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¿ QM with non-Hermitian operators ?

R I

H∗ = H HPT = H

C

Imaginary Numbers by Yves Tanguy, 1954

(Museo Thyssen-Bornemisza, Madrid)
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Example 1. evolution operator U(t) = exp(−itH) :

{
iU̇(t) = H U(t)

U(0) = 1

Example 2. resolvent operator R(z) = (H − z)−1, z ∈ C

Theorem (spectral theorem).

Let H = H∗ have discrete spectrum, Hψj = Ejψj .

Then
f(H) =

∑

j

f(Ej)ψj〈ψj , ·〉

for any complex-valued continuous function f .

=⇒ important consequences: minimax principle
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Example 1. adiabatic transition probability for H(t) := ~γ(t/τ) · ~σ, τ → ∞

5 10 15 20
Τ

0.01

0.02

0.03

0.04

0.05

transition probability

[Berry 1990], [Joye, Kunz, Pfister 1991], [Jakšić, Segert 1993], . . .
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Example 2. complex scaling Hθ := Sθ(−∆ + V )S−1

θ , (Sθψ)(x) := eθ/2 ψ(eθx)

θ = 0 ℑθ > 0

X X XX XX X X XX XX

[Aguilar/Balslev, Combes 1971], [Simon 1972], [Van Winter 1974], . . .



Approximate non-Hermiticity
open systems

Example 1. radioactive decay

Example 2. dissipative Schrödinger operators in semiconductor physics

Baro, Behrndt, Kaiser, Neidhardt, Rehberg 2002–. . .



¿ Fundamental non-Hermiticity ?

without violating the “physical axioms” of QM



Non-Hermitian Hamiltonians with real spectra

−∆ + V in L2(R)

V (x) = x2 + ix3 [Caliceti, Graffi, Maioli 1980]

V (x) = ix3 [Bessis, Zinn-Justin]
[Bender, Boettcher 1998]

[Dorey, Dunning, Tateo 2001]

V (x) =

{
i sgn(x) if x ∈ (−1, 1)

∞ elsewhere
[Znojil 2001]
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¿ What is behind the reality of the spectrum ?
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Albeverio-Fei-Kurasov, Bender-Boettcher, Caliceti-Graffi-Sjöstrand, Jones-Mateo,

Langer-Tretter, Mostafazadeh, Scholtz-Geyer-Hahne, Znojil, . . .



Attempts to calculate the metric

1. Perturbative

For instance, [Bender 2004] for 1
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2
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2. Formal – Is Θ well defined ?

– Is Θ bounded ?

– Does ΘD(H) ⊆ D(H∗) hold ? (NB H∗Θ = ΘH)



What is PT -symmetry ?
a mathematical approach

Special case of J-self-adjointness [Edmunds, Evans 1987]
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a mathematical approach

Special case of J-self-adjointness [Edmunds, Evans 1987]

H∗ = JHJ

where J is a conjugation operator :

{
(Jφ, Jψ) = (ψ, φ)

J2ψ = ψ
∀φ, ψ ∈ H

Fact. Let H be densely defined, closed, J-self-adjoint operator in a Hilbert space.

Then the residual spectrum of H is empty .

N.B.





σp(H) = {λ | H − λ is not injective}

σc(H) = {λ | H − λ is not surjective & R(H − λ) is dense}

σr(H) = {λ | H − λ is injective & R(H − λ) is not dense}

Proof. λ ∈ σr(H) ⇔ λ ∈ σp(H
∗) ⇔ λ ∈ σp(H) q.e.d.



The simplest PT -symmetric model
[D.K., B́ıla, Znojil 2006]
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
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The simplest PT -symmetric model
[D.K., B́ıla, Znojil 2006]

H := L2(0, π), Hαψ := −ψ′′ , D(Hα) :=



ψ ∈W 2,2(0, π)

∣∣∣∣∣∣

ψ′(0) + iαψ(0) = 0

ψ′(π) + iαψ(π) = 0





α ∈ R
-D

Theorem 1. Hα is an m-sectorial operator with compact resolvent satisfying

H∗
α = H−α = T HαT (T -self-adjointness)

Theorem 2. σ(Hα) = {α2} ∪ {n2}∞n=1

Corollary. The spectrum of Hα is

{
always real,

simple if α 6∈ Z \ {0}.



Biorthonormal eigenbasis α 6∈ Z \ {0}

Hαψ
α
n = Eα

nψ
α
n H∗

αφ
α
n = Eα

nφ
α
n

ψα
n(x) =





Aα
0

exp (−iαx)

Aα
n

(
cos(nx) − i

α

n
sin(nx)

) φα
n(x) =





Bα
0

exp (iαx)

Bα
n

(
cos(nx) + i

α

n
sin(nx)

)

Special normalisation:

Aα
n =





√
1

π

i2πα

1 − exp(−i2πα)
√

2

π

n2

n2 − α2

Bα
n =





√
1

π√
2

π

Theorem 3. 〈φα
n, ψ

α
m〉 = δnm and ψ =

∞∑

n=0

ψα
n 〈φα

n, ψ〉 =

∞∑

n=0

φα
n 〈ψα

n , ψ〉

Corollary. f(H) =
∑

j

f(Ej)ψj〈φj , ·〉 for f(E) = EN , etc.



Calculation of the metric operator
[D.K. 2007]

Θ ≡
∞∑

n=0

φα
n〈φ

α
n, ·〉 = φα

0
〈φα

0
, ·〉 +

∞∑

n=1

(
χN

n + i
α

n
χD

n

)〈(
χN

n + i
α

n
χD

n

)
, ·

〉
=: Θ1 +Θ2

Θ2 =
∞∑

n=1

{
χN

n 〈χN
n , ·〉 +

α2

n2
χD

n 〈χD
n , ·〉 +

α

n2
p χD

n 〈χD
n , ·〉 +

α

n2
p∗χN

n 〈χN
n , ·〉

}

pψ := −iψ′, D(p) := W
1,2
0

(0, π)

= I − χN
0
〈χN

0
, ·〉 + α2(−∆D)−1 + αp (−∆D)−1 + αp∗(−∆⊥

N )−1

−∆⊥

N := (I − PN
0 )(−∆N )(I − PN

0 )

PN
0 := χN

0 〈χN
0 , ·〉

Theorem 4. Θ is bounded, symmetric, non-negative and satisfies

∀ψ ∈ D(Hα), H∗
α Θψ = ΘHαψ

Moreover, Θ is positive if α 6∈ Z \ {0}.



PT -symmetric waveguide
[Borisov, D.K. 2007]

x

x

1

2

p

∂ψ

∂n
+ iα(x1)ψ = 0

−∆ψ = λψ

∂ψ

∂n
− iα(x1)ψ = 0

H := L2(Ω), Ω := R × (0, π)

Hαψ := −∆ψ , D(Hα) :=
{
ψ ∈W 2,2(Ω)

∣∣∣ ∂2ψ + iαψ = 0 on ∂Ω
}
, α : R → R



PT -symmetric waveguide
[Borisov, D.K. 2007]

x

x

1

2

p

∂ψ

∂n
+ iα(x1)ψ = 0

−∆ψ = λψ

∂ψ

∂n
− iα(x1)ψ = 0

H := L2(Ω), Ω := R × (0, π)

Hαψ := −∆ψ , D(Hα) :=
{
ψ ∈W 2,2(Ω)

∣∣∣ ∂2ψ + iαψ = 0 on ∂Ω
}
, α : R → R

Theorem. Let α ∈W 1,∞(R). Then Hα is an m-sectorial operator satisfying

H∗
α = H−α = T HαT (T -self-adjointness)

Corollary. σr(Hα) = ∅



Spectral analysis
Stability of the continuous spectrum
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{
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Weakly-coupled bound states

α(x1) = α0 + ε β(x1)

ε→ 0+ β ∈ C2

0
(R)

m
00

?

Re

Im

le
2

Theorem. Let |α0| < 1 .

1. α0 〈β〉 < 0 =⇒ ∃! λε = µ2

0
− ε2α2

0
〈β〉2 + 2ε3α0〈β〉τ + O(ε4) ∈ R

2. α0 〈β〉 > 0 =⇒ no

3. α0 = 0 =⇒ no
〈β〉 :=

Z
R

β(x1) dx1
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Numerical results
[Tater 2007 (last week)]
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Conclusions
Ad PT -symmetry :

→ no extension of QM

→ rather an alternative (pseudo-Hermitian) representation

→ overlooked for over 70 years

¡ rigorous formulation is still missing !

¿ phenomenological relevance ?

Ad PT -symmetric waveguide :

→ rigorous treatment

¿ reality of the total spectrum ?

¿ non-perturbative proof of the existence of the point spectrum ?

¿ calculation of the metric operator ?

¿ physical motivation ?


