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Via ['-convergence, we deduce a 2-D membrane model from a 3-D
nonlinear elasticity framework where we consider a class of surface forces
generating the bending moment.

The problem

The rescaled total energy of a deformation U of (). is given by
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5
If the deformations U satisfy a boundary condition of place on I'., the
equilibrium problem under the load F. is :

1
(1) inf {—/ W(DU) dx — < F.,U >}
U—:EEWI};p(QE;R?’) € Ja.

We assume that the potential 11 is a Borel function satisfying :

(H1) 2l -0 <W(e) < ¢+ )

Existence of a solution for problem (1) can be obtained via direct
method, hypothesis (H1) and the additional hypothesis that W is qua-
siconvex.
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In order to pass to the limit in problem (1) as ¢ — 0 we perform the
usual change of variables :

Qe — 0 =wx [( = (~1/2, 1/2))
|

~

F = (Fo, T3) € Ve — = (20, 23) = (:za, ga;g) cQ

and define wu, u™, (T

- v
U(xo,x3) = U(Tq, T3)

1
ui(xa> ::u(xa,:l:§> R=wxli
Y
uO,s(ajomeS) .= <xa75$3>
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Problem (1) becomes

1
(7)5) inf {/ W (Dau ‘ _D3U> dx _L&‘(U)}v
u—ug WP (@R (Jo c

with

+oF o ut —u”
Le(u) = qud:c+ (g9 um —gy v )dxa+ [ g . dz,,

where

U ~O¢7§ o U ~Oé7_§ T o) B e 1
(Zas 5) (7 5) _u (Ta) — u”(2a) = | —Dsu(z,x3) drs.
5 3 ¢
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Coercivity (H1) plus b. c. u. = up. on I', imply that any diagonal
infimizing sequence {u.} satisfies :

1
Sup{/ |Dau5|pdx—|—/ —|D3u€|pda:} < +o00.
= Ua o &’

1
Then v, — v = u(x,) and b, := —D3u. — b in WHP(Q;R?) x LP(Q; R?).
£

One obtains

u = u(xr,) and b is no longer related with w.



The limit problem will involve explicitly the average :

b(za) = /b(xa,azg) dazs.

I

More precisely, recalling the corresponding term in L_(u.) :

Lg(ui;%) d:l:a:/wg (/I§D3u€ d:vg) dx e
:/g(/bgdﬁlf?)) d:ca—>/g(/bda:3) dxa:/gbda:a.
w I w I w

Then lim L.(u.) = L(u,b) with

e—0

L(u,E)::/wfudanr/w(gaL—go_)udxa+/wggd:ca (f::/jfdxg)
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In order to individualize b in the principal part of the total energy, we
introduce

E.: W'P(Q;R?) x LP(w;R?) — R,
defined by

( 1 1 _
/ W(Dau ‘—D3u> dr if —Ds3u dxs = b,
Q € 1€

| +00 otherwise.

The aim is to prove that

1. E.(u,b) I'-converges to E(u,b) in the weak top. W1?(Q; R3) x LP(w;R3).

2. E(u,b) has an integral representation and to characterize its density.
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Defining

Vi={uecW'P(;R?) | Dsu(z) =0 a.e. in x € Q}

and, for (u,b) € V x LP(w;R3),

E(u,b) = / QW (Daulb),

where O*W 1is the cross-quasiconvex envelop of IV, introduced by H.
LeDret & A. Raoult in ARMA 2000, and coincides with

O*W (F|b) := inf { W(F + Daplb+ ) drg :
(p,0) L J g

p € WP (QR?), ¢ € LQ(Q’;Rg)},

with I :=(—1/2,1/2),Q" := I".
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Theorem

Under the hypothesis (H1), the sequence {E.} I'-converges to £, as ¢ — 0,
precisely,

_ ul —uz 1 _
i) if u. — v in WH?(Q;R?) and b, = ( 2 E) = /—Dgu8 drs — b in
E 7€
LP(w;R?) then

1
ngug) dr > F(u,b) ;

liminf/ |44 (Do/u6
e—0 O

ii) for every pair (u,b) in V x LP(w;R?), there exists a sequence {u.} such
that

1
(ug,bg) — (u,b) , lim | W (Dau&- ngué-) dr = E(u,b) .
Q

e—0
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Corollary

Let W satisfy (H1).
Let f € L” (Q,R?), g, g € LP (w,R3).
Let {u.} be a diagonal infimizing sequence for (P.).

Then the sequence {(u.,b.)} is weakly relatively compact in
WHr(Q,R3) x LP(w,R?).

Furthermore, any cluster point (u,b) of this sequence belongs to
V x LP(w,R%) and is a solution of

(P) min { /w O W (Do | ) dave — L(u,b)}.

U— T oy EWol’p(w;Rg)
be LP (w,R3)
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Idea of the proof

We localize the functionals F. :

E.(u,b,A):=
( ) +00 otherwise.

_ {foIW(Dau [LDsu) do if I [, Dyu(za,xs) dog = b(za),
To prove that {F.(-,-, A)} '-converges to some functional F;(-,-, A) for all
open A C w, it is enough to show that any given sequence {¢;} converging
to 07 admits a subsequence {¢;, } such that the I'-lower limit of I/., given

by

E~(u,b, A) := inf {lim inf W (Daty, [N D3uy)dx | uy — u WHP(A x I;R?),
n AXI

)\n/Dgun drs — l_), Lp(A; Rg)} ,
I

where )\, := (¢, )~ !, coincides with Fj(-,-, A) for all (u,b) in V x LP(w;R?).
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Idea of the proof

e We prove that £~ (u,b,-) is the trace of a measure p << £?|w.

e The infimum in £~ (u,b, A) remains unchanged if we repalce W by OIV.

e We prove, by blow up,

B (u,b, A) > / O* (Doulb) dz,,.
A

¢ We prove, using the fact that &~ (u,b,-) =: u << L?|w, that

B (u,b, A) < / O* (Doulb) dz,,.
A
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New problem

In the previous pb the mean condition on the bending term was imposed
by the exterior forces.

So it seems natural to study the asymptotic behavior (I'-limit) of the
sequence of functionals 7. :

fAX]W(Dau ’%Dg%) dr if %Dg’UJ(CIZ’a,Qfg) = b(xq,T3),

T (u,b) :=
+00 otherwise,
without imposing the mean condition.
This means to give, for any subsequence ¢, , 0 , the same integral
representation to the I'-lower limit of 7. defined by

1
— D3Un> dx | Uy — U Wl’p(w x I Rg),

En

Z(u,b) :=inf {Hm inf/ 4% (Daun
w XTI

n

1
— Dyu, — b, LP(w X I;R3)} ,
En

for all (u,b) in V x LP(2;R?).
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Then

We fix a countable dense family {6,};cy in L? (I;R?), where p' is the
conjugate exponent of p.
For every k € N and (F,b) € M**? x LP(I;R?) define

QLW (F|b) := (in{){/ W(F + Dag| A D3p) dz | A ER, ¢ € WHP(Q; R?),
w Q

(-, x3) is Q' periodic a.e. x5 €[

1
‘/ ADsp 0, d:z;—/beq; das| < =, Vizl---k},
Q I

k

QoW (F|b) := lilgn Qr(F|b) = SI;p Qr(F|b).



Proposition

The following inequality holds
/Q*W(F|b(t)) dt < Q. W (Fb) < /W(F\b(t)) dt,
I I

for all (F,b) € M**2 x LP(I;R?).

Consequently, if W is cross-quasiconvex (Q*W =W )

Q. W (F|b) = /IW(F|b(t)) dt.

18
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Theorem

Let W be locally p-Lipschitz, satisfying the p-growth condition (H1).
Then the sequence {Z.} ['-converges to the functional defined by

T(u,b) = / Qe W (Dots(0) b0, ) d

with (u,b) € V x LP(Q;R?).

Corollary

If W is cross-quasiconvex, then

Z(u,b) = W(F|b(t)) dt dz,,.

wXx 1
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Open question

To prove (or disprove) the locallity of Z(u,b), i.e., the existence of some
density function W, s.t.

I(u,b) = / QoW (Dau(xa)|b(xa,:)) dre = /XIW(Dau(xa)\b(xa,ajg)) dx

Remark

It is simple to prove that if 7 is local, then

~

W(F,b) = Q"(F,b)
for all (F,b) € M?*2 x RS,



