu6i49+fl2nUeRwGO4QTOwINLqMEd1MEHBhye4RXeHOm8OO/Ox7x1xclnjuAPnM8f2A+ODA==</latexit>

g2E

deconfined confined

<latexit sha1_base64="Z81MvwEjC7lP9nDpgIiuW8Qk6LI=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ9dyEUdeGyorWFdiiZNNOGZjJDkhHK0E9w40IRt36RO//GTFtBRQ9cOJxzL/fe40WcKY3Qh5VZWV1b38hu5ra2d3b38vsHdyqMJaFtEvJQdj2sKGeCtjXTnHYjSXHgcdrxJhep37mnUrFQ3OppRN0AjwTzGcHaSDeXZ+VBvoBsVK00Sggiu4KcWqNhCELVeqkIHUNSFMASrUH+vT8MSRxQoQnHSvUcFGk3wVIzwuks148VjTCZ4BHtGSpwQJWbzE+dwROjDKEfSlNCw7n6fSLBgVLTwDOdAdZj9dtLxb+8Xqz9upswEcWaCrJY5Mcc6hCmf8Mhk5RoPjUEE8nMrZCMscREm3RyJoSvT+H/5K5oOxUbXZcLzfNlHFlwBI7BKXBADTTBFWiBNiBgBB7AE3i2uPVovVivi9aMtZw5BD9gvX0C+EWNmg==</latexit>

D = 4

<latexit sha1_base64="WWttBLjZFnHhzPsJ9fj1REPsCFU=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgaZlVo/EgBPXgMaIxgWQJs5PZZMjsg5lZISz5BC8eFPHqF3nzb5xsVlDRgoaiqpvuLi8WXGmMP6zC3PzC4lJxubSyura+Ud7culNRIilr0khEsu0RxQQPWVNzLVg7lowEnmAtb3Qx9Vv3TCoehbd6HDM3IIOQ+5wSbaSby7Nqr1zBdhU7p8cYYRtnyEjNOXSQkysVyNHold+7/YgmAQs1FUSpjoNj7aZEak4Fm5S6iWIxoSMyYB1DQxIw5abZqRO0Z5Q+8iNpKtQoU79PpCRQahx4pjMgeqh+e1PxL6+TaL/mpjyME81COlvkJwLpCE3/Rn0uGdVibAihkptbER0SSag26ZRMCF+fov/J3YHtVG18fVSpn+dxFGEHdmEfHDiBOlxBA5pAYQAP8ATPlrAerRfrddZasPKZbfgB6+0TwZqNdA==</latexit>

D = 5

no external charges

external charges
<latexit sha1_base64="C6mr6b3Ed3Ckgl1QlK1Gkws3/5A=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8hZkQTXIQgnrwGNE8IFnC7GQ2GTL7YGZWCCGf4MWDIl79Im/+jbNJBBUtaCiquunu8mIptMH4w1laXlldW89sZDe3tnd2c3v7TR0livEGi2Sk2h7VXIqQN4wwkrdjxWngSd7yRpep37rnSosovDPjmLsBHYTCF4waK91enZd6uTwuYIwJISglpHyGLalWK0VSQSS1LPKwQL2Xe+/2I5YEPDRMUq07BMfGnVBlBJN8mu0mmseUjeiAdywNacC1O5mdOkXHVukjP1K2QoNm6veJCQ20Hgee7QyoGerfXir+5XUS41fciQjjxPCQzRf5iUQmQunfqC8UZ0aOLaFMCXsrYkOqKDM2nawN4etT9D9pFgvktIBvSvnaxSKODBzCEZwAgTLU4Brq0AAGA3iAJ3h2pPPovDiv89YlZzFzAD/gvH0C25ONhw==</latexit>

D = 4
<latexit sha1_base64="ot3CifcFuq5brlOvIpEgPa2/Xn4=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ8+YweQgBPXgMaJZIBlCT6eTNOlZ6O4RwpBP8OJBEa9+kTf/xs4iqOiDgsd7VVTVCxLBlcb4w1paXlldW89t5De3tnd2C3v7DRWnkrI6jUUsWwFRTPCI1TXXgrUSyUgYCNYMRpdTv3nPpOJxdKfHCfNDMoh4n1OijXR7de51C0VsVyq4VPIQtj3sum7ZEHzqlisOcmw8QxEWqHUL751eTNOQRZoKolTbwYn2MyI1p4JN8p1UsYTQERmwtqERCZnys9mpE3RslB7qx9JUpNFM/T6RkVCpcRiYzpDoofrtTcW/vHaq+2U/41GSahbR+aJ+KpCO0fRv1OOSUS3GhhAqubkV0SGRhGqTTt6E8PUp+p80XNvxbHxTKlYvFnHk4BCO4AQcOIMqXEMN6kBhAA/wBM+WsB6tF+t13rpkLWYO4Aest0/6Bo2b</latexit>

D = 5

<latexit sha1_base64="SpIrZg/h0Ogmaczq2zvWGHJuKmQ=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4czrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCaz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvepdV9/6iUrvJ4yjCERzDKXhwBTW4gzo0gEEIz/AKb87IeXHenY95a8HJZw7hD5zPH+U0jPA=</latexit>�1

<latexit sha1_base64="h9U9GbYOM1m/jysYDrO+Cd6991k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBe++MuQ==</latexit>

1
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PHASE DIAGRAM
first order phase transition
discontinuity in derivative of energy

Robaina, MCB, Cirac, PRL126, 050401 (2021)



WILSON LOOP
to distinguish between deconfined and confined 
phases

decay with area

<latexit sha1_base64="TDrw3oT05osiaP2xvsG5vQtxa6Q=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZlVo/EW9OIxATcJJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42QTQUULGoqqbrq7/ERwpQn5sApLyyura8X10sbm1vZOeXevpeJUMnBZLGLZ8akCwSNwNdcCOokEGvoC2v74eua370EqHke3epKAF9JhxAPOqDZS0+2XK8SuEufynGBikxw5qTmnDnYWSgUt0OiX33uDmKUhRJoJqlTXIYn2Mio1ZwKmpV6qIKFsTIfQNTSiISgvyw+d4iOjDHAQS1ORxrn6fSKjoVKT0DedIdUj9dubiX953VQHNS/jUZJqiNh8UZAKrGM8+xoPuASmxcQQyiQ3t2I2opIybbIpmRC+PsX/k9aJ7VRt0jyr1K8WcRTRATpEx8hBF6iOblADuYghQA/oCT1bd9aj9WK9zlsL1mJmH/2A9fYJ4/iM/w==</latexit>

U

<latexit sha1_base64="gZKHzRhO9NjmMr7H/4CbtR/3w7s=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9io1XorevFYwbRCGstms0mXbrJhdyOU0J/hxYMiXv013vw3btMKKvpg4PHeDDPzgowzpRH6sCoLi0vLK9XV2tr6xuZWfXunq0QuCXWJ4ELeBlhRzlLqaqY5vc0kxUnAaS8YXU793j2Vion0Ro8z6ic4TlnECNZG8ty7oh/iOKZyMqg3kN1EzvkpgshGJUrSco4d6MyVBpijM6i/90NB8oSmmnCslOegTPsFlpoRTie1fq5ohskIx9QzNMUJVX5RnjyBB0YJYSSkqVTDUv0+UeBEqXESmM4E66H67U3Fvzwv11HLL1ia5ZqmZLYoyjnUAk7/hyGTlGg+NgQTycytkAyxxESblGomhK9P4f+ke2Q7TRtdnzTaF/M4qmAP7IND4IAz0AZXoANcQIAAD+AJPFvaerRerNdZa8Waz+yCH7DePgGlaJF/</latexit>

U †

<latexit sha1_base64="gZKHzRhO9NjmMr7H/4CbtR/3w7s=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9io1XorevFYwbRCGstms0mXbrJhdyOU0J/hxYMiXv013vw3btMKKvpg4PHeDDPzgowzpRH6sCoLi0vLK9XV2tr6xuZWfXunq0QuCXWJ4ELeBlhRzlLqaqY5vc0kxUnAaS8YXU793j2Vion0Ro8z6ic4TlnECNZG8ty7oh/iOKZyMqg3kN1EzvkpgshGJUrSco4d6MyVBpijM6i/90NB8oSmmnCslOegTPsFlpoRTie1fq5ohskIx9QzNMUJVX5RnjyBB0YJYSSkqVTDUv0+UeBEqXESmM4E66H67U3Fvzwv11HLL1ia5ZqmZLYoyjnUAk7/hyGTlGg+NgQTycytkAyxxESblGomhK9P4f+ke2Q7TRtdnzTaF/M4qmAP7IND4IAz0AZXoANcQIAAD+AJPFvaerRerNdZa8Waz+yCH7DePgGlaJF/</latexit>

U †

<latexit sha1_base64="TDrw3oT05osiaP2xvsG5vQtxa6Q=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZlVo/EW9OIxATcJJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42QTQUULGoqqbrq7/ERwpQn5sApLyyura8X10sbm1vZOeXevpeJUMnBZLGLZ8akCwSNwNdcCOokEGvoC2v74eua370EqHke3epKAF9JhxAPOqDZS0+2XK8SuEufynGBikxw5qTmnDnYWSgUt0OiX33uDmKUhRJoJqlTXIYn2Mio1ZwKmpV6qIKFsTIfQNTSiISgvyw+d4iOjDHAQS1ORxrn6fSKjoVKT0DedIdUj9dubiX953VQHNS/jUZJqiNh8UZAKrGM8+xoPuASmxcQQyiQ3t2I2opIybbIpmRC+PsX/k9aJ7VRt0jyr1K8WcRTRATpEx8hBF6iOblADuYghQA/oCT1bd9aj9WK9zlsL1mJmH/2A9fYJ4/iM/w==</latexit>

U
<latexit sha1_base64="sMT2jGajQzSql1K0VdjTh3jCJvo=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZlVo/EW9OIxAfOAZAmzk95kzOyDmVkhLPkCLx4U8eonefNvnGxWUNGChqKqm+4uLxZcaUI+rMLS8srqWnG9tLG5tb1T3t1rqyiRDFosEpHselSB4CG0NNcCurEEGngCOt7keu537kEqHoW3ehqDG9BRyH3OqDZSszMoV4hdJc7lOcHEJhkyUnNOHezkSgXlaAzK7/1hxJIAQs0EVarnkFi7KZWaMwGzUj9REFM2oSPoGRrSAJSbZofO8JFRhtiPpKlQ40z9PpHSQKlp4JnOgOqx+u3Nxb+8XqL9mpvyME40hGyxyE8E1hGef42HXALTYmoIZZKbWzEbU0mZNtmUTAhfn+L/SfvEdqo2aZ5V6ld5HEV0gA7RMXLQBaqjG9RALcQQoAf0hJ6tO+vRerFeF60FK5/ZRz9gvX0C5wCNAQ==</latexit>

W

<latexit sha1_base64="TDrw3oT05osiaP2xvsG5vQtxa6Q=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZlVo/EW9OIxATcJJEuYnfQmY2YfzMwKYckXePGgiFc/yZt/42QTQUULGoqqbrq7/ERwpQn5sApLyyura8X10sbm1vZOeXevpeJUMnBZLGLZ8akCwSNwNdcCOokEGvoC2v74eua370EqHke3epKAF9JhxAPOqDZS0+2XK8SuEufynGBikxw5qTmnDnYWSgUt0OiX33uDmKUhRJoJqlTXIYn2Mio1ZwKmpV6qIKFsTIfQNTSiISgvyw+d4iOjDHAQS1ORxrn6fSKjoVKT0DedIdUj9dubiX953VQHNS/jUZJqiNh8UZAKrGM8+xoPuASmxcQQyiQ3t2I2opIybbIpmRC+PsX/k9aJ7VRt0jyr1K8WcRTRATpEx8hBF6iOblADuYghQA/oCT1bd9aj9WK9zlsL1mJmH/2A9fYJ4/iM/w==</latexit>

U

<latexit sha1_base64="gZKHzRhO9NjmMr7H/4CbtR/3w7s=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9io1XorevFYwbRCGstms0mXbrJhdyOU0J/hxYMiXv013vw3btMKKvpg4PHeDDPzgowzpRH6sCoLi0vLK9XV2tr6xuZWfXunq0QuCXWJ4ELeBlhRzlLqaqY5vc0kxUnAaS8YXU793j2Vion0Ro8z6ic4TlnECNZG8ty7oh/iOKZyMqg3kN1EzvkpgshGJUrSco4d6MyVBpijM6i/90NB8oSmmnCslOegTPsFlpoRTie1fq5ohskIx9QzNMUJVX5RnjyBB0YJYSSkqVTDUv0+UeBEqXESmM4E66H67U3Fvzwv11HLL1ia5ZqmZLYoyjnUAk7/hyGTlGg+NgQTycytkAyxxESblGomhK9P4f+ke2Q7TRtdnzTaF/M4qmAP7IND4IAz0AZXoANcQIAAD+AJPFvaerRerNdZa8Waz+yCH7DePgGlaJF/</latexit>

U †
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ANOTHER APPROACH



A FAMILY OF PEPS

Tagliacozzo et al PRX 2014
 Haegeman et al PRX 2014
Zohar et al Ann Phys 2015

development from formal approach
explicitly gauge invariant PEPS

numerical calculations limited
computational cost

restricted families of PEPS allow for more 
efficient contraction/optimization

Zohar, Cirac, PRD97, 034510 (2018)
using Monte Carlo techniques

Emonts, MCB, Cirac, Zohar, PRD102, 074501 (2020)
accurate enough for certain regimes
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ESSENTIALS

 gauging PEPS
whole state: matter + gauge dof
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not normalized

observable diagonal in gauge variables more general 
also possible

probability

Zohar, Cirac, PRD97, 034510 (2018)

computable for specific  
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ESSENTIALS

 gauged Gaussian PEPS

Zohar, Burrello, NJP18, 043008 (2016)
Zohar, Cirac, PRD97, 034510 (2018)

additional gauge dof ￫ entangled with virtual dof via 
controlled group operation

fermionic matter ￫ globally symmetric Gaussian 
fermionic PEPS Kraus et al., PRA 81, 052338 (2010)

contraction of matter part is efficient (Gaussian 
formalism)

whole state not Gaussian



APPLIED TO Z3

Emonts, MCB, Cirac, Zohar, PRD102, 074501 (2020)

considered pure gauge theory
ansatz incorporates translational, rotational 
symmetry

finite PBC lattices

layered construction to control number of 
variational parameters

variational Monte Carlo to optimize parameters
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Related, but I didn’t talk about…

continuous TNS for QFT

TNS for other field theories
Thirring model, PRD100, 094504 (2019)
Thermal QFT dynamics, PRR2, 033301 (2020)

Verstraete, Cirac PRL104, 190405 (2010)
Tilloy, Cirac PRX9, 021040 (2019) 

proposals for quantum simulation of LGT with 
ultracold atoms

Zohar et al. PRL 2010, 2012 ,
Tagliacozzo et al., Nat. Comm. 2013
Banerjee et al., PRL 2012

Rico et al. PRL 2014
Pichler et al, PRX 2016
Zohar, Burrello, PRD 2015

http://heptnseminar.org



CONCLUSION

http://heptnseminar.org

feasibility of TNS for LQFT demonstrated in 1+1D
high numerical precision attainable (controlled errors)
spectrum, thermal equilibrium, finite density, 
(some) dynamics
Abelian and non-Abelian models

MCB, K. Cichy 1910.00257
QTFLAG Collab.1911.00003

progress in higher D brings us closer to more 
complicated theories/scenarios

already results for 2+1D LGT (and higher)

Robaina, MCB, Cirac, 2007.11630

Emonts, MCB, Cirac, Zohar, PRD102, 074501 (2020)

first fully variational iPEPS study of 2+1D LGT

finite PBC lattice ￫variational MC and gauged Gaussian PEPS

first 3+1D simulations available Magnifico et al. 2011.10658


