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The problem under study :

—Aus = Az ue,
ue =0, 0,

lim (Ao, ue) =7

e—0

Qf= cox]—Si,E[C]p%.3



The Physical Motivation 3

Schrodinger’s equation for the time dependent wave function ¥ associated to a
particle :

h = h/2m,
h — Plank’s constant (h = 6.6262 x 10727 erg s = 6.6262 x 1073% J s)
H is the Hamiltonian operator

For a threedimensional problem one has :

o B .
HYV=—— AV 4+ V U,
2m

—% A — Kinetic energy operator V' — potential operator

m — the mass of the particle



The Physical Motivation (cont.)

H1 : V is independent of time

U(x,t) =W(x) T(t)

T(t) _ e—i(E/h)t
E — Energy of the system

72
——— AV +V UV =FW
2m

Time independent Scrodinger’s equation



The Physical Motivation (cont.)
H2 :

L freo ifzgQ.
10 if x € Q.,

—AU. =22 E T, Q.
U, =0, 00,

_Aue — )\5 Ug, Qs
ue = 0, o€,

Since (2° is bounded one has a discrete spectrum :

o ={A\j 1 eN} 0<AG <A< <A <G



The Result

A A
A§=—O+(—1>+uf, pi = i

—w" +q(s) w=pw, weH;0,L).



Geometry of the domain (1D waveguide) 7

The “axis” of the domain :

r:se€(0,L] —r(s) € R®—a curve in R? s — arc length parameter

The “cross section” of the domain :

w C R? — an open bounded, simply connected subset of R?



Geometry of the domain (1D waveguide) — The Frenet System 8

d
T = d—z =7 | ||gs = 1,
N = T[T, T(s) #0,
B =T x N.
k:sel0,L] — k(s) € R — curvature function

7:5€[0,L] — 7(s) € R — torsion function

T' =k N,
N = -k T+ 71 B,
B'= -7 N.



Geometry of the domain (1D waveguide) — 2

QF ={zecR*: 2 =7r(s)+y1 N(s)+y2 B(s), s€[0,L], y= (y1,y2) € w}

\
L

[

Figure 1.1 - Reference domain associated with Frenet’s system



Geometry of the domain (1D waveguide) — 2° (cont.) 10

i) The Frenet system my not be defined for all s € [0, L] for one may have points
for which 7" = 0.

ii) In each point s € [0, L], the cross section of the domain Q" has a prescribed
rotation with respect to curve r, given by the value of the torsion function 7 at
that point.



Geometry of the domain (1D waveguide) — Tang’s System 11

X' =)\T,
Y' = uT,
T'=-XX—-pnY,

where A and p are functions of the arclength parameter s.

For each s € [0, L] Tang’s reference system is such that (X,Y’) can be seen as a
two dimensional basis, in w, rotated from (N, B), around T', of an angle o = «/(s).
In fact if :

X =cosa N +sina B = N,,
Y = —sina N +cosa B = B,,

using Frenet’s formulas, one obtains :

/
o = —T,

A= —k cosa,

=k sina,



Geometry of the domain (1D waveguide) — 2 12

O ={zeR?:z=r(s)+y1 X(s)+12 Y(s), s€[0,L], y=(y1,y2) € w}

Lﬂf—

\

Figure 1.2 - Reference domain associated with Tang’s system



Geometry of the domain (1D waveguide) — 2 13

We are then faced with three possible choices for the reference set, namely :

i) We may follow Tang’s reference system and obtain a domain Q7’| without torsion
with respect to the central axis r;

ii) We may follow Frenet’s reference system and obtain a domain Q' rotated of
the same amount as Frenet’s system (7), with respect to the central axis r ;

iii) We may follow yet another reference system (7', N, B, ), and obtain a generic
domain 2% defined through :

Q% ={zx € R?: & = r(s)+y1 No(s)4+y2 Ba(s), s € [0, L], y = (y1,y2) € w}, (1.1)

whose cross section presents an arbitrary rotation of an angle o with respect
Frenet’s domain.

If for every s € [0, L], = 0 then Q® = QF and if « is such that o/ = —7, then
Q> =QT.



Geometry of the domain (1D waveguide) — 2& 14

We are interested in the eigenvalue problem posed in a domain for which the
diameter of the cross section w is much smaller than its length L. Specifically, we
consider a real parameter ¢ > 0 and a cross section, obtained from the reference
one, by an homothety of ratio €. That is we define the thin domain :

Q¥ :={zeR’: 2 =r(s)+ecy; No+eys Ba, s€[0,L], y=(y1,y2) € w}, (1.2)

and study the behavior of the eigensolution (A, ue), associated with problem

—Au. = A\ ug,
u. € H} (Q2%).

as € goes to zero, and hope to see the influence of the curvature (k(s)) and torsion

(7(s)) functions in the limit problem.

If for every s € [0, L], a = 0 then Q% = Qf and if « is such that o/ = —7, then
Qe =0l



Variational Formulation and change of variable

F.(w) := /a (\Vw\2 — )\g\w|2) dx

Consider, then, the following transformation, for each ¢ > 0,

Y [0, L] X w — Q2
(87 (y17y2)) = L = T(S) + € lea + € yQBa

and define, for each w € Hj(VY), v(s, (y1,y2)) := w((s, (y1,92))).

Recalling that

v

Ng = cosa(s)N(s) + sina(s)B(s)
B, := —sina(s)N(s) 4+ cos a(s)B(s),
we obtain, in the Frénet system (T, N, B) :

15



Variational Formulation and change of variable (cont.)

Vip =

where :

Zo = (COsa,—sina) , z

Then

(

fe

—e(T + o) (2

«

- y)

\ (T +a')(2a - y)

[

\

0 0 \
€ COS (¥ —esina |
€ sin o € COS (v )

1L

(0%

Bi 0
(r+a)ys cosa

BE S
—(T+oz')y1 — sin «

Be €

o)

sin «

det Vi) = €23, ,

= (sina,cosar) , Be:=1—¢ck(zq-Y)

COS @ )
9



Variational Formulation in the fixed domain

1 b 1 :
G (v) := 5—2F€(w):/0 / {ﬁ_ ' +Vyu-Ry (t+a)| +
65 2 2 2
+5 (|vyv\ — 20y ) dy ds,

where
() — derivative of () with respect to s,

V,v — the derivative of v with respect to y,

B . . 0 1 o Yo
R rotat10nmatr1x<_1 0) :>Ry—{_y1}.

17



The main result 18

The sequence {G.} of functionals defined in H}((0, L) x w) I'-converges, to the
functional GG, defined by

G(v) == {Go(w) if v(s,y) = w(s) uo(y)

+00 if not

Golw) = [ ) (o @F + |9+ a'(6)” o) - ’“H WP} s

where C'(w) == [ [Vyuo - R y|* dy,

R — rotation matrix 01 — Ry = Y2
—10 !

and where g is the normalized eigenfuntion corresponding to the first eigenvalue
of problem
—Au=~yu, u€ Hjw). — (Xo,uo)



ii)

iii)

iv)

Some remarks on the main result 19

The infimum for A\, is always attained and it corresponds to the first eigenvalue
of the following Sturm-Liouville problem :

(k(s))”
T

—¢"+qe=pe, @ecHy0,L), q(s):=(1(s)+(s))? Clw)—

It is possible to prove that puq coincides with the second order term (\q) of the
asymptotic expansion

A = XNg+ XN + %N+ -,

where )\ is the first eigenvalue of the eigenvalue problem in w and A; is zero.

s
It is clear that if ¢ is constant, then Ay = 72 + ¢ and, consequently,

, " 2 T 2
Go(w) := ) lw'|* — 73 lw|“ | ds.

Due to the definition of A2, Go(w) > 0 for all w € H}(0, L) and the minimizers
of GGy coincide, up to a multiplying constant, with the minimizers of As.



Some remarks on the main result (cont.) 20

i) The Euler-Lagrange equation associated Go(w) is of the form :

2

k
—w' + (7'+o/)20—z w— Xy w=0.

A\ 7
Ve

q

As mentioned before, this is a problem of the Sturm-Liouville type and it is
exactly the same problem for As. The only difference being that the minimum for
w is zero and for As is, obviously, As.

ii) This equation may be interpreted as a onedimensional problem for the spatial
wave equation with :

2
By = (a2 0= ]
h 4
that is, although we have started from a threedimensional problem without a
potential in the interior of the domain under consideration, in the limit, in a
onedimensional curved waveguide, the particle sees the curvature, the torsion and
the influence of the cross section as a (nonhomogeneous) potential function in an

equivalent straight waveguide of the same total length.



Some remarks on the main result (cont.) 21

k(s) — influence of the curvature,
7(s) + &/(s) — influence of the torsion,
C' — the influence of the shape of the cross section.

iii) If, from the start, we have a straight waveguide then kK =0, 7 =0, &’ =0 and
one obtains the classical onedimensional result :

2 . 7mx 2m T 2
w(zr) = po(z) = \\ 7 ST Iyl b = (z)

iv) If £ and 7 + o’ are constants then, once again, one obtains the classical
onedimensional result.



Some remarks on the main result (cont.) 22

v) For a circular cross section of radius R, the ground state (ug) is radial, associated
with the eigenproblem —Awu = ~vu and of the form :

V2
-~ RJi(y/0R

I'n

>JO(\/%7“), 70:(—)2, n € N,

uo(7) B

where,
r — radial direction,
Jo and J; — first and second Bessel functions of the first kind,
ro — first zero of Jj.

Since ug is a radial function, its gradient is lso radial and, therefore, orthogonal
to the direction defined by R y = (y2, —y1).

Consequentely, for the circular cross section, C' = 0.



Some ideas about the proof

—Ay Ug = Ag Ug, Uy E H&(w)
—Ay U1 — )\0 U1 — —k (Za : Vy Uo), up € H&(w), (8 ﬁxed)

Fredholm orthogonality condition

k/ (20 - Vy ug) up dy =0,
w
ensuring the existence of a solution u;.

Some properties of ug and uq, for example :

/ (|vyu0|2 _ )\OluO‘Z) dy — O, /(Za . y)(’vaOP o )\O‘u0|2) dy —0

23



Some ideas about the proof (cont.)

Lemma. Let

vy := inf / {\Vyv|2 —Xo|v]P + 2k (24 - Vyug)v} dy.

veEH} (w)

Then, the infimum is attained in u; and

]{?2

V2 = 1

Proof : Use the properties of ug, u; and integration by parts sucessively.

24



Some ideas about the proof (cont.)

1 b 1 -
G (v) := 5—2F€(w):/0 / {ﬂ_ ' +Vyu-Ry (t+a)| +
65 2 2 2
+ 5 (IVyo = 2Aol?) ¢ dy ds,

Lemma. Let . be given by

Then

25



Some ideas about the proof (cont.) 26

Lemma. Let \. be the first eigenvalue of the problem under study and recall the
definition of A\, introduced in the theorem, then the following convergence holds




Example

0 S

(r+a)>C=0

k is constant in a certain interval |a, L] C [0, L] and zero in [0, a|.

27



Example (cont.)
w € H*(0, L), such that :

w(s) = wi(s) if0<s <a,
| wa(s) ifa<s<L,

solving :

—wi — Xy wy =0, if 0 < s <a,
—why — (A —q) wy=0 ifa<s<L,

subjected to the boundary conditions :

w1 (0) — 0, ’(UQ(L) — O,

and to the compatibility conditions :

wi(a) = wa(a), wi(a)=ws(a).

28

(1.3)

(1.4)



Example (cont.) 29

Let k1 = v/ Ay and ko = /Ao — q, therefore :

(eikla o e—ikla) [eikz(L—a) 4 e—il@(L—a)]_l_

4+ k_l (ezkla 4+ e—zkla) [esz(L—a) - e—zkg(L—a)] — 0 = Ay = - - -
2

In the present case, solving this equation is equivalent to solving :

sinh(kia) coslks(L — a)] + IZ—; cosh(kia) sin[ky(L —a)] = 0,

ki =+=X2, ka=+A—q, ifqg<i<O,

or

sin(k1a) coslks(L — a)] + Z—; cos(kra) sinlky(L — a)] =0,

k1= VA, ko=+Da—gq, ifqg<0<s.



Example (cont.)

qg=—6and L =2

(/L) (2n/L)’ (3w/L) (4n/L) 2

~\ / 7

WII

0.4

W.l

(/L) + q (ZJ'I:/L) +q (3J'I:/L) +q (4:rl:/L) +q

Figure 1.3 - A\, vs. a/l for ¢ = —6 and L = 2.

0.5
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Example (cont.)

2

o/L=1 —> An:(”%), neN
N\ 2

0/L=0 —> Anz(f) +q, neN

q=—6=—-k*/4, a=1 L=2,

— Ao~ —1.363855334

31



Example (cont.) 32

P(s) = w*(s)w(s) becomes :

2.4—2
2.2—2
1.9-2
1.:3—;
1.4-§
¥ 1.2—2
u:u.a—;
n.a—i
|:|.4—§

0.2

0 02 04 06 08 ] 12 14 18 18 2
x

Figure 1.4 - Probability density function (in red) and for the classical case (in blue)
(q=—6=—k?/4, a=1and L = 2)



Example (cont.) 33

q=—-80=—k*/4, a=18, L=2.

2.4—2
2.2—2
1.9-2
1.:3—;
1.4-§
¥ 1.2—2
u:u.a—;
n.a—i
|:|.4—§

0.2

0 02 04 06 08 ] 12 14 18 18 2
x

Figure 1.5 - Probability density function (in red) and for the classical case (in blue)
(q=—-80=—k?/4, a=1.8 and L = 2)



Geometry of the domain (2D waveguide)

The “reference middle surface” — a surface in R° :

w={7=(21,72,0(v1,22)) ER’: (71,22) € w C R?,

0 e C3@))

34



Geometry of the domain (2D waveguide)

The curvilinear reference system :

0x
Ao = axa, a1 — (1,0,8;“9), a9 — (O, 1,(92(9)
1
as n = = A = —= (—81(9, —629, 1),

a=1 + |819|2 -+ |829’2

3
nE_ ravl € ;l'("m

35



Geometry of the domain (2D waveguide)

The “shell” :

~

Of ={ 72° = (w1, 22, 0(x1,22)) + 25 n(x1,72)) ER’ ¢ (71,22) € w C R?}

The thickness of the shell : 2 e, >0

The thickness variable : 25 = ¢ 3

36



Geometry of the domain (2D waveguide)

37



Fundamental Forms (2D waveguide)

The first fundamental form matrix |a] = (aa3), Gag = 0o -ag :

a11 =1+1010)%, a2 =1+ 0201?, a1z =ax = 0,0 0.0

The second fundamental form matrix [b] = (bag), bag=—n"-0a0 3 :

0110 B 0290 0120

by = — 2y — bro = boy —
11 \/aa 22 \/aa 12 21

Remark : |a] = «

38



Curvature Functions (2D waveguide)

The Mean Curvature function H is given by :

_ biragz + bagaiy — 2b12a12

H =
2|al

The Gaussian Curvature function K is given by :

Remark : detla] = «

39



Variational Formulation

Eﬁﬁp:A;QVﬁV—Amfﬁ)ﬁ?

The Limit (eigenvalue) Problem

Aaﬁ 2
—0 0, W K — H?) wy/|a| = X\ w \/|al.

Remarks :

ky + k
K:&@,H:(“+” K- 2=t

k1 — ko)?

—
2 4

If ky =0 or ky =0 then K — H* = —k?/4 as in the 1D case !

40



The Limit (eigenvalue) Problem 41

The first term represents the Laplacian written in the curviliner coordinates.
In fact from the variational formulation of this limit problem one has :

Aq
/ L Gow Opw dxydzs + (K — H?) wy/|a| dzidxs

Ao = inf 22 V14
|, w /l|a| dzidz,

but :

Aq
Zab Oqw Ogw = 0;w|? and +/|a| deidze = dsidss

al

therefore, in curvilinear coordinates, the limit problem is :

—0rrw + (K — HQ) W = oW

ki — ko)?
kl—gkz) N K—H2:—( 1 - 2)

K = kyko, T



Under study

—div (a(y) Vue) = Ae ue, Qe
U’S — 07 aQE

Ve(s) = Y0(8) + € 71(s) + 2 Yo (8) + - -

1 1
Ae=—7F Ao+ - A+A+--
€ g
But now
1(s) #0, M #0, 7v(s) #—k*(s)/4, ete.
In fact, if :

—div (a(y) Vug) — Ao up =0, ug € Hy(w)

—div (a(y) Vuy)—Xo uy = k / a(y) (2-Vug) ug dy—a(y) (2-Vuy),

w

up € H& (w)



Under study (cont.)

Then :

)\1 = inf

p€H}(0,L)

”SDHLQ(O,L):l

/0 k(s) [aly) (= - Vo) wo) |ol ds £0, ete.

43



Under study (cont.)

{ —div (A(y) Vue) = Ae U,

Neumann boundary conditions, etc.

Elasticity operator, etc.

o€

44
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